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Motivation

Inspired by “regular graphs”, How to define an
“Irregular Graph™?

Maybe define an irregular graph as a graph
whose degrees of vertices are distinct.

There is a little problem in this definition!

In regular graphs all neighbors of a vertex
have the same degree.
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a regular graph




Highly Irregular Graphs

o A connected graph is Highly
Irregular if its vertices are adjacent
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only to vertices with distinct degrees.

u,we N(v),u=w= deg(u) = deg(w)
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o First introduced by Alavi, Chartrand,
Chung, Erdos, Graham and
Oellermann in 1987
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HI-graphs

o Theorem:
For all d, there exists a highly irregular

graph with maximum degree d. S

o Proof by construction:

There is a highly irregular graph of
degree 0.

Take two copies of a graph with
maximum degree d and connect two . -4

vertices of degree d



HI-graphs

Is there an ‘effective’ algorithm for generating all
HI-graphs of order n ?

o The answer looks to be ‘No’ !

o ‘Hl-graphs” are easy to distinguish but difficult to
generate.

In this sense HI-Graphs looks to be similar to
Planar Graphs



o Theorem

If n=3,5,7 there exist a HI-graph
of order n.

o Proof:

For n=2d =8 just consider the
bipartite graph with:

U={u,u,,..,u,}
E(H)=ULE

For n=2d+1, just subdivide the

where

edge v,U,

HI-graphs Order

E, ={vu|d—i+1< j<d}
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Hl-graphs Size

o Theorem

The size of HI-graph of order n is at

most n(n+2)/8 with equality possible
for n even.

o Proof:

The last construction shows the
tightness of the bound.

We just need to show that there is no

highly irregular graph with more than
n(n+2)/8 edges




HI-graphs Size!

la &

o]

If v is a vertex of maximum degree d, then v is d
adjacent to exactly one vertex of degree k for
1< k<d. = ¢

- There are at least two vertices of degree k

A highly irregular graph with maximum degree
d has at least 2d vertices

- the maximum degree of a HIG of order n is at
most n/2

size(H)<(1/2)2(1+2+...+n/2)=n/2(n/2+1)/2=n(n+2)/8




HI-Graphs containing a given
graph as induced subgraph

o Theorem

Every graph of order n 22 is an induced subgraph
of a highly irregular graph of order 4n-4.

o Proof by Construction:
Construct a highly irregular graph H containing G.



HI-Graphs containing a given
graph as induced subgraph




HI-Graphs containing a given
graph as induced subaraph

iH

o H has 4n-4 vertices

o H Contains G

o His Highly lrregulal

o degy u=deg, U =1

o degyvi=deg,V’=2n-1-i



HI-Graphs containing a given
graph as induced subgraph

o Having H we can
uniquely recover G

numer of HI-Graphs of order4n-4
>

number of graphs of order n




HI-graphs and cliques

o Theorem:
The smallest order of a

HI-Graph with clique
number n is 4n-4

o Proof:
Such a HI-Graph exists 2

The degrees of vertices of
a potential cligue should
be distinct.

Maximum degree = 2n-2
Order(H) 2 4n-4




How many HI-Graphs exist?

o HI(n)< the number of (nonisomorphic) HI-graphs of order n
o G(n)< total number of graphs of order n

oTheorem

L o@< 8 5 309,340 =08112.
16 log G(n) 4




How many HI-Graphs exist?

o To see (left hand)

i+0(1) - log HI (n)
16 log G(n)

o We previously shown:
Hl(4n—4)>G(n)
since
2
G(t) = (1+0(1))2

then

HI(n) > (1+0(1))2" '



How many HI-Graphs exist?

To show (right hand):
log HI (n)
logG(n)

< 2—%Iog23+o(1)

n2
a HI-Graph with n vertices has at most §+O(n) edges. So

n

2[2)H (1/4

Him < Y (zj ~  miaRW
1<j<n?/8+0(n) J

H(x) is the binary entropy function:

H(x) =—xlog, x—(1-x)log,(1—x) and H(1/4)=2-(3/4)log,3

. 2
since G(n) =2""2®°M  the theorem follows.



Highly lrregular Trees
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(HI_ Trees)

o Theorem
For all d, there exists a

Hl-tree with maximum
degree d and order 2¢

o Proof by Construction

o This is the smallest possible
order for a such a tree!

Highly Irregular Trees
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Order of HI-Trees

o Theorem
The order of a highly irregular tree with
maximum degree d is at least 29,

o Proof;

Let v be an arbitrary vertex of tree and u an
arbitrary neighbor of v. &

If f(k) is the number of edges in the split of uv o

containing v, then f(k) > 2k (proof
straightforward by induction on k)

Considering the vertex with maximum degree
we have:

n =>2f(d) = 2d



O Existence of HI-Trees

o Theorem:;

For each
neN/{35,6,7111213}

there exist a Hi-tree of order n.
o Proof:

For
neN/{,2,4891014151617}

there exists HI-tree of order n
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Existence of HI-Trees

o—
Proof for n>17 by construction.
O
F KE o—a
We start by G,gand o
two ‘magic’ trees F and K. &

If H is a subgraph of a graph G, then
vertex y of G will be called (G - H)-pendant if:

§ =

yeV(H)
y is a pendant vertex in G

y isjoined in G with a vertex of degree 2




Existence of HI-Trees

o Construction:

Step O:
G, =G, (yid x)K, where yis (G, —T) - pendant

Gy (vid x) K, for j=1,2,3,4
#1G, (yid x) F,where y is (G, —T)-pendant  for j=5
Step k:
Gis.oc = CGigiec s (YIAX)K, where yis (G, —T)-pendant

| Gus.i (v;idx) K, for j=1234
O G e (YidX) F,where y is(Gy,e —T)-pendant forj=5



Existence of HI-Trees

o ltis easy to verify the constructed graphs
are Hi-trees
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