Rational Numbers with Non-Terminating, Non-Periodic Modified Engel-Type Expansions

Jeffrey Shallit Department of Computer Science University of Waterloo Waterloo, Ontario N2L 3G1 Canada

shallit@graceland.waterloo.edu

Abstract.

Recently, Kalpazidou, Knopfmacher, and Knopfmacher asked if there exist rational numbers whose “modified Engel-type” expansion is neither finite nor ultimately periodic. In this note we answer their question by explicitly providing an infinite sequence of such numbers.

In a recent paper [3], Kalpazidou, Knopfmacher, and Knopfmacher discussed expansions for real numbers of the form

A = a_0 + 1 a_1 − 1 a_1 + 1 · 1 a_2 + 1 (a_1 + 1)(a_2 + 1) · 1 a_3 − · · · (1) which they called a “modified Engel-type” alternating expansion. Here a_0 is an integer and a_i is a positive integer for i ≥ 1. If a_{i+1} ≥ a_i, this expansion is essentially unique. To save space we will abbreviate Eq. (1) by A = {a_0, a_1, a_2, . . .}. They say, “The question of whether or not all rationals have a finite or recurring expansion has not been settled.” (By “recurring” we understand “ultimately periodic”.)

In this note, we prove that the rational numbers^2_{2r+1} (r an integer ≥ 2) have modified Engel-type expansions that are neither finite nor ultimately periodic.

Theorem.

Let r be an integer ≥ 1. Then 2 2r + 1 = {a_0, a_1, a_2, . . .}

where a_0 = 0, and a_{2i−1} = b_i, a_{2i} = 2b_i − 1 for i ≥ 1, and b_1 = r, b_{n+1} = 2b^2_n − 1 for n ≥ 1.

Proof.

As in [3], we have a_0 = ⌊A⌋, A_1 = A − a_0, a_n = ⌊1/A_n⌋ for n ≥ 1 and A_{n+1} = (1/a_n − A_n)(a_n + 1) for n ≥ 1.

From this we see that a_0 = ⌊^2_{2r+1} ⌋ = 0.

We now prove the following four assertions by induction on n: (i) A_{2n−1} =^2_{2bn+1} ; (ii) a_{2n−1} = b_n; (iii) A_{2n} =^{bn+1}_{bn(2bn+1)} ; and (iv) a_{2n} = 2b_n − 1.

It is easy to verify these assertions for n = 1, as we find

(i) A_1 =^2_{2r+1} =^2_{2b1+1} ;

(ii) a_1 =

⌊_1

A_1 ⌋ = r = b_1;

(iii) A_2 = (^1_r −^2_{2r+1} )(r + 1) =^{r+1}_{r(2r+1)} =^{b1+1}_{b1(2b1+1)} ;

(iv) a_2 =

⌊_1

A_2 ⌋ = ⌊_{r(2r+1)} r+1 ⌋ = ⌊ 2r − 1 +^1_{r+1} ⌋ = 2r − 1 = 2b_1 − 1.

Now assume the result is true for all i ≤ n. We prove it for n + 1: (i) A_{2n+1} = ( 1 a_{2n} − A_{2n} ) (a_{2n} + 1) = ( 1 2b_n − 1 − b_n + 1 b_n(2b_n + 1) ) (2b_n) = 2 4b^2_n − 1 = 2 2b_{n+1} + 1 .

(ii)

a_{2n+1} = ⌊ 1 A_{2n+1} ⌋ = ⌊ 2b_{n+1} + 1 2 ⌋ = b_{n+1}.

(iii)

A_{2n+2} = ( 1 a_{2n+1} − A_{2n+1} ) (a_{2n+1} + 1) = ( 1 b_{n+1} − 2 2b_{n+1} + 1 ) (b_{n+1} + 1) = b_{n+1} + 1 b_{n+1}(2b_{n+1} + 1) .

(iv)

a_{2n+2} = ⌊ 1 A_{2n+2} ⌋

= ⌊ b_{n+1}(2b_{n+1} + 1) b_{n+1} + 1 ⌋

= ⌊ 2b_{n+1} − 1 + 1 b_{n+1} + 1 ⌋

= 2b_{n+1} − 1.

This completes the proof.

Corollary.

For r ≥ 2, the rational numbers^2_{2r+1} have non-terminating, non-ultimately-periodic modified Engel-type expansions.

Additional Remarks.

• For r = 1, the theorem gives the ultimately periodic expansion 2/3 = {0, 1, 1, 1, 1, . . .}. • For r ≥ 2, the expansion is not ultimately periodic; e.g.

2/5 = {0, 2, 3, 7, 13, 97, 193, 18817, . . .}.

