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Abstract. Regular expressions and their extensions have become a major com-
ponent of industry-standard specification languages such as PSL/Sugar ([2]). The
model checking procedure of regular expression based formulas, as well as of
manyLTL andCTL formulas, involves constructing an automaton which runs in
parallel with the model.
In this paper we re-examine this construction. Instead of directly translating a reg-
ular expression into an automaton, as traditionally done, we propose an algorithm
which allows an intermediate representation mixing both regular expressions and
automata. This representation can be thought of as plugging an automaton inside
a regular expression, to replace an existing sub-expression. In order to be ver-
ified, the intermediate representation is then translated into another automaton,
resulting in a set of automata running in parallel. A key feature of this algorithm
is that the plug-in automaton is independent of the regular expression from which
it originated, and thus can be used in several different properties.
The contribution of our work is manyfold, as demonstrated in the paper. It allows
modularityandflexibility of the automata construction, and can increaseexpres-
sivenesswhenSEREs are mixed withCTL. In many cases it significantly reduces
thesizeof the automata built for formulas, thus reducing the overall run time of
verification.

1 Introduction

Symbolic model checking has been found extremely efficient in the verification of hard-
ware designs, and has been widely adopted in industry in recent years. While traditional
model checkers ([13]) used the temporal logicsCTL or LTL as their specification lan-
guage, contemporary industrial languages, have sought ways to make the specification
language easier to learn and use. The industry-standard language PSL/Sugar [2], as
well as other industry oriented languages (e.g. [4]), augment the logic with the use of
Extended Regular Expressions (EREs, orSEREs using the formulation of [2]).

A SEREspecification can be viewed as a sequence of Boolean events describing a
desirable behavior of the model. For example, theSEREformulaϕ = {req·¬ack∗·ack}!
asserts that on all execution paths of the model,req is active on the first cycle,ack is
then inactive for zero or more cycles, and thenack becomes active. Similarly,SEREs
can be used to describe anundesireable behavior of the model. The formulanot
{req·¬ack∗·ack}! asserts that theredoes not existan execution path on whichreq is
active on the first cycle,ack is then inactive for zero or more cycles, and thenack
becomes active.
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In this paper we consider formulas given asnot SERE! . These formulas have a
special importance for two main reasons. The first is that a large subset ofLTL , CTL

and otherSERE-based properties can be automatically reduced to an equivalent formula
of the formnot r! 1. The second reason is the efficient model checking methods they
enjoy, as explained below. Anot r! formula has the nature that it is sufficient to find one
execution path of the model satisfyingr, in order to conclude the formula does not hold
in the model. This nature allows anot r! formula to be modelled by a non-deterministic
finite automaton (NFA) Nr, which accepts sequences satisfyingr, and which islinear in
the size ofr. Running it together with the model, we then verify the invariant property
AG¬bad wherebad is a boolean expression asserting thatNr is in an accepting state.
The reduction to an invariant property is important, since invariant properties are easier
to verify by different model checking engines [7]. The efficient verification algorithm,
together with the wide variety of properties which can be transformed intonot SERE!
formulas, have made them the major translation path of the IBM model checking tool-
set RuleBase [5] and the topic of this paper.

The translation of anot SERE! formula into anNFA is re-examined in this paper.
Instead of directly translating a formula into an automaton, as traditionally done, we
propose anembeddingalgorithm which allows the translation to be modular, by allow-
ing an intermediate representation of the formula which mixes bothSEREandNFA. Let
r be aSEREands a sub-SEREof r. We show a process in whichs is plugged out ofr, a
separate side-NFA is built for it, and a simplerSERE referring to the side-NFA is plugged
into r, replacings. A key feature of this algorithm is the fact that the side-NFAbuilt is
independentof the SERE it originated from. This allows the side-NFA to be plugged-in
in any otherSEREwhen appropriate.

The use of the embedding algorithm has several advantages, on which we elaborate
in this paper. It allowsmodularityof the automata construction, as automata previously
built can be plugged into a more complexSERE. The modularity leads toflexibility in
the way the automaton is constructed, since different parts of theSEREcan use different
translations. It can increaseexpressivenesswhen anot SERE! property is translated to
CTL. SinceSEREs are more expressive thanCTL [15], the embedding is needed for the
parts which are not expressible inCTL. Finally, the use of embedding can significantly
reduce thesizeof the automata built for formulas, thus reducing the overall run time of
verification.

The rest of the paper is organized as follows. Section 2 covers some preliminaries.
Section 3 gives our embedding algorithm, and in section 4 we discuss the benefits of
the algorithm and give example applications. Section 5 concludes the paper. The proofs
appear in Appendix A.

1 Beer et al. [6] have shown how to translate a subset ofCTL andSERE-based formulas intonot
SERE! formulas. Since thoseCTL formulas lay in the common fragment ofCTL andLTL [12],
their LTL counterparts also have an equivalent in this form.
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2 Preliminaries

2.1 The computational Model -DTS

We represent a finite state program by adiscrete transition system. A discrete transition
system (DTS) is a symbolic representation of a finite automaton on finite or infinite
words. The definition is derived from the definition of a fair discrete system (FDS) [11].
A DTSD : 〈V, Θ, ρ,A,J 〉 consists of the following components:

– V = {u1, . . . , un}: A finite set of typedstate-variablesover possibly infinite do-
mains. We define astates to be a type-consistent interpretation ofV , assigning
to each variableu ∈ V a values[u] in its domain. We denote byΣV the set of all
states, and byBV the set of all boolean expressions over the state-variables inV
(whenV is understood from the context we write simplyΣ andB, respectively).

Example 1.Let V denote the set{a, b, c} of Boolean state variables. ThenΣV the
set of interpretation of these variables contains the 8 interpretations giving different
truth values toa, b andc. That is,ΣV = {∅, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},
{a, b, c}}. And BV is the set of all boolean expressions over these variables. For
example, the boolean expressionsa, a ∨ b, ¬c and(a → ¬b) ∧ c are all inBV . y

– Θ: The initial condition. This is an assertion characterizing all the initial states of
theDTS.

– ρ: The transition relation. This is an assertionρ(V, V ′) relating a states ∈ ΣV

to its D-successors′ ∈ ΣV by referring to both unprimed and primed versions
of the state-variables. The transition relationρ(V, V ′) identifies states′ as aD-
successor of states if 〈s, s′〉 ρ(V, V ′), where〈s, s′〉 is the joint interpretation
which interpretsu ∈ V ass[u] andu′ ass′[u].

– A: Theaccepting conditionfor finite words. This is an assertion characterizing all
the accepting states for runs of theDTS satisfying finite words.

– J = {J1, . . . , Jk}: Thejustice (B̈uchi) accepting conditionfor infinite words. This
is a set of assertions characterizing the sets of accepting states for runs of theDTS

satisfying infinite words. The justice requirementJ ∈ J stipulates that every infi-
nite computation contains infinitely many states satisfyingJ .

LetD be aDTS for which the above components have been identified. We define a
run of D to be a finite or infinite non-empty sequence of statesσ : s0s1s2 . . . satisfying
the requirements ofinitiality i.e. thats0 Θ; and ofconsecutioni.e. that for eachj =
0, 1, . . . , the statesj+1 is aD-successor of statesj . A run satisfying the requirement
of maximalityi.e. that it is either infinite, or terminates at a statesk which has noD-
successors is termed amaximal run. Let U ⊆ V be a subset of the state-variables. A
run σ : s0s1s2 . . . sn . . . is said to besatisfying a finite wordw = b0b1 . . . bn over
BU iff for every i, 0 ≤ i ≤ n, si bi. A run σ : s0s1s2 . . . sn+1 . . . satisfying a finite
word w = b0b1 . . . bn is said to beacceptingw iff sn+1 satisfiesA. An infinite run
σ : s0s1s2 . . . is said to besatisfying an infinite wordw = b0b1 . . . overBU iff for every
i ≥ 0, si bi. An infinite runσ satisfying an infinite wordw is said to beacceptingw
iff for eachJ ∈ J , the runσ contains infinitely many states satisfyingJ .
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For a states, we denote bys|U the restriction ofs to the state-variables inU , i.e.
the states|U agrees withs on the interpretation of the state-variables inU , and does not
provide an interpretation for variables inV \U . For a runσ = s0s1s2 . . . we denote by
σ|U the runs0|U s1|U s2|U . . ..

