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omAbstra
tLet f(x) = 3x+ 1 if x odd, and x=2 if x even. The \3x+ 1" 
onje
ture states thatfor all integers n � 1, there exists an i � 0 su
h that f i(n) = 1. In this note we give arelationship between this famous 
onje
ture and �nite automata.1 Introdu
tion.Let f be a fun
tion from the positive integers to the positive integers, de�ned as follows:f(x) = � 3x+ 1; if x odd;x=2; if x even.The Collatz, or \3x + 1" 
onje
ture states that for all integers n � 1, there exists ani � 0 su
h that f i(n) = 1. By f i(n) we mean f iterated i times with itself, evaluated at n,i.e. iz }| {f(f(f(� � � f(n) � � �))):The sequen
e of iterates (x; f(x); f2(x); : : :) is 
alled the traje
tory of x. Following La-garias [1985℄, we 
lassify the possible traje
tories as follows:�Supported in part by a grant from NSERC. 1



(i) 
onvergent: there exists i � 0 su
h that f i(x) = 1;(ii) non-trivial 
y
li
: the sequen
e f i(x) is eventually periodi
, and f i(x) 6= 1 for all i � 0;(iii) divergent: limi!1 f i(x) =1.Thus, we 
an rephrase the \3x+1" 
onje
ture as follows: every traje
tory is 
onvergent.Although the \3x + 1" problem has been studied sin
e at least 1952, little progress hasbeen made. For a detailed survey, see the arti
le of Lagarias [1985℄.In this note we give a 
onne
tion between the \3x+1" problem and �nite automata, �rstnoti
ed by the se
ond author.2 Representations and k-automati
 SetsLet w = w1w2 � � �wk 2 (0 + 1)� be a string. IfkXi=1wi2k�i = n;we say that w is a representation for n, and we write [w℄ = n. For example, [0101℄ = 5.If w = �, the empty string, or if k � 1 and w1 6= 0, we say that w is the 
anoni
alrepresentation for n, and we write n(2) = w. For example, 5(2) = 101. Note that [�℄ = 0, and0(2) = �. The set of all 
anoni
al representations is C = �+ 1(0 + 1)�.Let S be a set of non-negative integers. Then we say S is 2{automati
 (or 2{re
ognizable)if the set r(S) of 
anoni
al representations for elements of S is regular. Formally,r(S) = fn(2) j n 2 Sg:For example, the set P = f1; 2; 4; 8; 16; : : :gof powers of 2 is 2{regular; its set of 
anoni
al representations r(P ) is 10�. For more on these
on
epts, see Perrin [1990℄.The following is a useful tri
k: to show that a set of integers S is 2{automati
, it suÆ
esto show that any set whatsoever of representations for members of S is regular, not just theset of 
anoni
al representations. More pre
isely, if L � (0 + 1)� is a language su
h thatS = f[w℄ j w 2 Lg;then r(S) is regular if L is regular. This is easy to see, sin
er(S) = (LR=0�)R \ C:Here wR denotes the reversal of the word w, LR denotes the language whose words arereversals of the words in L, and L1=L2 denotes the language-theoreti
 quotient, i.e.L1=L2 = fx j 9y 2 L2 su
h that xy 2 L1g:2



