Characterization of Finite and One-Sided Infinite Fixed Points of Morphisms on Free Monoids

David Hamm and Jeffrey Shallit^∗ Department of Computer Science University of Waterloo Waterloo, Ontario, Canada N2L 3G1

 dhamm@graceland.uwaterloo.ca
shallit@graceland.uwaterloo.ca

August 10, 1998

Abstract Let Σ be a finite alphabet, and let h : Σ^∗ → Σ^∗ be a morphism on the free monoid.

We give new proofs of the characterization of the finite and one-sided infinite fixed points of h, i.e., those words w for which h(w) = w. We also estimate the size of the minimal non-empty finite fixed point.

1 Introduction and Definitions

Let Σ be a finite alphabet, and let h : Σ^∗ → Σ^∗ be a morphism on the free monoid, i.e., a map satisfying h(xy) = h(x)h(y) for all x, y ∈ Σ^∗. Head [4] and Head and Lando [5] characterized the finite and one-sided infinite fixed points of h, i.e., those words w for which h(w) = w. In this paper we give new proofs for these facts (our Theorems 3 and 5), which are more “fixed point” in flavor than previous ones. (We cover the case of two-sided infinite words in a later paper [8].) We also deduce some new consequences.

We first introduce some notation, some of which is standard and can be found in [6]. For single letters, that is, elements of Σ, we use the lower case letters a, b, c, d. For finite words, we use the lower case letters u, v, w, x, y, z. For infinite words, we use bold-face letters t, u, v, w, x, y, z. We let ϵ denote the empty word. If w ∈ Σ^∗, then by |w| we mean the length of, or number of symbols in w. If S is a set, then by Card S we mean the number of elements of S. We say x ∈ Σ^∗ is a subword of y ∈ Σ^∗ if there exist words w, z ∈ Σ^∗ such that y = wxz.

∗Research supported in part by a grant from NSERC.

If h(a) ≠ ϵ for all a ∈ Σ, then h is non-erasing. If there exists an integer j ≥ 1 such that h^j (a) = ϵ, then the letter a is said to be mortal. The set of mortal letters associated with a morphism h is denoted by M_h. The mortality exponent of a morphism h is defined to be the least integer t ≥ 0 such that h^t(a) = ϵ for all a ∈ M_h. Note that M_h = ∅ iff h is non-erasing. In this case, we take t = 0. We write the mortality exponent as exp(h) = t. It is easy to prove that exp(h) ≤ Card M_h.

We let Σ^ω denote the set of all one-sided right-infinite words over the alphabet Σ. Most of the definitions above extend to Σ^ω in the obvious way. For example, if w = c_1c_2c_3 · · · , then h(w) = h(c_1)h(c_2)h(c_3) · · · . If L ⊆ Σ^+ is a set of nonempty words, then we define

L^ω = {w_1w_2w_3 · · · : w_i ∈ L for all i ≥ 1}.

Perhaps slightly less obviously, we can also define the word^→h^ω (a) for a letter a, provided h(a) = wax and w ∈ M^∗_h . In this case, there exists t ≥ 0 such that h^t(w) = ϵ. Then we define_→ h^ω (a) = h^{t−1}(w) · · · h(w) w a x h(x) h^2(x) · · · , which is infinite iff x ∉ M^∗_h .

Infinite fixed points of morphisms have received a great deal of attention in the literature. The “usual way” to generate infinite fixed points is to take a morphism h and a letter a such that h(a) = ax for some x ∉ M^∗_h . In this case, h is said to be “prolongable” on a [7], and → h^ω (a) = a x h(x) h^2(x) · · ·

is clearly an infinite fixed point of h. As we will see in Section 3, however, this approach does not necessarily generate all the infinite fixed points of h.

The classical example of a fixed point of a prolongable morphism is the Thue-Morse word [9, 1]

t = t_0t_1t_2 · · ·

= 0110100110010110 · · ·

where t_i is the sum of the bits in the binary representation of n, taken modulo 2. Then t is a fixed point of the morphism μ which sends 0 → 01 and 1 → 10; in fact, t =^→μ^ω (0). The infinite word t is of interest in part because it is cube-free, that is, it contains no nonempty subword of the form www. Similarly, the morphism 2 → 210, 1 → 20, and 0 → 1 has as a fixed point the infinite word 210201210120 · · ·

which is square-free (contains no nonempty subword of the form ww).

