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ABSTRACT

We study multi-period trading strategies of institutional in-
vestors who plan to trade the same security during some fi-
nite time horizons. Investors who trade large volumes face
apriceimpact that depends on their trading volumes simul-
taneously, and is usually represented as a function, the so
called price-impact function. We show through a numeri-
cal example that a trading strategy, optimal for trading in
isolation, may become suboptimal in the presence of other
institutional investors who trade the same security at the
same time. Thus, the trading activities of other investors
should not be ignored in practice and need to be modeled
properly. Under the assumptions that the number of other
investors and their trading volumes are known, the problem
can be modeled as asimultaneous game. We investigate the
properties of the equilibrium trading strategies and prove
that, under mild assumptions on the price-impact function,
an equilibrium uniquely exists and can be computed ef-
ficiently. Particularly, when short selling is alowed, the
equilibrium is found by solving a system of linear equa-
tions. Finally, we evaluate the expected execution cost of
the equilibrium trading strategy through simulations and
demonstrate that even when other investors choose their
trading strategies at random, the expected execution cost
of the equilibrium trading strategy is likely to be less than
the expected execution cost of the trading strategy that was
optimal in the absence of other investors.
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1 Introduction

Largetrading volumesof ingtitutional investorsexert anon-
negligible impact on the execution costs of their trades. A
considerable proportion of this impact arises from liquid-
ity costs and information effects derived from large sizes
of the trades. Liquidity costs include the cost paid by a
purchaseinitiator (sell initiator) to identify potential sellers
(buyers) and result in an instantaneous impact on the exe-
cution price that is called the temporary impact. Further-
more, the imbalance between supply and demand usually
transmits some information to the market that may cause a
permanent impact on the future execution prices. The sum

of the temporary and permanent impacts determines the to-
tal price impact incurred by an institutional investor.

Distinctions between temporary and permanent price
impacts and their characteristics have been addressed
broadly in the literature [10]. A common result is that the
magnitude of the price impact is a function of the trading
volume, the so called price-impact function.

Institutional investors do recognize the price impact
of their trades and its dependence on the trading volume. In
order to reduce these price impacts, typicaly institutional
investors split their trades into several smaller partial or-
ders, packages, and submit the orders during some fixed
finite number of periods. A sequence of orders submitted
during the periods is called a trading strategy. There are
many possible trading strategies to execute a trade. For
a given price-impact function, the execution cost problem
deals with finding atrading strategy that minimizes the ex-
pected execution cost of the trade.

When only oneblock of equity istraded in the market,
the execution cost that should be paid by the investor only
dependson hisown trade. Conseguently, the execution cost
problemis reduced to a single-agent decision making prob-
lem, i.e., an optimization problem. However, institutional
trading does not occur in isolation and all of the institu-
tiona trades collectively influence the current and future
execution prices. A trading strategy taken by an investor
not only induces his own execution cost but also affects
other investors' execution costs. In Section (3) we show
that other institutional trades may cause a trading strategy,
that used to be optimal in the absence of other investors, to
become suboptimal.

While each institutional investor’s execution cost de-
pends on other investors' trading processes, he is not well-
informed about them. Hence, from each institutional in-
vestor’s point of view other investors' trading strategies are
uncertain and the execution cost problem turnsinto amulti-
agent decision making problem. This motivated many re-
searchers to investigate the institutional trading manage-
ment in a game-theoretic setting and use the language of
game theory to discuss the problem. Most of these works
model the problem as a dynamic game in which decisions
are made gradually over an infinite number of periods.
Moreover, these models usually make some assumptions
about trading partners.

In this paper, we model the execution cost problem



in a multi-investor market as a simultaneous game without
making any assumption about the investors' trading part-
ners. In contrast to the models using dynamic games, in
our model decisions on the sizes of the packages are made
simultaneously before starting to trade. This is of inter-
est particularly when trading time horizons are short. We
analyze the equilibrium trading strategies of the generated
game and show that for many price-impact functions, the
equilibrium is unique and can be computed efficiently. We
prove that the equilibrium of the generated game is ro-
bust with respect to other institutional investors actions
for strategic investors. Finally, we evaluate the potential
performance of the equilibrium trading strategy by a set of
simulations. Not only is the equilibrium trading strategy
the best response to other strategic investors, it also per-
forms well against random investors who place orders of
random amounts at each period. In this work, we focus
solely on the single-security case and leave the investiga-
tion of trading portfolios in multi-investor markets for fu-
ture work. Throughout this paper, by an investor we mean
an ingtitutional investor.