3 The Main ResultWe now de�ne a fun
tion to 
ount the number of times the map x ! 3x + 1 is used in thetraje
tory of n. More pre
isely, if the traje
tory of n is 
onvergent, we de�neg(n) = 8><>: g(3n+ 1) + 1; if n > 1 is odd;g(n=2); if n is even;0; if n = 1.If the traje
tory is non-trivial 
y
li
, or divergent, we de�ne g(n) =1.We let Si = g�1[i℄ = fk � 1 j g(k) = ig:Thus Si is the set of integers n whose traje
tories (up to f j(n) = 1) 
ontain i instan
es ofthe map x! 3x+ 1. For example,S0 = f1; 2; 4; 8; 16; : : :gand S1 = f5; 10; 20; 21; 40; 42 : : :g:Remark.It is easy to see that ea
h Si is in�nite. For de�ne a1 = 5 and ai+1 as follows. If ai � 1(mod 3), then ai+1 = � (4ai � 1)=3; if 4ai 6� 1 (mod 9);(16ai � 1)=3; if 4ai � 1 (mod 9).If ai � 2 (mod 3), then ai+1 = � (8ai � 1)=3; if 8ai 6� 1 (mod 9);(32ai � 1)=3; if 8ai � 1 (mod 9).Then we leave it to the reader to show that ai+1 > ai, ai 2 Si, and hen
e ai2j 2 Si forall j � 0.We now state the main result of this note.Theorem 3.1 Si is 2{automati
 for all i � 0.We prove the result by indu
tion on i. The result is 
learly true for i = 0, sin
e S0 = P ,the set of powers of 2.Now we assume the theorem is true for i, and we prove it for i+ 1.First, we introdu
e some notation: if S and T are sets of integers, we de�neST = fst j s 2 S; t 2 Tgand S + T = fs+ t j s 2 S; t 2 Tg:3



We also introdu
e the following fun
tion, inspired by the programming language APL: ifw = w1w2 � � �wk is a string and n is a non-negative integer, thentake(n;w) = �w1w2 � � �wn; if n � k;w1w2 � � �wk0n�k ; if n > k.Now it is easy to see that, for i � 0, we haveSi+1 = (Ai \B)P;where B = f3; 5; 7; 9; 11; : : :g;the odd numbers � 3, and Ai = fx j 3x+ 1 2 Sig:Thus r(Si+1) = (r(Ai) \ r(B))0�; sin
e r(B) = 1(0 + 1)�1, it suÆ
es to see that r(Ai) isregular.The idea of the 
onstru
tion is very simple, although the details are a bit messy. Sin
er(Si) is regular, it is a

epted by some �nite automaton. On input w with [w℄ = n, we wouldlike to simulate that automaton on (3n + 1)(2). There are two minor problems, however.The �rst is that we 
annot easily 
ompute 3n+1 digit-by-digit unless we start with the leastsigni�
ant digit �rst. The se
ond is that the representation for 3n+1 may be up to two bitslonger than the representation for n.Ea
h problem is easy to handle, however. For the �rst, we work with the reversed rep-resentation, where the least signi�
ant digit appears �rst. For the se
ond, we use represen-tations in whi
h leading zeros (a
tually, trailing zeros, sin
e the representation is reversed!)are allowed. Here are the details:By indu
tion, r(Si) is regular, and therefore the set T = r(Si)R0� is also regular. LetM = (Q;�; Æ; q0; F ) be a deterministi
 �nite automaton for T . (We use the 
onventionsfrom Hop
roft and Ullman [1979℄.) We now 
onstru
t a �nite automaton M 0 that, on inputx 2 (0 + 1)�, simulates M on input w, wherew = take(jxj; (3[xR℄ + 1)R(2)):For example, on input 11100, M 0 simulates M on input 01101. M 0 a

epts x i� M a

eptsw and [wR℄ = 3[xR℄ + 1.More formally, let M 0 = (Q0;�; Æ0; q00; F 0). Ea
h element of Q0 is a pair [s; 
℄, where srepresents a state of Q in the simulated 
omputation, and 
 denotes the \
arry" left overfrom the 
omputation of 3x+ 1 digit-by-digit. Then q00 = [q0; 1℄,Æ0([s; 
℄; a) = [Æ(s; (3a+ 
) mod 2); b(3a+ 
)=2
℄;and F 0 = f[s; 0℄ j s 2 Fg:Let L be the language a

epted by M 0. We leave it to the reader to show that thatAi = f[x℄ j x 2 LRg. Hen
e by the tri
k at the end of Se
tion 2, Ai is 2-automati
.This 
ompletes the proof.Remark.The same te
hnique 
an be used to prove that if S and T are 2{automati
 sets, thenso is S + T . Note, however, that there exist 2{automati
 sets S, T su
h that ST is not2{automati
; there is a simple 
ounterexample, whi
h the reader may enjoy �nding.4
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