In this case, we have the following brief table:

n a_n b_n A_n 1 2 2 2/5 2 3 7 3/10 3 7 97 2/15 4 13 18817 8/105 5 97 708158977 2/195 6 193 1002978273411373057 98/18915

• The sequence b_1, b_2, . . . = 2, 7, 97, 18817, 708158977, . . ., corresponding to r = 2, appears to have been discussed first by G. Cantor in 1869 [1], who gave the infinite product √ 3 = ( 1 + 1 2 ) ( 1 + 1 7 ) ( 1 + 1 97 ) · · · .

For more on this product of Cantor, see Spiess [9], Sierpiński [7], Engel [2], Stratemeyer [10,11], Ostrowski [6], and Mendès France and van der Poorten [5]. The sequence 2, 7, 97, 18817, . . . was also discussed by Lucas [4]. It is sequence #720 in Sloane [8].

• The sequence b_1, b_2, . . . = 3, 17, 577, 665857, . . ., corresponding to r = 3, was also discussed by Cantor [1], who gave the infinite product √ 2 = ( 1 + 1 3 ) ( 1 + 1 17 ) ( 1 + 1 577 ) · · · .

Also see the papers mentioned above. The sequence was also discussed by Wilf [12]. It sequence #1234 in Sloane [8].

• It is easy to prove that b_{n+1} = B_2n where B_0 = 1, B_1 = r, and B_n = 2rB_{n−1} −B_{n−2} for n ≥ 2. This gives a closed form for the sequence (b_n):

b_{n+1} =

(r + √ r^2 − 1)^{2n} + (r − √ r^2 − 1)^{2n} 2 .

• 3/7 is the “simplest” rational for which no simple description of the terms in its modified Engel-type expansion is known. The first forty terms are as follows:

3/7 = {0, 2, 4, 5, 7, 8, 10, 25, 53, 62, 134, 574, 2431, 13147, 27167, 229073, 315416,

435474, 771789, 1522716, 3853889, 7878986, 7922488, 8844776, 9182596, 9388467,

14781524, 135097360, 1374449987, 1561240840, 4408239956, 11166053604, 12014224315,

23110106464, 553192836372, 900447772231, 1189661630241, 2058097840143484,

6730348855426376, 12928512475357529, · · ·}.

More generally, it would be of interest to know whether it is possible to characterize the modified Engel expansion of every rational number.

References

[1] G. Cantor, Zwei Sätze über eine gewisse Zerlegung der Zahlen in undendliche Producte, Z. Math. Phys. 14 (1869), 152–158.

[2] F. Engel, Entwicklung der Zahlen nach Stammbrüchen, Verhandlungen der 52sten Versammlung deutscher Philologen und Schulmänner, 1913, pp. 190-191.

[3] S. Kalpazidou, A. Knopfmacher, and J. Knopfmacher, Lüroth-type alternating series representations for real numbers, Acta Arithmetica 55 (1990), 311-322.

[4] E. Lucas, Considérations nouvelles sur la théorie des nombres premiers et sur la division géométrique de la circonférence en parties égales, Assoc. Française Pour L’Avancement des Sciences 6 (1877), 159-166.

[5] M. Mendès France and A. van der Poorten, From geometry to Euler identities, Theor.

Comput. Sci. 65 (1989), 213–220.

[6] A. Ostrowski, Über einige Verallgemeinerungen des Eulerschen Produktes ∏_∞ v=0(1 + x^{2v} ) =^1_{1−x} , Verh. Naturforsch. Gesell. Basel 11 (1929), 153-214.

[7] W. Sierpiński, O kilku algorytmach dla rozwijania liczb rzeczywistych na szeregi, C. R. Soc. Sic. Varsovie 4 (1911), 56-77. In Polish; French version appeared as Sur quelques algorithmes pour développer les nombres réels en séries, in Oeuvres Choisies, V. I, PWN, Warsaw, 1974, pp. 236-254.

[8] N. J. A. Sloane, A Handbook of Integer Sequences, Academic Press, 1973.

[9] O. Spiess, Über eine Klasse unendlicher Reihen, Arch. Math. Phys. 12 (1907), 124- 134.

[10] G. Stratemeyer, Stammbruchentwickelungen für die Quadratwurzel aus einer rationalen Zahl, Math. Zeit. 31 (1930), 767–768.

[11] G. Stratemeyer, Entwicklung positiver Zahlen nach Stammbrüchen, Mitt. Math. Sem.

Univ. Giessen 20 (1931), 3–27.

[12] H. Wilf, Limit of a sequence, Elementary Problem E 1093, Amer. Math. Monthly 61 (1954), 424-425.