Discrete transition systems can be composed in parallel. LetDi = 〈Vi, Θi, ρi,Ai,Ji〉,
i ∈ {1, 2}, be two discrete transition systems. We denote thesynchronous parallel com-
positionofD1 andD2 byD1 ||| D2 and define it to beD1 ||| D2 = 〈V1∪V2, Θ1∧Θ2, ρ1∧
ρ2, A1 ∧ A2,J1 ∪ J2〉. We can view the execution ofD as thejoint execution ofD1

andD2.

From Finite Automata to DTS

Given a non-deterministic finite automata on finite words (NFA) [10] whose alphabet
is a set of boolean expressions over a given set of variablesV , it is straightforward
to construct the discrete transition system corresponding to it. The same holds for a
generalized B̈uchi automaton on infinite words (GBA) [14].

Example 2.Assume we have the set of state variablesV = {a, b, c}. Let N be theNFA

over BV described in figure 1. Then theDTS D = 〈V,Θ, ρ,A,J 〉 described below

Fig. 1. An NFA overBV whereV = {a, b, c}.

corresponds toN , wherestN is a new variable with domain{0, 1, 2, 3}.
V = {a, b, c, stN}; Θ = (stN = 1); A = (stN = 3); J = ∅; and

ρ =
(stN = 1 ∧ a ∧ st′N = 2) ∨ (stN = 2 ∧ b ∧ st′N = 2)∨
(stN = 2 ∧ c ∧ st′N = 3) ∨ (stN = 1 ∧ ¬a ∧ st′N = 0)∨
(stN = 2 ∧ ¬b ∧ st′N = 0) ∨ (stN = 2 ∧ ¬c ∧ st′N = 0) y

Formally, letV be a set of state-variables and letB be the corresponding set of
boolean expressions. LetN = 〈B, Q,Q0, δ, A〉 be anNFA. Let state be a new variable
(not inV ) whose domain isQ∪ {qsink} whereqsink /∈ Q. Then,N can be represented
as theDTSDN = 〈V N , ΘN , ρN ,AN ,JN 〉 where

V N = V ∪ {state}; ΘN =
∨

q0∈Q0

(state = q0); AN =
∨

q∈A

(state = q); JN = ∅;

ρN =
∨

(q1,σ,q2)∈δ

(state = q1 ∧ σ ∧ state′ = q2)
∨

(state = q1 ∧ ¬σ ∧ state′ = qsink)

Similarly, we can construct theDTS corresponding to a B̈uchi automaton. LetG =
〈B,Q, Q0, δ,F〉 be aGBA with F = {F1, . . . , Fk}. Then,G can be represented as the
discrete transition systemDG = 〈V G, ΘG, ρG,AG,JG〉 where:
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V G = V ∪ {state}; ΘG =
∨

q0∈Q0
(state = q0); AG = ∅;

JG = {J1, . . . , Jk} where for each1 ≤ i ≤ k : Ji =
∨

q∈Fi
(state = q);

ρG =
∨

(q1,σ,q2)∈δ

(state = q1 ∧ σ ∧ state′ = q2)
∨

(state = q1 ∧ ¬σ ∧ state′ = qsink)
∨

(state = qsink ∧ state′ = qsink)

In this paper, given anNFA N = 〈B,Q, Q0, δ, A〉 we first construct a terminal
Büchi automaton [9] by adding a self loop on all accepting states ofN and defining
the B̈uchi accepting sets to be the singleton set of accepting states (i.e.{A}). This
Büchi automaton accepts all words which have a finite prefix accepted byN . Then we
construct aDTS for the resulting terminal B̈uchi automaton. We denote the resulting
DTS DN . Let σ = σ0s1 . . . be a run ofDN . We say that the “step”(si, si+1) of DN

corresponds to the transition(q1, σ, q2) ∈ δ of N iff (si, si+1) |= (state = q1 ∧ σ ∧
state′ = q2).

Example 3.The DTS DN = 〈VN , ΘN , ρN ,AN ,JN 〉 for the terminal B̈uchi con-
structed for theNFA N described in Figure 1 is as follows whereD = 〈V,Θ, ρ, A,J 〉
is theDTS from Example 2.

VN = V ; ΘN = Θ; AN = A; JN = {AN}; and

ρN = ρ ∨ (stN = 3 ∧ st′N = 3) ∨ (stN = qsink ∧ st′N = qsink) y

2.2 The logic

The logic considered in this paper is the fragment of the industry-standard temporal
logic PSL/Sugar [2] which consists of onlynot r! formulas, withr being a Sugar ex-
tended regular expression (SERE). These formulas are of special interest for several
reasons. First, it is a convenient way for specification which is widely used. Second,
a large subset of the PSL/Sugar properties can be automatically translated intonot r!
properties [6, 12]. Finally, the verification of these properties can be reduced to verifi-
cation of invariant properties and is thus very efficient (see e.g. [6]).

The semantics of these formulas over a givenDTS is defined below. The definition
assumes a set of state variablesV , the corresponding setΣ of interpretations of the
state-variables inV and the setB of boolean expressions overV . We assume two
designated boolean expressionstrueandfalsebelong toB, such that for everys ∈ Σ,
s trueands / false.

Definition 1 (SEREs).

– The empty set∅ and the empty regular expressionλ are SEREs.
– Every boolean expressionb ∈ B is a SERE.
– If r, r1, andr2 are SEREs, then the following are alsoSEREs:

1. {r} (encapsulation) 2. r1 ∪ r2 (union) 3. r1 · r2 (concatenation)
4. r∗ (Kleene closure) 5. r1 ◦ r2 (fusion) 6. r1 ∩ r2 (intersection)

We denote byREs standard regular expressions, i.e. the subset ofSEREs with no
fusion or intersection operators. To define the semantics ofSEREs, we use the following
notations.
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Notations

We denote a letter fromΣ by s (possibly with subscripts) and a word fromΣ by u, v,
or w. Theconcatenationof u andv is denoted byuv. If u is infinite, thenuv = u. The
empty word is denoted byε, so thatwε = εw = w. Theoverlapping concatenation
of us andsv, denoted byus ◦ sv, is the wordusv. Let L1 andL2 be sets of words.
The concatenationof L1 andL2, denotedL1L2 is the set{w | ∃w1 ∈ L1, ∃w2 ∈
L2 andw = w1w2}. Theoverlapping concatenationof L1 andL2, denotedL1 ◦ L2

is the set{w | ∃w1s ∈ L1, ∃sw2 ∈ L2 andw = w1sw2}. DefineL0 = {ε} and
Li = LLi−1 for i ≥ 1. TheKleene closureof L denotedL∗ is the set

⋃
i<ω Li.2

We denote the length of a wordw by |w|. An empty wordw = ε has length 0,
and a finite wordw = (s0s1s2 · · · sn) has lengthn + 1. We usei, j, andk to denote
non-negative integers. Fori < |w|, we usewi to denote the(i + 1)th letter ofw (since
counting of letters starts at zero). For a subsetU ⊆ V of state-variables, we denote by
s|U the restriction of the letters to the state-variables inU . For a wordw = s0s1s2 . . .
we denote byw|U the restriction of every letter inw to the state-variables inU (i.e,
w|U = s0|U s1|U s2|U . . .).

For a formulaϕ and a sub-formula of itψ we denote byϕ[ψ ← ψ′] the formula
obtained by replacing every occurrence ofψ in ϕ by ψ′.

Definition 2 (SEREs semantics). The semantics ofSEREs are defined using the relation

|≡ betweenSEREs overB and (possibly empty) finite words overΣ. Whenw |≡ r we
say thatw tightly satisfiesr. The semantics ofSEREs are defined as follows, wherew is
a finite (possibly empty) word overΣ.