The paper is organized as follows. Section (2) intro-
duces the execution cost problem in single-investor mar-
kets as an optimization problem. Section (3) examines how
the results for the single-agent models may change when
some other investors are trading the same security in the
market. A game-theoretic model of the problem in a fixed
finite time horizon is presented in Section (4). Some prop-
erties of the equilibrium trading strategies are investigated
in Section (5) and their performance are evaluated in Sec-
tion (6). This paper is concluded in Section (7).

2 Execution Costs in Single-Investor Markets

Consider a financial market in which an investor plans to
trade S shares of some security during a given finite time
horizon T'. The investor begins his trade at time 0 and
his program must be completed by time 7". Throughout,
without loss of generality, we assume that time is mea-
sured in discrete intervals of unit length. Therefore, we
may consider that the security is traded over T' periods.
Although there is an asymmetry in the overall impact of
buys and sells (for instance see [11]), their mathematical
models are similar. Here, we assume that the investor’'s
goal isto purchase the block of equity. Denote the number
of shares traded at the period ¢ by S,. Positive (negative)
S, implies that the security has been bought (sold) in pe-
riod t. A trading strategy S = (51, ..., S7) is feasible if
Zthl S, = S which guaranteesthat the trade is finished at
the end of the time horizon. Let P, be the execution price
of one share of the security at period ¢, and this usually
follows astochastic process. The deterministicinitial secu-
rity price per share before the trade begins executing is de-
noted by Py, computed from the latest quotejust preceding
the first price impact. The execution price at each period
is determined through some price-impact function. In this
paper, we build on price-impact functions that are linear
in the trading volume. Linear price-impact functions are
well-studied in the literature, for instance see [3, 5, 6, 10].

Furthermore, Huberman et al. [10] demonstrate that only
linear permanent price-impact functions rule out arbitrage.
These reasons motivated usto use linear price-impact func-
tions f(S) = >.'_, BLS, for our investigation. Therefore,
the execution price dynamic model is

t t
P(S)=Po+ > BiSitoy &fort=1,...T, (21)

=1 =1

where o representsthe volatility of the security and¢;’sare
independent zero-mean Gaussian random variables. For
everyt = 1,...,T andi < ¢ — 1, nonnegative 3} quanti-
fies the permanent price impact and the coefficient 3/ > 0
measures the importance of the temporary impact. Larger
magnitude of the temporary impact relative to the size of
the permanent impact — which has been observed in em-
pirical studies— implies that for every ¢t = 1,...,7 and
i <t—1, 3} > Bt Thereforein single-investor markets, an
investor may find an execution cost efficient trading strat-
egy by minimizing the expected val ue of the execution cost.
Then the investor’s optimization problem is

T T
minE (Z Pt(S)St> st 8, =5, 8>0t=1,..T (22
t=1 t=1

where the nonnegativity constraints appear only when
short selling is not allowed. Some other technical con-
straints may also be added to the problem, and some mea-
sure of risk, e.g., variance of costs, can be incorporated
in the objective function. For general linear price-impact
functions, the optimization problem (2.2) is a quadratic
programming problem that can be solved by available op-
timization software. When short selling is allowed and for
eveyt =1,..,T, 3f = pandforeveryi < ¢, 8! = «a,
for some constants o« < /3, the unique optimal solution of
Problem (2.2) isthe Naive strategy, that is dividing the total
order into identical packages, i.e., S; = % fort=1,...,T.
For a detailed discussion about the existence and unique-
ness of the optimal trading strategy for the execution price
dynamic model (2.1) see [9]. Throughout this paper, we
call an optimal solution of Problem (2.2) an optimal trad-
ing strategy. We use this terminology in the context of
multi-investor markets to refer to a trading strategy that
has been obtained by ignoring the price impact of other in-
vestors.