2 Finite Fixed Points

In this section we give a new proof of Head’s characterization [4] of the finite fixed points of a morphism. We start with a general lemma that appears to be new.

Lemma 1 Let h : Σ^∗ → Σ^∗ be a morphism. Let w ∈ Σ^+ be a finite nonempty word such that w is a subword of h(w). Then there exists a letter a ∈ Σ occurring in w such that a occurs in h(a).

Proof. Let w = c_1c_2 · · · c_n, where c_i ∈ Σ for 1 ≤ i ≤ n. For 0 ≤ i ≤ n define s_w (i) = |h(c_1c_2 · · · c_i)|. (If the word w is clear, we omit the subscript.) In particular, s(0) = 0.

Let h(w) = d_1d_2 · · · d_{s(n)}, where d_i ∈ Σ for 1 ≤ i ≤ s(n). Hence h(c_i) = d_{s(i−1)+1} · · · d_{s(i)} for 1 ≤ i ≤ n. Since w is a subword of h(w), we know there must exist an integer t, 0 ≤ t ≤ s(n) − n, such that w = d_{t+1} · · · d_{t+n}. Hence c_i = d_{t+i} for 1 ≤ i ≤ n.

Consider the least index j ≥ 1 for which s(j) ≥ t + j. Such an index must exist, since the inequality holds for j = n. There are now two cases to consider.

Case 1: j = 1: Then s(1) ≥ t + 1. Hence h(c_1) = d_1d_2 · · · d_{s(1)} contains d_{t+1} = c_1. Let a = c_1. Case 2: j > 1: Then by the definition of j we must have s(j − 1) < t + j − 1. Hence s(j − 1) + 1 < t + j, and since h(c_j ) = d_{s(j−1)+1} · · · d_{s(j)}, we know h(c_j ) contains d_{t+j−1}d_{t+j} = c_{j−1}c_j as a subword. Let a = c_j .

As a consequence, we deduce the following useful corollary.

Corollary 2 If w ∈ Σ^+ is a nonempty finite word with h(w) = w, then there exist words w_1, w_2, w_3, w_4 ∈ Σ^∗ and a letter a ∈ Σ such that w = w_1w_2aw_3w_4, h(w_1w_2) = w_1, h(a) = w_2aw_3, and h(w_3w_4) = w_4.

Proof. If h(w) = w, then, using Lemma 1, we have t = 0 and s(n) = n. Let

w_1 = d_1 · · · d_{s(j−1)}; w_2 = d_{s(j−1)+1} · · · d_{j−1}; a = d_j ;

w_3 = d_{j+1} · · · d_{s(j)}; w_4 = d_{s(j)+1} · · · d_n.

The verification is straightforward.

Now define

A_h = {a ∈ Σ : ∃ x, y ∈ Σ^∗ such that h(a) = xay and xy ∈ M^∗_h } and F_h = {h^t(a) : a ∈ A_h and t = exp(h)}.

Note that there is at most one way to write h(a) in the form xay with xy ∈ M^∗_h . Furthermore, note that if h is non-erasing, then the only letters a in A_h are those for which h(a) = a. In this case F_h = A_h.

We now state Head’s result [4]:

Theorem 3 Let h : Σ^∗ → Σ^∗ be a morphism. Then a finite word w ∈ Σ^∗ has the property that w = h(w) if and only if w ∈ F^∗_h .

Proof. (⇐=): Suppose w ∈ F^∗_h . Then we can write w = w_1w_2 · · · w_r, where each w_i ∈ Σ^∗, and there exist letters a_1, a_2, . . . , a_r ∈ A_h such that w_i = h^t(a_i), with t = exp(h).

Since a_i ∈ A_h, we know that there exist x_i, y_i with x_iy_i ∈ M^∗_h such that h(a_i) = x_ia_iy_i. Since t = exp(h), we have h^t(x_i) = h^t(y_i) = ϵ. Hence

h^{t+1}(a_i) = h^t(x_i) h^t(a_i) h^t(y_i) = h^t(a_i).