– w |≡/ ∅ and w |≡ λ ⇐⇒ w = ε
– Let b denote a boolean expression inB. Then,w |≡ b ⇐⇒ |w| = 1 andw0 b
– Let r, r1, andr2 denoteSEREs overB. Then,

1. w |≡ {r} ⇐⇒ w |≡ r

2. w |≡ r1∪ r2 ⇐⇒ w |≡ r1 or w |≡ r2

3. w |≡ r1· r2 ⇐⇒ ∃w1, w2 s.t.w = w1w2, w1 |≡ r1, andw2 |≡ r2

4. w |≡ r∗ ⇐⇒ w = ε or ∃w1, w2 s.t.w2 6= ε, w = w1w2, w1 |≡ r∗ andw2 |≡ r

5. w |≡ r1◦r2 ⇐⇒ ∃w1, w2, ands s.t.w = w1sw2, w1s |≡ r1, andsw2 |≡ r2

6. w |≡ r1∩ r2 ⇐⇒ w |≡ r1 andw |≡ r2

We note that the semantics given here is a bit different than the traditional semantics
given to regular expressions (and their extensions). The traditional semantics, repeated
below, defines a set of wordsLng(r) satisfying a regular expression. This set consists
of words over the same alphabet as the regular expressions themselves. While the se-
mantics in Definition 2 relates regular expressions over one alphabetB − the set of
boolean expressions over the state variablesV − to words over another alphabetΣ −
the set of interpretations of the state variablesV .

Definition 3 (The Language ofREs) Let Γ be a finite set of symbols (an alphabet).
Let b be a letter inΓ andr, r1, andr2 SEREs overΓ . The setLng(r), defined below,

2 Whereω denotes the cardinality of the non-negative integers.
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denotes the set of words overΓ satisfyingr according to the traditional semantics of
regular expressions.

• Lng(∅) = ∅ • Lng(λ) = {ε} • Lng(b) = {b} • Lng(r∗) = Lng(r)∗

• Lng(r1∪ r2) = Lng(r1) ∪ Lng(r2) • Lng(r1· r2) = Lng(r1)Lng(r2)
• Lng(r1◦ r2) = Lng(r1) ◦ Lng(r2) • Lng(r1∩ r2) = Lng(r1) ∩ Lng(r2)

Example 4.According to Definition 2 theSEREa·b∗·c is satisfied over any word overΣ
whose first letter interpretsa astrue, whose last letter interpretsc astrueand any letter
in between interpretsb as true. Among which is for example the wordw = s0s1s2s3

with s0 = {a, c}, s1 = {b}, s2 = {b, c} ands3 = {a, c}.
According to Definition 3Lng(a·b∗·c) consists of the set of words overB starting

with the lettera followed by a finite number of lettersb and ending with the letterc.
Thus, theNFA in figure 1 acceptsLng(a·b∗·c). y

Another difference between the traditional semantics and the ones given here should
be noted. While in the traditional semanticslettersof the alphabet are mutually exclu-
sive, this is not the case for our semantics. Since in our semantics the letters are actually
Boolean expressions, two different letters may hold simultaneously.

Interpreting formulas of the logic over the computational model

Definition 4. LetD be a discrete transition system, andr a SEREsuch thatε |≡/ r. We
say thatD satisfiesthe formulanot r!, denotedD |= not r!, iff for all finite runsσ ofD,

σ |≡/ r.

We use the syntaxnot r! to be compliant with PSL [2]. The semantics given here to
not r! are equivalent to the ones given in PSL for negating a strongSERE.

To verify a not r! formula, we can run aDTS representing anNFA acceptingr in
parallel to the given model, and check that the joint run does not reach a finite accepting
state ofDr.

Proposition 5. LetDM be aDTS andr an RE. LetDr be theDTS representation of an
NFA acceptingLng(r). LetAr be the finite acceptance condition ofDr. Then,

DM |= not r! ⇐⇒ DM ||| Dr |= AG ¬Ar

This proposition, proved in [8, Proposition 11], confirms with the observation that the
DTS of r corresponds to a terminal B̈uchi automaton (see subsection 2.1) and the fact
that emptiness of a terminal B̈uchi automaton reduces to checking theCTL property
¬EF A (see [9]).

Example 5.As stated in Example 4 theNFA of Figure 1 accepts theSERE{a·b∗·c}. By
Proposition 5 verifyingnot {a·b∗·c}! over a modelDM reduces to verifyingAG¬(stN =
3) over the parallel composition ofDM with theDTSDN of Example 3. y
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3 Embedding aDTS into an RE

In this section we provide an algorithm to embed aDTS into a SERE. Let r be aSERE,
and lets be a sub-SEREof r. We construct an independent side-DTS for s. We replace
the occurrence ofs inside r with a placeholderto get r′ = r[s ← placeholder].
We then construct aDTS for r′ and derive theAG(p) formula in the usual way (see
Section 2). Finally, we run the twoDTSs in parallel with the model. We prove that this
method gives equivalent results to the one without the embedding.

The idea behind the procedure can be explained as follows. Assume we have a side-
DTS for s. In order to embed a placeholder fors in r we need theDTS to start running at
the place of embedding. That is, ifr = {a·b·{s}·c}, we would like the side-DTS to start
running after two time units. If, for example,r = {a·b∗·{s}·c}, then we need the side-
DTS to start running at many possible time units: after one ‘a’ and any finite number of
‘b’s. Furthermore, we want the sideDTS to be independent of theSERE in which it is
embedded, in order to allow the reuse of it. We therefore let it start non-deterministically
at any point of time. This is done by adding an idle state with a self-loop, which can
transit to the initial states at any time. The place holder inserted instead ofs, will then
make sure we check ourr′ only on those paths where the side-DTS indeed starts when
it is expected to.

Since the sub-SEREcan be embedded in theRE more than once (e.g.r = {a·{s}·b∗·
{s}·c}), or within a starred sub-SEREof r (e.g.r = {a·{b·{s}}∗·c}), we need to allow
the side-DTS to start running again after it completed a run. To achieve this, we add a
transition from the predecessors of final states to the initial states.

TheDTS we construct is based on anNFA that can start at any cycle, and restart after
it has reached its final state. Such anNFA is called acruisingNFA. We define it formally
as follows.

Definition 6 (Cruising NFA).
An NFA N = 〈B, Q, Q0, δ, A〉 is cruisingiff the following conditions hold:

1. Initial stuttering: There exists an initial stateqI ∈ Q0 such that∀q0 ∈ Q0 there
exists aδ−transition(qI , true, q0). In the sequel we refer toqI as theidle state.

2. Distinguished start and repetition:Q0 \ {qI} 6= ∅ and ∀q0 ∈ Q0 there exists a
δ−transition(q, b, q0) to q0 with q 6= qI iff there exists aδ−transition(q, b, qA) to
some accepting stateqA ∈ QA.

The following proposition states that for anySEREr one can build a cruisingNFA

for r. Note that the cruisingNFA acceptsLng({true∗·r}+) rather thanLng(r).

Proposition 7. Letr be aRE. There exists a cruisingNFA acceptingLng({true∗·r}+).

Proof Sketch. LetNr = 〈B, Q, Q0, δ, A〉 be anNFA for r. DefineN ′
r = 〈B,Q′, Q′

0, δ
′, A〉

as follows.

– Q′ = Q ∪ {qS , qI} whereqS , qI /∈ Q
– Q′0 = {qS , qI}
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– δ′ =
δ ∪ (qI , true, qI) ∪ (qI , true, qS) ∪
{(qS , b, q) | q ∈ Q and∃ q0 ∈ Q0, b ∈ B, such that(q0, b, q) ∈ δ} ∪
{(q, b, q0) | q ∈ Q, b ∈ B, q0 ∈ Q′

0, and∃qA ∈ A s.t.(q, b, qA) ∈ δ}
ThenN ′

r is a cruisingNFA for r. The correctness of the construction is given in the
appendix. ut

Example 6.Applying the construction sketched in the proof of Proposition 7 on the
NFA of Figure 1 results in theNFA shown in Figure 2. Note that state1 is redundant.

Fig. 2. A cruisingNFA accepting the setLng({true∗·{a·b∗·c}}+)

This does not harm the correctness of the algorithm. In practice, a stage removing such
redundant states is added to the procedure, to generate smallerNFAs. y

By using theDTS representation of a cruisingNFA N we can construct Boolean ex-
pressions which refer to the states ofN . We use such Boolean expressions to construct
the “placeholder” to replaces in r. We define three conditions which state that theDTS

has started and completed “working”. Formally,

Definition 8 (start,middle,end) LetN = 〈B, Q, Q0, δ, A〉 be a cruisingNFA with idle
stateqI . LetDN be itsDTS representation. Define new boolean expressionsstart, middle
andend over the variables ofV and the variablestate representing the state ofN , as
follows:

• start :
∨

{(q0,b,q)∈δ | q0∈Q0\{qI}}
(state = q0) ∧ b • middle = ¬start • end :

∨

{(q,b,qA)∈δ | qA∈A}
(state = q) ∧ b

Example 7.Applying Definition 8 on theNFA described in Figure 2 we get:

• start : (stN = qS) ∧ a • middle = (stN 6= qS) ∨ ¬a • end : (stN = 2) ∧ c
y

We are now ready to define the placeholder for a given sub-SERE.