Most of the existing literature on the execution cost
problem focus on markets where only one investor trades
(forinstancesee [3, 4, 5, 6, 8, 9]). These works analyzethe
market dynamics through the optimization problem (2.2)
without solving for an equilibrium.

To find an expected execution cost efficient trading
strategy, an investor may simply ignore the effect of other
investors and solve a single-agent decision making prob-
lem (2.2). However as we show in Section (3) an optimal
trading strategy, obtained through Problem (2.2), may not
remain optimal when other investors enter the market and
start to trade in the same security. It is worthy of notice
when the investor knows the probability distributions of
other investors' trading strategies, he can incorporate that
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FIGURE 3.1: Expected execution cost of the Naive strategy
versus the strategy S; = (%22 max(6 —4,0)) for i =

15
1,2, ..., 15, when short selling is not allowed.

information into the problem (2.2). In this case, a cost effi-
cient trading strategy can still be found by means of an op-
timization problem similar to Problem (2.2), although other
active investors do exist in the market. However, it is un-
likely that an investor has such exact information about the
behavior of other investors.

3 Execution Costs in Multi-Investor Markets

In this section, we show through an example that the op-
timal solution of Problem (2.2) may be suboptimal when
other investors trade the same security at the same time.
Consider amarket in which K — 1 investors are simultane-
ously submitting orders to buy 10, 000 shares of some se-
curity, whose current execution price is 50$/share, during
15 periods. The magnitude of the permanent and temporary
impacts are identical for al of the investors over the peri-
ods, i.e, 8! = 5 x 1075 $/(share)? fort = 1, ...,15 and
1 < t. Assume each of these investors follows the optimal
solution of Problem (2.2), the Naive strategy.

Now assume another investor arrives at the market to
initiate to buy 10, 000 shares of the same security during 15
periods. Figures (3.1) and (3.2) illustrate when other active
investors do exist in the market, i.e., K > 2, the expected
execution cost of another trading strategy is less than the
expected execution cost of the Naive strategy.

Thusthe trading activities of other investorsmay con-
siderably reduce the performance of the trading strategy
that was optimal in the absence of other investors. The
main reason is that in multi-investor markets, the price
movement depends simultaneously on all of the investors
actions. These actions should be taken into account when
anindividua investor seeks atrading strategy with an effi-
cient expected execution cost.

Trading strategies and dynamic behavior of investors
in multi-investor settings have been widely considered as a
dynamic gamein theliterature. Inthese frameworksstrate-
gically interacting investors choose trading strategies that
affect current and future prices of the securities and various
equilibrium concepts have been investigated. For a liter-
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FIGURE 3.2: Expected execution cost of the Naive strat-

egy versus the strategy S; = 1220 (1 + 2&}}5) for i =

2, ..., 15, when short selling |sallowed.

ature review on the available equilibrium approaches, see
[13]. Most of these equilibria hold under the assumption
that the time horizonisinfinite. Moreover these approaches
usually set some restrictions on the trading partners. In
Section (4), we formulate the execution cost problem as
a non-cooperative simultaneous game in which investors
trade during a finite number of periods and choose a trad-
ing strategy before starting to trade. The model alows any
number of investors. To the best of our knowledge, thisis
the first static model of the execution cost problem during
afinite number of periodsin a multi-investor market.