Thus h(w_i) = w_i for 1 ≤ i ≤ r, and so h(w) = w.

(=⇒): We prove the result by contradiction. Suppose h(w) = w, and assume w is the shortest such word with w ∉ F^∗_h . Clearly w ≠ ϵ.

By Corollary 2 there exist w_1, w_2, w_3, w_4, a such that w = w_1w_2aw_3w_4, h(w_1w_2) = w_1, h(a) = w_2aw_3, and h(w_3w_4) = w_4.

Now a is a subword of w, so h(a) is a subword of h(w) = w, and hence by an easy induction, it follows that

h^i(a) is a subword of w for all i ≥ 0. (1)

Then we must have w_2w_3 ∈ M^∗_h , since otherwise the length of

h^i(a) = h^{i−1}(w_2) · · · h(w_2) w_2 a w_3 h(w_3) · · · h^{i−1}(w_3)

would grow without bound as i → ∞, contradicting (1). It follows that h^t(w_2w_3) = ϵ, where t = exp(h).

Now we have w_1 = h(w_1w_2), so by applying h^t to both sides, we see

h^t(w_1) = h^{t+1}(w_1w_2) = h^{t+1}(w_1) h^{t+1}(w_2) = h^{t+1}(w_1).

Hence, defining y_1 = h^t(w_1), we have h(y_1) = y_1. In a similar fashion, if we set y_2 = h^t(w_4), then h(y_2) = y_2. Since |y_1|, |y_2| < |w|, it follows by the minimality of w that y_1, y_2 ∈ F^∗_h . Now w = h^t(w) = h^t(w_1) h^t(w_2) h^t(a) h^t(w_3) h^t(w_4) = y_1 h^t(a) y_2, and hence w ∈ F^∗_h , a contradiction.

We now examine the following question. Suppose h possesses a nonempty finite fixed point w. How long can the shortest w be, as a function of the description of h? Theorem 4 If a morphism h possesses a nonempty finite fixed point, then there exists such a fixed point w with |w| ≤ m^{n−1}, where n = Card Σ and m = max_{a∈Σ} |h(a)|. Furthermore, this bound is best possible.

Proof. As we have seen in Theorem 3, a word w is a finite fixed point iff w ∈ F^∗_h . Hence, if there exists a nonempty finite fixed point, the shortest such must lie in F_h. But F_h = {h^t(a) : a ∈ A_h and t = exp(h)}.

Since a ∈ A_h, we have h(a) = xay with xy ∈ M^∗_h . Hence a ∉ M_h and so exp(h) ≤ Card M_h ≤ n − 1. If m = max_{a∈Σ} |h(a)|, then clearly |h^i(a)| ≤ m^i for all i ≥ 0. It follows that |w| = |h^t(a)| ≤ m^{n−1}. To see that the bound is best possible, consider the morphism h defined on Σ = {a_1, a_2, . . . , a_n} as follows:

h(a_1) = a_1a^{m−1}_2 ;

h(a_i) = a^m_{i+1} for 2 ≤ i ≤ n − 1; h(a_n) = ϵ. Then w = a_1a^{m−1}_2 a^{m(m−1)}_3 · · · a^{mn−2(m−1)} n is a fixed point of h, and |w| = 1 + (m − 1) + m(m − 1) + · · · + m^{n−2}(m − 1) = m^{n−1}.

3 One-Sided Infinite Fixed Points

Let w = c_1c_2c_3 · · · be an infinite (one-sided) word over Σ, and let h be a morphism. Head and Lando [5] characterized those w for which h(w) = w. We now give a different proof of this characterization.

Theorem 5 The infinite word w is a fixed point of h if and only if at least one of the following two conditions holds: (a) w ∈ F^ω_h ; or

(b) w ∈ F^∗_h^→h^ω (a) for some a ∈ Σ, and there exist x ∈ M^∗_h and y ∉ M^∗_h such that h(a) = xay. Note that there is at most one way to write h(a) = xay with x ∈ M^∗_h and y ∉ M^∗_h .

Proof. (⇐=): First, suppose condition (a) holds. Then we can write w = w_1w_2w_3 · · · , where each w_i ∈ F_h. Then by Theorem 3 we have h(w_i) = w_i. It follows that h(w) = w.