Definition 9 Letr be aSEREandt be a sub-SEREof r. LetDN be a cruisingDTS for t.
Let start, middle, end be as in Definition 8. Define theSEREt′ = placeholder(t, start,
middle, end) as follows:

t′ =
{

start ∧ end ∪ {start·middle∗·end} if S(t) = false
λ ∪ start ∧ end ∪ {start·middle∗·end} Otherwise

Example 8.Applying Definition 9 to Example 7 we obtain the following definition for
theSEREdefining the placeholderp for {a·b∗·c}.
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p := {((stN = qS) ∧ a) · ((stN 6= qS) ∨ ¬a)∗ · ((stN = 2) ∧ c)

This, since the first disjunct((stN = qS)∧ a)∧ ((stN = 2)∧ c) is equivalent tofalse.
y

We claim that if we letDN ′ run in parallel to the model, thent′ can be “plugged”
instead oft in (almost) anySEREr containingt as a sub-SERE. The only cases where
this claim does not hold, are whent appears in both operands of the intersection or
fusion operators (since these operators have a parallel nature). Formally, we claim the
following.

Theorem 10. LetDM be aDTS, r a SEREand t a sub-SEREof r such that for every
intersection and fusion operator,t is not a sub-SEREof both operands. Let theDTSDt

be a cruisingDTS for t. Then,

DM |= not r! ⇐⇒ DM ||| Dt |= not r[t ← placeholder(t, start, middle, end)]!

Example 9.According to Theorem 10 verifyingnot {d·e∗·a·b∗·c·f}! over a given model
DM is equivalent to verifyingnot {d·e∗·p·f}! (with p as define in Example 8) over the
parallel composition of the modelDM with the modelDN of Example 3.

y

Corollary 11 . LetDM be aDTS, r a SEREand t a sub-SEREof r such that for every
intersection and fusion operator,t is not a sub-SEREof both operands. Let theDTSDt

be a cruisingDTS for t. Finally, let t′ be the placeholder defined above and letr′ be
r[t ← t′]. Then,

DM |= not r! ⇐⇒ DM ||| Dt ||| Dr′ |= AG ¬Ar′

Example 10.Letr be theSERE{d·e∗·a·b∗·c·f}. Then,r′ = {d·e∗·start·middle∗·end·f}
wherestart, middle andend are as defined in Example 7. Using only the original state
variables{a, b, c, d, e, f, stN} we getr′ = {d · e∗ · ((stN = qS) ∧ a) · ((stN 6=
qS) ∨ ¬a)∗ · ((stN = 2) ∧ c) · f}. TheNFA Nr′ for r′ is described in Figure 3.

Fig. 3. An NFA accepting the setLng(r′) as in Example 10

TheDTSDr′ = 〈Vr′ , Θr′ , ρr′ ,Ar′ ,Jr′〉 described below corresponds toN ′
r, where

state is a new variable with domain{0, 1, 2, 3, 4, 5}.
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Vr′ = {a, b, c, d, e, f, stN , state}; Θr′ = (state = 1); Ar′ = (state = 5);
Jr′ = {(state = 5)}; andρr′ =

(state = 1 ∧ d ∧ state′ = 2)
∨

(state = 1 ∧ ¬d ∧ state′ = 0)
∨

(state = 2 ∧ e ∧ state′ = 2)
∨

(state = 2 ∧ ¬e ∧ state′ = 0)
∨

(state = 2 ∧ ((stN = qS) ∧ a) ∧ state′ = 3)
∨

(state = 2 ∧ ¬((stN = qS) ∧ a) ∧ state′ = 0)
∨

(state = 3 ∧ ((stN 6= qS) ∨ ¬a) ∧ state′ = 3)
∨

(state = 3 ∧ ¬((stN 6= qS) ∨ ¬a) ∧ state′ = 0)
∨

(state = 3 ∧ ((stN = 2) ∧ c) ∧ state′ = 4)
∨

(state = 3 ∧ ¬((stN = 2) ∧ c) ∧ state′ = 0)
∨

(state = 4 ∧ f ∧ state′ = 5)
∨

(state = 4 ∧ ¬f ∧ state′ = 0)
∨

(state = 5 ∧ state′ = 5)
∨

(state = 0 ∧ state′ = 0)

Thus, according to Corollary 11 verifyingnot {d·e∗·{a·b∗·c·f}∗∪{g∗·h}}! over a
given modelDM is equivalent to verifyingAG ¬(state = 5) over the parallel com-
position of the modelDM with the modelDN of Example 3 and theDTS Dr′ defined
above. y

Note that information about the embeddedSEREcan be used to simplify the place-
holder and thus reduce the size of the overall automata. For example, when theSERE

has no computations of length one it is possible to remove the disjunctstart∧ end from
the definition of the placeholder. Similarly, information about the embeddingSEREs can
be used to simplify the cruisingDTS. For example, if theSERE is not embedded more
than once nor within a starred sub-SERE, it is possible to build a side-DTS which does
not confirm to the condition of repetition.

In the next section we demonstrate the benefits of using the embedding method, and
give several applications.

4 Benefits of the Embedding Algorithm

We use the embedding algorithm in several different applications, each of which ben-
efits from the use of it in a different way. In section 4.1 we show howmodularity is
achieved for thenamed sequenceconstruct of PSL, and discuss the implementation of
SERE intersection. In section 4.2 we demonstrate how thesizeof the automaton built
for the formula can be reduced when using embedding, and in section 4.3 we show how
expressivenessis gained whenSEREs are to be traslated toCTL.

4.1 Modularity and Reuse

The embedding mechanism described above allows us to follow the guideline of soft-
ware engineering and reuse a given automaton of oneSERE for constructing automata
for more complicatedSEREs. Reusing existing code allows building “libraries” of au-
tomata, which can fasten implementation and increase code stability. Using the existing
automata as is allows preserving useful automata characteristics.

As an example to code reuse, consider thenamed sequencesmechanism of PSL/Sugar
[2]. In this language, aSEREcan be given a name, and then be used as a sub-SERE in
many formulas. For example, one can define:sequence r := {a·b∗·c}; and then use it
in other formulas:not {d∗·r}! , not {a·r·f}! etc. When constructingDTSs for the above
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formulas, 3 states would be produced for each occurrence ofr. Using the embedding
mechanism, we can construct aDTS for r just once, and then reuse it as many times as
needed.

Another example is implementingSERE intersection. Unwrapping an intersection
operation at theSERE level is very complicated [3]. Instead, we use the embedding al-
gorithm to implement intersection. By the general embedding method, we can construct
anNFA for any sub-SEREof the formr1∩r2 and plug the placeholder for itsDTS instead.
An NFA for r1∩r2 can be built using the product construction [10]. However, in order to
simplify the construction, the use of embedding for intersection can be extended even
farther. We provide a method to embedtwo DTS, one for each operand of the intersec-
tion, replacing them with a single place-holder which serves for both of them together.
This allows us to implement intersection using the same type ofDTS, making it easier
to maintain.

Formally, letr1∩r2 be a sub-SEREof r. Let N ′
1 andN ′

2 be cruisingNFA for r1 and
r2 respectively, constructed as in Section 3. LetDN ′

1
andDN ′

2
be theirDTS represen-

tations. Definestarti, endi for i ∈ {1, 2} as the respective Boolean expressions stating
that DN ′

i
is in the real start (resp. end) of its run (exactly as in the general embed-

ding method). Define the new Boolean expressionsstart andend as the conjunctions
start1∧start2, andend1∧end2, respectively. Define the new boolean expressionmiddle
as the conjunction¬start1 ∧ ¬start2. We claim that the placeholder defined using the
abovestart, middle andend can be plugged instead ofr1∩r2 while running the model
in parallel to bothDN ′

1
andDN ′

2
.

Proposition 12. LetDM be aDTS, r a SEREandr1∩r2 a sub-SEREof r which is not a
sub-SEREof both operands of◦ or ∩. LetN ′

1 andN ′
2 be the cruisingNFAs constructed

for r1 andr2, respectively. Letstart, middle andend be as defined above.

DM |= not r!
m

DM ||| DN ′
1
||| DN ′

2
|= not r[r1∩r2 ← placeholder(r1∩r2, start, middle, end)]!