4 Robust Equilibrium for the Execution Cost
Problem

Let there be K investors gomg to submit market or-
ders to trade SV, 52 S(K shares of the same eq-
uity smultaneously For kE = ., K, suppose the
trading program of the kth investor must be completed
by time T (consequently during T} periods). De
note the kth investor's trading strategy by S*) that is
the Ty-tuple (S{",...,S\). For the sake of simplic-
ity in expression, we denote the trading strategies cho-
sen by al of the investors except the kth investor by
S(=F)_ Similar to (2.1) for the linear price-impact function
F(SW, ., 80 = 520 ST BE(m)S;™ the execu-
tion price dynamic model in the multi-investor setting can
be stated as

K t
RS, 80) = Fot 33 Bl

where &;’s are zero-mean random variables and o rep-
resents the volatility of the underlying security. The
coefficient 3!(k) quantifies the effect of the kth in-
vestor's trade, executed in period i, on the execution
price at period ¢. If the kth investor's goal is to
buy (sell) the security, then gi(k) > 0 (Bi(k) <
0). Hence, the expected execution cost of the kth in-

vestor's trade, ]E( I P(sW, ..,S(K))St(k)), equals

m)S™ +UZ&, (4.2)






Notethat for many values of price-impact parameters,
thematrices(2,’sare positive definite. For instance, fort =
1, ..., Ty let Bf (k) = (k) andfori < t—1, 8i(k) = a(k),
where 8(k) and «(k) are some constant parameters so that
B(k) > a(k) (B(k) > a(k)), thenthe matrix €2, is positive
semidefinite (positive definite).

Convexity and smoothness of the function
or (S SRy for k = 1,..,K dong with the fact
that every M* is convex, bounded and includes its bound-
ary imply that the generated game in the presence of short
selling constraints belong in a famous class of games,
namely convex games [14]. It was proven that every
convex game does have at least one Nash equilibrium and
under some conditionsit is unique. For adetailed argument
about these conditions for the execution price dynamic
model (4.1) see Appendix B. The following corollary is a
direct consequence of the discussion in Appendix B for a
specia case.

Corollary 5.1. Let all of the investors have the same time
horizon T" and affect the execution price with the same
magnitude, i.e, 5! (k) = ! foreveryt =1,...,Tandi < t.
Then the positive definiteness of 2, implies that the equi-
librium uniquely exists.

This unique equilibrium can be found by the pro-
jected gradient method for convex mathematical program-
ming problems[14]. We would like to emphasi ze that find-
ing necessary conditions on the parameters of the price-
impact function under which the equilibrium is unique re-
mains a subject of ongoing research.

Now suppose that investors are allowed to short sell.
Thus, for each investor k, M* is unbounded. We project
M onto R+1) by setting S = §*) — STk b,
Therefore, (S, S(—*)) can be restated in terms of the
first T}, — 1 order sizes:

ep(SW .., 8% 5y
Ty, —1 Kt
ZSW(P £ 3 S dms)
Ty —1 K Tp-1
+ (sm S 5;.'«>> (z N <m>s;m>)

Jj=1

T —1
+07 (k) <s<k> - S}-’”)
Ty, —1 K
+<s<’“> > 55’“)) P+ > Brrm)syY |
Jj=1

m=1,m#k

Applying this expression of ¢;,’s, we may use the follow-
ing well known result in game theory, namely Equilibrium
Test (for instance see [2)]):

Proposition 5.2. Let the collection of trading strategies
S = (8W, ..., X)) satisfy the following conditions:

(1) For every investor k, the gradient of the expected exe-
cution cost function with respect to the kth investor’s order

sizein period £, at point S is zero, i.e, 3"’(,5) (S) = 0 for

t=1,...T, — 1.

(2) For every k, S is the unique trading strategy that
minimizes the expected execution cost of the kth investor,
when other investors follow the trading strategies S(—%).
(3) The Hessian matrices of the expected execution cost
functions ¢’ s at point S are positive definite.

Then S is the unique Nash equilibrium of the generated
game.

For every investor k, when other investors fol-
low trading strategy S(~*) the problem of minimizing
©r(S®) | S(=F)) with respect to S(*) ¢ M* isaquadratic
programming problem. Hence, positive definiteness of €2,
impliesthat its optimal minimais unique. Therefore, when
for every k = 1, ..., K the matrix Q. is positive definite,
the condition (2) of Proposition (5.2) is satisfied. Moreover
when €2,'s are positive definite, the condition (3) holds at

every (SW, ..., SU)). Thusthe solution of the system
M =0Vk=1,...,K,Vt=1,..., Tk, (52)
Sk

is the unique Nash equilibrium for the generated game
when short selling is allowed. Applying the model (4.1)
the above system isreduced to a system of linear equations.
This discussion is summarized in the following proposi-
tion. For convenience, we state the following proposition
for the case that investors have identical time horizons.
Proposition 5.3. Forevery k = 1,..., K, let T}, = T and
short selling be allowed. Moreover assume the execution
price at every period ¢t = 1, ..., T comes from (4.1) so that

the matrices ;’'s are positive definite. Then the unique
equilibriumis derived from the following system:

> [8ik) - BT (k) — BT (k) + 280 ()| 57 (53
+2 [BE(k) = B7 (k) + B ()| 1

+ [@( ) — B (k) — BF (k) + 26?(1@)] S
i [ﬁf(m) + B (m) — ﬁiT(m)} 5™
(85 (m) — 87 (m)] 5™

K
5% [2/3’% ) =BT )|+ X BFm)s
m=1,m#k
forevery k =1,2,.... K, t=1,2,....T — 1.

Proof. A set of trading strategies (S, ..., S%)) satisfies
Equation (5.3) if and only if it satisfies (5.2). O

Thus when investors move the price with the same
magnitude, i.e., gi(k) = p! forevery k = 1,..., K, all
an investor needs to know in order to compute the Nash
equilibrium is the total trading volume of other investors.

We use the result of Proposition (5.3) in our simula-
tion.
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FIGURE 7.1: Expected execution cost of the equilibrium
strategy versus the Naive strategy when (k—1) other institu-
tional investors trade at random with Gaussian distribution
for 1000 simulations.

result in more interesting contributions, particularly those
solution concepts that rely on weaker assumptions about
the investors. We also hope to extend our work to portfolio
trading.
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Appendix A

Here we prove Proposition (4.1). Let (S, ..., $()) be
the unique equilibrium trading strategy. Thus for every
S(k) (S Mk, maxg(,mel—”{:l)#k Mi Qﬁk(s(k), S(*k)))

is no less than ¢ (S®), SR, Therefore,
min max or(SH SRy is  greater

S(k) e ME Sv(fmenf(:l’i#k Mi

than or equal to mingw e ok(S*), S5,  This

inequality along with the fact that (S™, ..., () is the

unique equilibrium, i.e., min g ¢ o qr x(S®, SF)) =

or(S®), §(=k)) proves the statement of Proposition (4.1).

Appendix B

Let S = (SM,....5® . SU)) be acollection of trad-
ing strategies for the investors. For each fixed K -tuplerea
vector (rq,...,7x ), define the function g(S,r1,...,7x) in
terms of the gradients v ¢ (S*), S(=*)) asfollows:

7“1V1<P1(5(1)a 5(71))
7“2V2<P2(5(2)a5(72))
g(S,r1, .., TK) = )

TKVKQOK(S(K%S(*K))

Denote the Jacobian of ¢(S,r1,...,rx) with respect to S
with G(S,r1, ...,k ). Rosen [14] proves that if the ma
trix [G(S, 71, ....rx) + GT(S,71,...,7x)] is positive def-
inite for every S, then the equilibrium satisfying (4.1) is
unique. According to the notations in Equation (4.1), the
S T x K T, matrix G(S, 71, ..., 7x ) equals

m=1
TlQ1 7"1A1,2 7"1A1,3 . 7"1A17K
7’2/\2,1 ’r’QQQ 7"2A2,3 . 7"2/\271(
, (91
TKAK,1 TKAK,Q TKAK73 . TKQK
wherethe T; x T; matrix A; ; is defined as follows:
Bi(j) 0 0 ... 0

BiG)  BE0) 0o ... 0
Nij = . . X

BUG) By () B3 () .- Br()
When the assumptionsin Corollary (5.1) hold, the matrices
A; ; areidentical, i.e., Q; = Q for some fixed matrix €.
Therefore, setting 7y = ro = ... = rxg = 1, the matrix
[G(S,71, ... i)+ GT (S, r1, ..., 7i )] is positive definite if
and only if 2 is positive definite.