Second, suppose condition (b) holds. Then we can write w = v z, where v ∈ F^∗_h and z =^→h^ω (a), where h(a) = xay for some x ∈ M^∗_h , y ∉ M^∗_h . Then from Theorem 3, we have h(v) = v. Since x ∈ M^∗_h , we have h^t(x) = ϵ, and hence

z =^→h^ω (a) = h^{t−1}(x) · · · h(x) x a y h(y) h^2(y) h^3(y) · · · .

Since y ∉ M^∗_h , it follows that |h^i(y)| ≥ 1 for all i ≥ 0, and hence z is indeed an infinite word. We then have h(z) = h^t(x) · · · h(x) x a y h(y) h^2(y) h^3(y) · · · = z and so h(w) = h(vz) = vz = w.

(=⇒): Now suppose w = c_1c_2c_3 · · · is an infinite word, with c_i ∈ Σ for i ≥ 1, and h(w) = w. As before, we define s_w(i) = |h(c_1c_2 · · · c_i)| for i ≥ 0. There are several cases to consider.

Case 1: s_w(i) = i for infinitely many integers i ≥ 1. Suppose s(i) = i for i = i_0, i_1, i_2, . . . . Clearly we may take i_0 = 0. Then we can write w = y_1y_2y_3 · · · where y_j = c_{ij−1 +1} · · · c_{ij} and h(y_j ) = y_j for j ≥ 1. It follows that w ∈ F^ω_h . Case 2: s_w(i) = i for finitely many i ≥ 1, and at least one such i. Let s(i) = i for i = i_0, i_1, . . . , i_r, and again take i_0 = 0. Then for some integer r ≥ 1 we can write w = y_1y_2y_3 · · · y_r x where y_j = c_{ij−1+1} · · · c_{ij} and h(y_j ) = y_j for 1 ≤ j ≤ r, and h(x) = x. Furthermore, if we write x = d_1d_2d_3 · · · for d_i ∈ Σ, i ≥ 1, then s_x(i) ≠ i for all i ≥ 1. (2)

If we can show that (2) implies that x =^→h^ω (a), where h(a) = xay for some x ∈ M^∗_h , y ∉ M^∗_h , we will be done. This leads to Case 3.

Case 3: s_w(i) ≠ i for all i ≥ 1. Suppose there exist i, j with 1 ≤ i < j and s(i) > i but s(j) < j. (3) Among all pairs (i, j) with 1 ≤ i < j satisfying (3), let j_0 be the smallest such j. Next, among all pairs (i, j_0) satisfying (3), let i_0 be the largest such i. Suppose there exists an integer k with i_0 < k < j_0. If s(k) < k, then j_0 is not minimal, while if s(k) > k, then i_0 is not maximal. Hence s(k) = k. But this is impossible by our assumption. It follows that j_0 = i_0 + 1. Then s(i_0) > i_0, but s(i_0 + 1) < i_0 + 1, a contradiction, since s(i_0) ≤ s(i_0 + 1).

It follows that either (a) s(i) < i for all i ≥ 1, or (b) there exists an integer r ≥ 1 such that s(i) < i for 1 ≤ i < r and s(i) > i for all i ≥ r.

Case 3a: s_w(i) < i for all i ≥ 1. Since this is true for i = 1, in particular we see that h(c_1) = ϵ. Now let j_1 be the least index such that

h(c_{j1} ) contains c_1; (4)

such an index must exist since h(w) = w. We then have h(c_2) = h(c_3) = · · · = h(c_{j1 −1}) = ϵ, so the first occurrence of c_{j1} in w is at position j_1.

Now inductively assume that we have constructed a strictly increasing sequence j_0 = 1 < j_1 < · · · < j_t such that the first occurrence of c_{ji} in w is at position j_i, for 1 ≤ i ≤ t.

Let j_{t+1} be the least index such that h(c_{jt+1} ) contains c_{jt} . Assume j_t ≥ j_{t+1}. Since s(i) < i for all i, we have h(c_{jt+1} ) = c_k · · · c_l with l < j_{t+1} ≤ j_t. Since h(c_{jt+1} ) contains c_{jt} , this implies that c_{jt} occurs to the left of position j_t, a contradiction. Hence j_t < j_{t+1}.