4.2 Efficiency of Verification

In some cases, the use of embedding allows us to build a smaller automaton for a given
formula, thus reducing the size of the model to be verified.

A simple example is the operatorcounters(p[= i..j]). Counterscan be viewed
as abbreviations of the basicSERE operators as follows, whereb denotes a boolean
expression,i andj denote integer constants such thati ≥ 0 andj ≥ i.

• b[= i] def=

i times︷ ︸︸ ︷
{¬b∗·b}· . . . ·{¬b∗·b} ·¬b∗ • b[= i..j] def= b[= i] ∪ ... ∪ b[= j]

A straightforward unwrapping of a counter operatorp[= i..j] at theSERE level,
using the definition above, will result in aSEREof size quadratic inj. Using otherSERE-
level unwrapping methods we can reduce the size of the resultingSERE. However, the
best result is achieved when directly building anNFA for a counter. We show how to
build anNFA for a counterp[= i..j], which hasj + 2 states. Given such anNFA, the
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embedding algorithm can then be used to embed theNFA into theSERE. Below we give
the construction of anNFA for a counter, consisting ofj + 2 states. We then present
experimental results which compare the two ways of translation.

An NFA for p[=i..j]

Let p be a boolean expression,i, j integers such that0 ≤ i ≤ j andB = {p,¬p}.
Lng({p[= i..j]}) = {w = w0 . . . wn ∈ B | i ≤ |{k|wk = p}| ≤ j}

The following is anNFA that acceptsLng(p[= i..j]). The automaton has ‘counting’
statesq0, q1, . . . , qj+1. The idea is that stateqk indicates that up until nowk p’s were
read. Thus, all statesqk such thati ≤ k ≤ j are accepting states.

Formally, defineNp[=i..j] = 〈B, Q, Q0, δ, A〉 where
Q = {qk | 0 ≤ k ≤ j + 1}; Q0 = {q0}; A = {qk | i ≤ k ≤ j} if i 6= 0; and

δ = {(qk, p, qk+1) | 0 ≤ k ≤ j} ∪ {(qk,¬p, qk) | 0 ≤ k ≤ j}
Proposition 13. TheNFA Np[=i..j] acceptsLng(p[= i..j]).

Np[=i..j] is anNFA for r. Thus, by Proposition 10 we can embed the placeholder for
p[= i..j] in anySEREcontaining it, and run bothDTS s in parallel with the model.

Experimental Results

We present experimental results of embedding differentcountersformulas. We com-
pare the traditional unwrapping method (see above) to our embedding method, in two
aspects: the size of automata built for a formula, and the verification time. The verifica-
tion time is influenced by the overall size of the model, which includes the design under
test as well as the automata built for the formulas. Thus we can see a significant benefit
for the embedding method when the design is small, and a smaller improvement when
the design under test is large. In Table 1 we present the results of running formulas of
the typenot b[= i..j]! both on a small model of 36 state variables, and on a larger one of
196 state variables (Both numbers present the size of the modelaftermodel reductions).
The experiments were done on Dual 2.4 Ghz Pentium 4 (xeon) with 2.4GB RAM.

In this table, the ‘states’ presented are the number of states in the automaton built
for the formula, and time is given in seconds. As can be seen, the embedding algorithm
performs better in all cases. The improvement in performance becomes more significant
though, as the formula becomes larger.

4.3 Increasing Expressibility

As discussed earlier,not r! formulas are usually verified by constructing an automaton.
However, it is sometimes beneficial to translate such formulas toCTL, so that they can
be verified using symbolic model checking algorithms.

Given an unwrappednot SERE! formula, the basic operators of regular expressions
can be translated toCTL as described below. These include concatenation, union, and



14

Table 1.Unwrapped Counters vs. Embedded Counters

Formula unwrap statesunwrap time embed statesembed time
Small Model

p[= 1..10] 55 5.15 13 1.25
p[= 10..20] 165 8.1 23 1.92
p[= 20..25] 135 7.85 28 4.8
p[= 25..30] 165 10.43 33 6.26
p[= 25..40] 455 60.59 43 6.62

Large Model
p[= 1..10] 55 1.3 13 1.25
p[= 10..20] 165 1766.03 23 1419.63
p[= 20..25] 135 3928.4 28 3188.72
p[= 25..30] 165 5105.53 33 3992.37
p[= 25..40] 455 12038 43 9397

Kleene closure (a star) on a single letter (e.g.a∗). However, a star over a sub-SERE(e.g.
not {a·{b·c·d}∗·e}!) cannot be translated intoCTL (see [15] ).

In order to support a starred sub-sere when translating anot r! formula intoCTL,
we use the embedding algorithm. We take out every starred sub-SERE, build a side-DTS

for it, and replace it with a simple placeholder, as described in section 3. The formula
obtained does not have a starredSERE, and therefore can be translated toCTL.

Definition 14 (Translation procedure). Let r1, r2, r be regular expressions, andb ∈
B be a boolean expression. We define the functionT as follows:

- T (b·r) = b ∧ EX(T (r)) - T (b) = b
- T (b∗·r) = E [b U T (r)] ∨ T (r) - T (r·b∗) = T (r)
- T (r1 ∪ r2·r) = T (r1·r) ∨ T (r2·r) - T (r1 ∪ r2) = T (r1) ∨ T (r2)

Proposition 15. LetDM be a discrete system andr a SEREwith no starred sub-SEREs,

such thatε |≡/ r. Then, DM |= not r! ⇐⇒ DM |= ¬T (r).

5 Conclusions

We have revisited the translation of extended regular expressions (SEREs) into an au-
tomaton, a translation the vast majority of the specifications verified using the IBM
model checking tool-set RuleBase [5] go through. We have presented anembedding
algorithm, which allows an automaton to be embedded into aSERE. Thus, instead of
producing one automaton per formula, the translation using embedding may consist of
several automata, running in parallel with the model. An important feature of this algo-
rithm is that the auxiliary automata built are independent of the originalSERE, and thus
can be used more than ones.

Various applications of the embedding algorithm were given, each of which benefits
from it in a different way. Fornamed sequences, the embedding algorithm allows reuse
of the automata code. Forintersection, the use of embedding allows us to enjoy the same
NFA construction, avoiding the need to unwrap at theSERE level or to intersect at the
automata level. Forcounterswe manage to reduce the size of the automata built for the
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formula, and forCTL translationwe extend the expressive power of the language. The
variability of these applications demonstrates its potential, and suggests, we believe,
that more applications may be found for it.

Automata forSERE formulas are sometimes used as checkers for simulation [1].
For that purpose, the automaton must be deterministic. Since the embedding algorithm
relies strongly on the non-deterministic nature of the side-NFA (the side-NFA can start at
any cycle), it should be carefully examined whether the embedding algorithm performs
well for simulation checkers, as it does for model checking.
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A Proofs

A.1 Proofs of Section 3

Proposition7 Letr be anRE. There exists a cruisingNFA acceptingLng({true∗ r}+).

Proof. Let Nr = 〈B,Q, Q0, δ, A〉 be anNFA for r. DefineN ′
r = 〈B, Q′, Q′

0, δ
′, A〉 as

follows.

– Q′ = Q ∪ {qS , qI} whereqS , qI /∈ Q
– Q′0 = {qS , qI}

– δ′ =
δ ∪ (qI , true, qI) ∪ (qI , true, qS) ∪
{(qS , b, q) | q ∈ Q and∃ q0 ∈ Q0, b ∈ B, such that(q0, b, q) ∈ δ} ∪
{(q, b, q0) | q ∈ Q, b ∈ B, q0 ∈ Q′

0, and∃qA ∈ A s.t.(q, b, qA) ∈ δ}
It is easy to see thatqI is the initial stuttering state,qS is the distinguished start

state, and that together with the transition relation the conditions of Definition 6 are
satisfied. ThereforeN ′

r is cruising. It remains to showN ′
r acceptsLng({true∗·r}+).

Let w ∈ Lng({true∗·r}+). The proof is by induction on the structure ofw. If w = uv
whereu ∈ Lng(true∗) andv = v0 . . . vn1−1 ∈ Lng(r) then there exists a run

q0
v0

−→ q1
v1

−→ q2 · · · qn1−1
vn1−1

−→ qn1

of Nr acceptingv. If |u| = 0 then by the transition relation ofN ′
r

qS
v0

−→ q1
v1

−→ q2 · · · qn1−1
vn1−1

−→ qn1

is a run ofN ′
r acceptingw. If u = truem1 wherem1 ≥ 1

qI
true−→ qI . . .

true−→︸ ︷︷ ︸
m1 times

qS
v0

−→ q1
v1

−→ q2 · · · qn1−1
vn1−1

−→ qn1

is a run ofN ′
r acceptingw. Assume the claim holds forw1 ∈ Lng({true∗·r}k) where

k ≥ 1. Let w = w1uv whereu ∈ Lng({true∗}) andv ∈ Lng(r). Let

p0
w0

1−→ p1
w1

1−→ p2 · · · pn−1
wn−1

1−→ pn

be an accepting run ofN ′
r overw1 = w0

1 . . . wn−1
1 and

q0
v0

−→ q1
v1

−→ q2 · · · qn1−1
vn1−1

−→ qn1

an accepting run ofNr overv = v0 . . . vn1−1.
If |u| = 0 then

p0
w0

1−→ p1
w1

1−→ p2 · · · pn−1
wn−1

1−→ qS
v0

−→ q1
v1

−→ q2 · · · qn1−1
vn1−1

−→ qn1
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is a run ofN ′
r acceptingw. If |u| > 0 andu = truem1

p0
w0

1−→ p1
w1

1−→ p2 · · · pn1−1
w

n1−1
1−→ qI

true−→ qI . . . qI
true−→︸ ︷︷ ︸

m1 times

qS
v0

−→ q1
v1

−→ q2 · · · qn−1
vn2−1

−→ qn2

is a run ofN ′
r acceptingw.

For the other direction, assumeσ is an accepting run ofN ′
r overw. Let pred(A)

denote the set{q ∈ Q|∃b ∈ B, qA ∈ QA, s.t.(q, b, qA) ∈ δ}. By the transition relation,
σ is of the formσ = σ̄1 . . . σ̄k for somek ≥ 1 where for everyi ≤ k, σ̄i is in one of
the following forms:

1.

qS
v0

i−→ qi
1 . . . qi

ni−1

v
ni−1
i−→ qi

ni

2.

qI
true−→ qI . . . qI

true−→︸ ︷︷ ︸
mi times

qS
v0

i−→ qi
1 . . . qi

ni−1

v
ni−1
i−→ qi

ni

qi
ni−1 ∈ pred(A), andqnk

∈ A. The rest of the proof is for case (2). The proof for case
1 is similar. Define

wk = truem1v0
1 . . . vn1−1

1 . . . u0
ktruemkv0

k . . . vnk−1
k

(the word accepted byσ). We showwk ∈ Lng({true∗·r}k) by induction onk. If k = 1,
then

qI
true−→ qI . . . qI

true−→︸ ︷︷ ︸
m1 times

qS
v0

−→ q1
1 . . . q1

n1−1
vn1−1

−→ q1
n1

andw1 = truem1v0 . . . vn1−1. By the transition relation∃q0 ∈ Q0 such that(q0, v
0, q1

1) ∈
δ and∀1 ≤ i ≤ n1 − 1, (q1

i , vi, q1
i+1) ∈ δ so q0, . . . , q

1
n1

is an accepting run ofNr

overv0 . . . vn1−1, thereforev0 . . . vn1−1 ∈ Lng(r) andw1 ∈ Lng(true∗·r}). Assume
that if σ = σ̄1 . . . σ̄k is an accepting run overwk thenwk ∈ Lng({true∗·r}k). Let

σ̄k = σ̂k
v

nk−1
k−→ qk

nk
.That is,σ̂k is the prefix ofσ̄k obtained by chopping the last state of

σ̄k. The last state of̂σk is qk
nk−1 ∈ pred(A).

Let

σk+1 = σ̄1 . . . σ̄k−1σ̂k
v

nk−1
k−→ qI

true−→ qI . . . qI
true−→︸ ︷︷ ︸

mk+1 times

qS

v0
k+1−→ qk+1

1 . . . qk+1
nk+1−1

v
nk+1−1
k+1−→ qk+1

nk+1

be an accepting run ofN ′
r overwk+1 = wk · truek+1v0

k+1 . . . v
nk+1−1
k+1 . qk

nk−1 ∈ Q and
there existsq ∈ {qI , qS} such that(qk

nk−1, v
nk−1
k , q) ∈ δ′. By the definition ofδ′, there

existsqk
nk
∈ A such that(qk

nk−1, v
nk−1
k , qk

nk
) ∈ δ. Therefore

σ′ = σ̄1 . . . σ̄k−1σ̂k
v

nk−1
k−→ qk

nk
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is an accepting run ofN ′
r overwk. By the induction hypothesiswk ∈ Lng({true∗r}k).

qI
true−→ qI . . . qI

true−→︸ ︷︷ ︸
mk+1 times

qS

v0
k+1−→ qk+1

1 . . . qk+1
nk+1−1

v
nk+1−1
k+1−→ qk+1

nk+1

is an accepting run ofN ′
r overu0

k+1u
1
k+1 . . . u

mk+1−1
k v1

k . . . v
nk+1−1
k+1 by the induction

hypothesis
truek+1 · v0

k+1 . . . v
nk+1−1
k+1 ∈ Lng({true∗r})

andw ∈ Lng({true∗r}k+1). ut

Proof of Theorem 10

We make use of the following notations and assumptions in the proof of Theorem 10,
and its lemmas (Lemmas 16-18).

Let r be aSERE over B, and t a sub-SERE of r such that for every intersection
and fusion operator,t is not a sub-SEREof both operands. LetN = 〈B,Q, Q0, δ, A〉
be anNFA for t andN ′ = 〈B, Q′, Q′

0, δ
′, A′〉 the cruisingNFA constructed fromN (as

defined in Proposition 7). LetDN ′ be theDTS of N ′ and letstart andend be the boolean
expressions defined in Section 3. Lett′ be the corresponding placeholder. Defineidle
to be the boolean expression assertingstate = qI .

We uses (possibly with subscripts) to denote states/boolean expressions in a run of
a DTS. We useσ (possibly with subscripts) to denote sequences of states/boolean ex-
pressions in a run of aDTS. We useb (possibly with subscripts) to denote letters/boolean
expressions andw (possibly with subscripts) to denote words i.e. sequences of boolean
expressions.

Lemma 16. Let σ′1, σ′2 be runs ofDN ′ satisfying(idle ∨ start) ◦ true∗ ◦ (end ∨ idle)
as well asw1 and w2, respectively. Thenσ′1σ

′
2 is a run ofDN ′ satisfying(idle ∨

start) ◦ true∗ ◦ (end ∨ idle) as well asw1w2.

Proof. A run of DN ′ satisfying(idle∨start) ◦ true∗ ◦ (end∨ idle) corresponds to a run
of N ′ starting with stateqI or stateq0 ∈ Q0 and ending in stateq ∈ predA or in state
qI . Denote byσ1, σ2 the runs ofN ′ corresponding toσ′1, σ

′
2 respectively.σ2 starts in

q0 ∈ Q′
0. Let b0 be the first letter ofw2, then there is a transition fromq ∈ predA∪{qi}

to q0 via b0 thus the concatenationσ1σ2 is possible. The runσ′σ′2 starts with a state
s0 such thats0[state] = q0 ∈ Q0 or s0[state] = qI and ends in a statesn such that
sn[state] ∈ predA∪{qI}. It thus satisfies(idle∨start) ◦ true∗ ◦ (end∨ idle). Clearly if
σ′1 satisfiesw1 andσ2 satisfiesw2, the concatenated runσ′1σ

′
2 satisfies the concatenated

wordw1w2. ut

Lemma 17.

– Letσ′1s1 be a run ofDN ′ satisfying(idle ∨ start) ◦ true∗ ◦ (end ∨ idle) as well as
w1b. Lets2σ

′
2 be a run ofDN ′ satisfying(idle∗) as well asbw2. Thenσ′1s1σ

′
2 is a

run ofDN ′ satisfying(idle ∨ start) ◦ true∗ ◦ (end ∨ idle) as well asw1bw2.
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– Let σ′1s1 be a run ofDN ′ satisfying(idle∗) as well asw1b. Let s2σ
′
2 be a run of

DN ′ satisfying(idle ∨ start) ◦ true∗ ◦ (end ∨ idle) as well asbw2. Thenσ′1s2σ
′
2 is

a run ofDN ′ satisfying(idle ∨ start) ◦ true∗ ◦ (end ∨ idle) as well asw1bw2.