Thus we can construct an infinite strictly increasing sequence j_0 < j_1 < · · · such that the first occurrence of c_{ji} in w is at position j_i. It follows that the letters c_{j0} , c_{j1} , . . . in Σ are all distinct. But Σ is finite, a contradiction. Hence this case cannot occur. Case 3b: There exists an integer r ≥ 1 such that

s_w(i) < i for 1 ≤ i < r and s_w(i) > i for all i ≥ r. (5)

Put a = c_r. Then h(a) = c_{s(r−1)+1} · · · c_{s(r)}. If r = 1, then (5) implies that s(r) > r, so h(a) = xay for x = ϵ and some y ∈ Σ^+. If r > 1, then (5) implies that s(r − 1) + 1 < r and s(r) > r, so h(a) = xay for some x, y ∈ Σ^+. More precisely, the conditions (5) imply that we can write w = u a v for some u ∈ Σ^∗, v ∈ Σ^ω , and h(w) = h(u) x a y h(v) such that u = h(u)x. An easy induction now gives

h^i(w) = h^i(u) h^{i−1}(x) · · · h(x) x a y h(y) · · · h^{i−1}(y) h^i(v) (6) and u = h^i(u) h^{i−1}(x) · · · h(x) x (7) for all i ≥ 0. Since |u| < ∞, it follows from letting i → ∞ in Eq. (7) that there exists an integer j ≥ 0 such that h^j (x) = ϵ. Hence x ∈ M^∗_h , and so h^t(x) = ϵ, where t = exp(h).

Now u = h(u)x, so h^t(u) = h^{t+1}(u)h^t(x) = h^{t+1}(u). Define u^′ = h^t(u); then h(u^′) = u^′. Hence, putting j = |u^′|, it follows that s(j) = j. Hence j = 0 and u^′ = ϵ.

Now, to get a contradiction, suppose that y ∈ M^∗_h . Then h^t(y) = ϵ. Define z = h^t(a). Then h(z) = h^{t+1}(a) = h^t(h(a)) = h^t(xay) = h^t(x) h^t(a) h^t(y) = h^t(a) = z.

Hence, putting j = |z|, we see that s(j) = j, a contradiction since |z| ≥ 1. Hence y ∉ M^∗_h .

Now, letting i → ∞ in (6), we see that w =^→h^ω (a).

We stated Theorem 5 for right-infinite words, but of course the same arguments work for left-infinite words. Let Σ^{−ω} denote the set of all left-infinite words, which are of the form w = · · · c_{−2}c_{−1}c_0. We write h(w) = · · · h(c_{−2})h(c_{−1})h(c_0). If L ⊆ Σ^+ is a set of nonempty words, we define L^{−ω} to be the set of left-infinite words formed by concatenating infinitely many words from L, that is,

L^{−ω} = {· · · w_{−2}w_{−1}w_0 : w_i ∈ L for all i ≤ 0}.

If h(a) = wax, and w ∉ M^∗_h , x ∈ M^∗_h , then by^←h^ω(a) we mean the left-infinite word · · · h^2(w) h(w) w a x h(x) · · · h^{t−1}(x), where h^t(x) = ϵ. Again, if the factorization of h(a) as wax exists, with w ∉ M^∗_h , x ∈ M^∗_h , then it is unique. Then we have

Theorem 6 The left-infinite word w is a fixed point of h if and only if at least one of the following two conditions holds:

(a) w ∈ F^{−ω}_h ; or

(b) w ∈^←h^ω(a)F^∗_h for some a ∈ Σ, and there exist x ∉ M^∗_h and y ∈ M^∗_h such that h(a) = xay.

4 Non-Trivial Infinite Fixed Points

Call an infinite fixed point trivial if it is in F^ω_h . Our last result shows that, up to application of a coding (i.e., a letter-to-letter morphism), all non-trivial infinite fixed points can be generated in the “usual way”, i.e., by iterating a morphism f on a letter b such that f(b) = b u with u ∉ M^∗_f .