Proof. We show only the first case, the second case is symmetric. The runσ′1s1 of
DN ′ corresponds to a runσq1 of N ′ wheres1[state] = q1 andσ1q1 starts with a state
q0 ∈ Q0∪{qI} and ends in stateq ∈ pred(A)∪{qI}. The runs2σ

′
2 of DN ′ corresponds

to a runqIσ2 of N ′ of the formq∗I . Since from everyq ∈ pred(A) ∪ {qI} there are
transitions toqI , we can concatenate the second run, after chopping its first state to the
end of the first run. The resulting runσ1q1σ2, thus, starts with a stateq0 ∈ Q0 ∪ {qI}
and ends in a stateqI (or in stateq ∈ pred(A), if |σ2| = 0). Thereforeσ′1s1σ

′
2 satisfies

(idle ∨ start) ◦ true∗ ◦ (end ∨ idle). Clearly the concatenated runσ′1s1σ
′
2 satisfies the

concatenated wordw1bw2. ut

Lemma 18. Let r′′′ denote theSERE(idle ∨ start) ◦ r[t ← t′] ◦ (end ∨ idle). Let r′′

denote theSEREr′′′ if S(r) = falseand theSEREλ ∪ r′′′ otherwise.

w |≡ r
m

there exists a run ofDN ′ satisfyingw which satisfies alsor′′.

Proof. The proof is by induction on the structure ofr with respect tot. The base case is
r = t. The induction step can be decomposed into 7 cases, wherer1 andr2 areSEREs
such thatt may be a sub-SEREof them andn1 andn2 areSEREs such thatt is not a
sub-SEREof them:

r = r1·r2 r = r1∪r2 r = r1
∗ r = r1◦n2 r = r1∩n2

r = n1◦r2 r = n1∩r2

Denoter1[s ← s′] andr2[s ← s′] by r′1 andr′2 respectively.

– Base case:r = t

w |≡ r
⇐⇒ [By correctness ofN as anNFA recognizingLng(t)]

If S(r) = falseThere existsŵ ∈ Lng(r) and an accepting runq0q1 . . . qn of
N overŵ such that for each̄q0 ∈ {qI , qS} andq̄n ∈ Q′

0 ∪ {qn} there exists a
runw′ = s0s1 . . . sn of DN ′ satisfyingw such that
1. s0[state] = q̄0

2. ∀1 ≤ i ≤ n− 1 : si[state] = qi.
3. sn[state] = q̄n.

⇐⇒ [By the definitions ofidle, start andend]
If S(r) = false then there exists a runw′ of DN ′ satisfyingw which also
satisfies

{start ∧ end} ∪ {start·¬start∗·end}
otherwise there exists a runw′ of DN ′ satisfyingw which also satisfies

λ ∪ {start ∧ end} ∪ {start·¬start∗·end}
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⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiest′′′ = (idle ∨
start) ◦ t′ ◦ (end ∨ idle) (if S(r) = falseandλ ∪ t′′′otherwise).

⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

– Induction step:

1. r = r1·r2

w |≡ r1·r2

⇐⇒ There existw1, w2 s.t.w = w1w2, w1 |≡ r1 andw2 |≡ r2

⇐⇒ [By the inductive hypothesis]
There existw1, w2 s.t.w = w1w2, there exists a runw′1 of DN ′ satisfying
w1 which also satisfiesr′′1 , and there exists a runw′2 of DN ′ satisfyingw2

which also satisfiesr′′2
⇐⇒ [By Lemma 16]

There existsw1, w2 s.t.w = w1w2 and there exists a runw′ = w′1w
′
2 of

DN ′ satisfyingw1w2 which also satisfiesr′′1 ·r′′2
⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

2. r = r1 ∪ r2

w |≡ r1 ∪ r2

⇐⇒ w |≡ r1 or w |≡ r2

⇐⇒ [By the inductive hypothesis]
There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 or there
exists a runw1 of DN ′ satisfyingw which also satisfiesr′′2

⇐⇒ There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 or r′′2
⇐⇒ There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 ∪ r′′2
⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

3. r = r1
∗

w |≡ r1
∗

⇐⇒ Eitherw = ε or there existw1, w2, . . . , wk s.t.w = w1w2 . . . wk and for
all 1 ≤ i ≤ k, wi |≡ r1.

⇐⇒ [By the inductive hypothesis]
Eitherw = ε or there existw1, w2, . . . , wk s.t.w = w1w2 . . . wk and for
all 1 ≤ i ≤ k there exists a runw′i ofDN ′ satisfyingwi which also satisfies
r′′1

⇐⇒ [By repetitive applications of Lemma 16]
There exists a runw′ ofDN ′ such that either|w′| = 0 orw′ = w′1w

′
2 . . . w′k

which satisfiesε or w1w2 . . . wk, respectively, and which also satisfiesλ
or r′′1 ·r′′1 · . . . ·r′′1

⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′1
∗

⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

4. r = r1 ◦ n2

w |≡ r1◦n2

⇐⇒ There existw1, w2 andb s.t.w = w1bw2, w1b |≡ r1 andbw2 |≡ n2
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⇐⇒ [By the inductive hypothesis]
There existw1, w2 andb s.t.w = w1bw2, there exists a runσ1s1 of DN ′

satisfyingw1b which also satisfiesr′′1 , andbw2 |≡ n2

⇐⇒ [By the transition relation ofN ′ and the correctness ofD′N
as its representation]
There existw1, w2 andb s.t.w = w1bw2, there exists a runσ1s1 of DN ′

satisfyingw1b which also satisfiesr′′1 , and there exists a runs2σ2 of DN ′

satisfyingbw2 which also satisfiesidle∗ andn2

⇐⇒ [By Lemma 17]
There existw1, w2 and b s.t. w = w1bw2 and there exists a runw′ =
σ1s1σ2 of DN ′ satisfyingw1bw2 which also satisfiesr′′1 ◦n2

⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

5. r = n1 ◦ r2

Symmetric to the above case.

6. r = r1 ∩ n2

w |≡ r1 ∩ n2

⇐⇒ w |≡ r1 andw |≡ n2

⇐⇒ [By the inductive hypothesis]
There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 and

w |≡ n2

⇐⇒ There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 andn2

⇐⇒ There exists a runw1 of DN ′ satisfyingw which also satisfiesr′′1 ∩ n2

⇐⇒ There exists a runw′ of DN ′ satisfyingw which also satisfiesr′′

7. r = r1 ∩ n2

Symmetric to the above case.
ut

Theorem 10

DM |= not r! ⇐⇒ DM ||| DN ′ |= not r[t ← t′]!

Proof.

DM |=/ not r!

⇐⇒ There exists a finite runw of DM s.t.w |≡ r
⇐⇒ [By Lemma 18]

There exists a finite runw of DM s.t. there exists a run ofDN ′ satisfyingw which
also satisfiesr′′

⇐⇒ [By definition of r′′]
There exists a finite runw of DM s.t. there exists a run ofDN ′ satisfyingw which
also satisfiesr[t ← t′]

⇐⇒ DM ||| DN ′ |=/ not r[t ← t′]!
ut
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Lemma 19. Let r be a SERE, and t = r1∩r2 a sub-SERE of r. Let N ′
1 and N ′

2 be
the cruisingNFAs for r1 andr2 respectively. LetDN ′

1
andDN ′

1
be their corresponding

DTSs.
Let idle1 and idle2 denote, respectively, thatDN ′

1
andDN ′

2
are in a states such that

s[state] = qI . Let idle denote the conjunctionidle1 ∧ idle2. Let t′ denote theSERE

placeholder(r1∩r2, start, middle, end). Letr′′′ denote theSERE(idle ∨ start) ◦ r[t ←
t′] ◦ (end ∨ idle) and letr′′ denote theSEREr′′′ if S(r) = falseand theSEREλ ∪ r′′′

otherwise. Then

w |≡ r
m

there exists a run ofDN ′
1
||| DN ′

2
satisfyingw which satisfies alsor′′.