Theorem 7 Suppose h : Σ^∗ → Σ^∗ is a morphism and w ∈ Σ^ω is an infinite word such that h(w) = w and w ∉ F^ω_h . Then there exists an alphabet Δ, a non-erasing morphism f : Δ^∗ → Δ^∗, a coding g : Δ → Σ, a nonempty word u ∈ Δ^+ and a letter b ∈ Δ such that f(b) = bu and g(^→f^ω (b)) = w.

Proof. If w ∉ F^ω_h , then by Theorem 5, there exists a ∈ Σ such that w ∈ F^∗_h^→h^ω (a), and h(a) = xay with x ∈ M^∗_h and y ∉ M^∗_h . Thus, if t = exp(h), there exists v ∈ F^∗_h such that w = v h^{t−1}(x) · · · h(x) x a y h(y) h^2(y) · · · . Define z = vh^{t−1}(x)h^{t−2}(x) · · · h(x)x, and let r = |z|. If r = 0, then v = x = ϵ, and the desired result follows by taking f = h and g = the identity map.

Hence assume r > 0 and write z = b_1b_2 · · · b_r for b_i ∈ Σ, 1 ≤ i ≤ r. Introduce r + 1 new symbols b, a_2, . . . , a_r, a_{r+1}, and set Δ = Σ ∪ {b, a_2, . . . , a_r, a_{r+1}}.

For d ∈ Δ define

f(d) = b a_2 if d = b;

a_{i+1}, if d = a_i with 2 ≤ i ≤ r; y, if d = a_{r+1}; h(d), if d ∈ Σ. Then we have_→ f^ω (b) = b a_2 · · · a_r a_{r+1} y h(y) h^2(y) · · · .

Finally, define the coding g : Δ → Σ as follows:

g(d) = b_1, if d = b;

b_i, if d = a_i with 2 ≤ i ≤ r; a, if d = a_{r+1}; d, if d ∈ Σ. It follows that g(^→f^ω (b)) = b_1 b_2 · · · b_r a y h(y) h^2(y) · · · = w, as desired.

Note that f is non-erasing iff h is. In any event, by a theorem of Cobham [2], there exists a letter c, a non-erasing morphism f^′, and a coding g^′ such that w = g^′(^→f^{′ω} (c)).

5 Acknowledgements.

We are pleased to thank Steve Astels for a suggestion which simplified the proof of Theorem 3, and Jean-Paul Allouche for reading the manuscript carefully, pointing out several errors, and telling us about the work of Head and Lando. We also thank the referee for a careful reading.

This paper represents part of the first author’s M. Math. thesis [3].

References

[1] J. Berstel. Axel Thue’s Papers on Repetitions in Words: a Translation. Number 20 in Publications du Laboratoire de Combinatoire et d’Informatique Mathématique. Université du Québec à Montréal, February 1995.

[2] A. Cobham. On the Hartmanis-Stearns problem for a class of tag machines. In IEEE Conference Record of 1968 Ninth Annual Symposium on Switching and Automata Theory, pp. 51–60, 1968. Also appeared as IBM Research Technical Report RC-2178, August 23 1968.

[3] D. Hamm. Contributions to formal language theory: Fixed points, complexity, and context-free sequences. Master’s thesis, University of Waterloo, 1998.

[4] T. Head. Fixed languages and the adult languages of 0L schemes. Internat. J. Comput.

Math. 10 (1981), 103–107.

[5] T. Head and B. Lando. Fixed and stationary ω-words and ω-languages. In G. Rozenberg and A. Salomaa, editors, The Book of L, pp. 147–156. Springer-Verlag, 1986.

[6] J. E. Hopcroft and J. D. Ullman. Introduction to Automata Theory, Languages, and Computation. Addison-Wesley, 1979.

[7] J.-J. Pansiot. Hiérarchie et fermeture de certaines classes de tag-systèmes. Acta Informatica 20 (1983), 179–196.

[8] J. Shallit and M.-w. Wang. Characterization of two-sided infinite fixed points of morphisms on free monoids. In preparation.

[9] A. Thue. Über die gegenseitige Lage gleicher Teile gewisser Zeichenreihen. Norske vid.

Selsk. Skr. Mat. Nat. Kl. 1 (1912), 1–67. Reprinted in Selected Mathematical Papers of Axel Thue, T. Nagell, editor, Universitetsforlaget, Oslo, 1977, pp. 413–478.