Proof. We show only the base case (r = r1∩r2). The rest of the proof proceeds simi-
larly to the proof of Lemma 18.

w |≡ r1∩r2

⇐⇒ w |≡ r1 andw |≡ r2

⇐⇒ [By Lemma 18]
If S(r1) = falsethen there exists a runw′ of DN ′

1
satisfyingw which also satisfies

{start1 ∧ end1} ∪ {start1·¬start1∗·end1}
otherwise there exists a runw′ of DN ′

1
satisfyingw which also satisfies

λ ∪ {start1 ∧ end}1 ∪ {start1·¬start1∗·end1}
And if S(r2) = falsethen there exists a runw′ of DN ′

2
satisfyingw which also

satisfies
{start2 ∧ end2} ∪ {start2·¬start2∗·end2}

otherwise there exists a runw′ of DN ′
2

satisfyingw which also satisfies

λ ∪ {start2 ∧ end2} ∪ {start2·¬start2∗·end2}
⇐⇒ If S(r1∩r2) = falsethen there exists a runw′ of DN ′

1
||| DN ′

2
satisfyingw which

also satisfies

{(start1∧start2)∧(end1∧end2)} ∪ {start1∧start2)·(¬start1∧¬start2)∗·(end1∧end2)}
otherwise there exists a runw′ of DN ′

1
||| DN ′

2
satisfyingw which also satisfies

λ∪ {(start1∧start2)∧(end1∧end2)} ∪ {start1∧start2)·(¬start1∧¬start2)∗·(end1∧end2)}
⇐⇒ If S(r1∩r2) = falsethen there exists a runw′ of DN ′

1
||| DN ′

2
satisfyingw which

also satisfies
{start ∧ end} ∪ {start·middle∗·end}

otherwise there exists a runw′ of DN ′
1
||| DN ′

2
satisfyingw which also satisfies

λ ∪ {start ∧ end} ∪ {start·middle∗·end}
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⇐⇒ There exists a run ofDN ′
1
||| DN ′

2
satisfyingw which satisfies alsor′′.

ut

Proposition 12
LetDM be aDTS, r a SEREandr1∩r2 a sub-SEREof r. Let N ′

1 andN ′
2 be the cruising

NFAs , forr1 andr2 respectively. LetDN ′
1

andDN ′
1

be their corrsspondingDTSs. Then

DM |= not r!
m

DM ||| DN ′
1
||| DN ′

2
|= not r[r1∩r2 ← placeholder(r1∩r2, start, middle, end)]!

Proof. The proof is similar to the proof of Theorem 10, this time making use of Lemma 19.
ut

Proposition 13
TheNFA Np[=i..j] acceptsLng({p[= i..j]}).
Proof. Letw ∈ Lng({p[= i..j]}), we show there exists a run ofNp[=i..j] onw which is
accepting. Letk be the number ofp’s in w. Sincew ∈ p[= i..j], we have thati ≤ k ≤ j.
Denotew = ¬pm0

, p,¬pm1
, . . . , p,¬pmk

where¬pb denotesb consecutive repetitions
of ¬p. By the transition relationqm0+1

0 , qm1+1
1 , qm2+1

2 , . . . , qmk

k is an accepting run of
Np[=i..j] onw.

Let w 6∈ p[= i..j] and assume towards contradiction thats0s1 . . . sn is an accepting
run ofNp[=i..j] onw. Thereforesn ∈ {qi, . . . , qj}. It is easy to see that for all0 ≤ t ≤ n
and∀1 ≤ m ≤ j, if st = qm then there are exactlym states ins0s1 . . . st in whichp is
asserted. Therefore there are betweeni to j states ins0s1 . . . sn in whichp is asserted.
That is,w ∈ p[= i..j], in contradiction to the assumption. ut

Proofs of Section 4.3

Definition 20 (Semantics ofCTL formulas). The semantics ofCTL formulas are de-
fined with respect to a model (DTS) and a state in the model. LetDM = 〈VM , ΘM , ρM ,AM 〉
be aDTS. The notationDM , s |= ϕ means that formulaϕ holds in states of modelDM .
The notationDM |= ϕ is equivalent toDM , s |= ϕ for all s such thats |= Θ. In other
words,ϕ is valid for every initial state ofDM . The semantics of aCTL formula over
DM are defined as follows, whereb denotes a boolean expression andϕ, ϕ1, andϕ2

denoteCTL formulas.

– DM , s |= b ⇐⇒ s |= b

– DM , s |=¬ϕ ⇐⇒ DM , s |=/ ϕ

– DM , s |= ϕ1 ∧ ϕ2 ⇐⇒ DM , s |= ϕ1 andDM , s |= ϕ2

– DM , s |= EX ϕ ⇐⇒ ∃ run σ ofDM s.t.|σ| > 1, σ0 = s, andDM , σ1 |= ϕ

– DM , s |= E [ϕ1 U ϕ2] ⇐⇒∃ runσ ofDM s.t.σ0 = s and∃k < |σ| s.t.DM , σk |= ϕ2

and∀j s.t.j < k: DM , σj |= ϕ1
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– DM , s |= EG ϕ ⇐⇒∃ runσ ofDM s.t.σ0 = s and∀j s.t.0 ≤ j < |σ|: DM , σj |= ϕ

Definition 21 LetDM be aDTS ands ∈ ΣV . Letr be aSEREsuch thatε |≡/ r.

DM , s |= not {r}! ⇐⇒ for every finite runσ ofDM s.t.σ0 = s, σ |≡/ r.

Proposition 15
LetDM be a discrete system andr a SEREwith no starred sub-SEREs, such thatε |≡/ r.
Then

DM |= not r! ⇐⇒ DM |= ¬T (r).

Proof. First we note that the translation procedure (Definition 14) covers allSEREs r

such thatε |≡/ r andr does not contain any starred sub-SEREs. Second, we note that
Definition 21 is legitimate, since althoughSEREs are defined over non-empty words,
the definitionDM |= not r! relies on the fact that runs are by definition non-empty and

further assumesε |≡/ r. From the same reason we can first show that for everys ∈ ΣV ,

DM , s |= not{r}! ⇐⇒ DM , s |= ¬T (r)

We show this by induction on the structure ofr. Let b be a boolean expression and let
r1, r2 beSERE’s.

– Base case.

1. DM , s |= not {b}!
⇐⇒ DM , s |= ¬b
⇐⇒ DM , s |= ¬T (b)

– Induction step.

2. DM , s |= not {r·b∗}!
⇐⇒ DM , s |= not {r}!
⇐⇒ [by the induction hypothesis]DM , s |= ¬T (r)

3. DM , s |= not {r1∪r2}!
⇐⇒ DM , s |= not {r1}! ∧ not {r2}!
⇐⇒ [by the induction hypothesis]DM , s |= ¬T (r1) ∧ ¬T (r2)
⇐⇒ DM , s |= ¬T (r1∪r2)

4. DM , s |= not {b·r1}!
⇐⇒ for every finite runσ = ss′σ′, s |= ¬b orDM , s′ |= not {r1}!
⇐⇒ [by the induction hypothesis]

s |= ¬b or for everyσ = ss′σ′, DM , s′ |= ¬T (r1)
⇐⇒ DM , s |= ¬b ∨ AX¬T (r1)
⇐⇒ DM , s |= ¬T (b·r1)

5. DM , s 6|= not {b∗·r1}!
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⇐⇒ there exists a runσ s.t. eitherσ |≡ r1 or σ = s0s1 . . . snσ′ (wheres0 = s)
and∀0 ≤ j < n : σj |= b andσnσ′ |≡ r1

⇐⇒ DM , s 6|= not {r}! or there exists a runσ = s0s1 . . . snσ′ (wheres0 = s)
and∀0 ≤ j < n : σj |= b andDM , σn 6|= not {r1}!

⇐⇒ [by the induction hypothesis]
DM , s |= T (r) or there exists a runσ = s0s1 . . . snσ′ (wheres0 = s) and
∀0 ≤ j < n : σj |= b andDM , σn |= T (r1)

⇐⇒ DM , s |= T (r1) ∨ E[bUT (r1)]
⇐⇒ DM , s |= T (b∗·r1)

6. DM , s |= not {r1∪r2·r}!
⇐⇒ DM , s |= not {r1·r}! ∧ not {r2·r}!
⇐⇒ [by the induction hypothesis]

DM , s |= ¬T (r1·r) ∧ ¬T (r2·r)
⇐⇒ DM , s |= ¬T (r1∪r2·r)

In particular for every initial states, DM , s |= not {r}! ⇐⇒ DM , s |= ¬T (r).
ThereforeDM |= not {r}! ⇐⇒ DM |= ¬T (r). ut


