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Abstract. Regular expressions and their extensions have become a major com-
ponent of industry-standard specification languages such as PSL/Sugar ([2]). The
model checking procedure of regular expression based formulas, as well as of
manyLTL andcTL formulas, involves constructing an automaton which runs in
parallel with the model.

In this paper we re-examine this construction. Instead of directly translating a reg-
ular expression into an automaton, as traditionally done, we propose an algorithm
which allows an intermediate representation mixing both regular expressions and
automata. This representation can be thought of as plugging an automaton inside
a regular expression, to replace an existing sub-expression. In order to be ver-
ified, the intermediate representation is then translated into another automaton,
resulting in a set of automata running in parallel. A key feature of this algorithm

is that the plug-in automaton is independent of the regular expression from which
it originated, and thus can be used in several different properties.

The contribution of our work is manyfold, as demonstrated in the paper. It allows
modularityandflexibility of the automata construction, and can increagaes-
sivenessvhenseEREs are mixed withcTL. In many cases it significantly reduces

the sizeof the automata built for formulas, thus reducing the overall run time of
verification.

1 Introduction

Symbolic model checking has been found extremely efficient in the verification of hard-
ware designs, and has been widely adopted in industry in recent years. While traditional
model checkers ([13]) used the temporal logica. or LTL as their specification lan-
guage, contemporary industrial languages, have sought ways to make the specification
language easier to learn and use. The industry-standard language PSL/Sugar [2], as
well as other industry oriented languages (e.g. [4]), augment the logic with the use of
Extended Regular ExpressioreR(Es, or SERES using the formulation of [2]).

A seREspecification can be viewed as a sequence of Boolean events describing a
desirable behavior of the model. For example gageformulay = {req-—ack*-ack}!
asserts that on all execution paths of the mode},is active on the first cycleick is
then inactive for zero or more cycles, and thet becomes active. SimilarhgERES
can be used to describe amdesireable behavior of the model. The formulieot
{req-—ack*-ack}! asserts that therdoes not exisan execution path on whickeq is
active on the first cycleqck is then inactive for zero or more cycles, and theik
becomes active.



In this paper we consider formulas givenas SERE . These formulas have a
special importance for two main reasons. The first is that a large subset oETL
and otheisEREbased properties can be automatically reduced to an equivalent formula
of the formnot ! 1. The second reason is the efficient model checking methods they
enjoy, as explained below. dot r! formula has the nature that it is sufficient to find one
execution path of the model satisfyingin order to conclude the formula does not hold
in the model. This nature allowsnat r! formula to be modelled by a non-deterministic
finite automatonNFA) N,., which accepts sequences satisfyingnd which idinear in
the size ofr. Running it together with the model, we then verify the invariant property
AG —-bad wherebad is a boolean expression asserting thatis in an accepting state.
The reduction to an invariant property is important, since invariant properties are easier
to verify by different model checking engines [7]. The efficient verification algorithm,
together with the wide variety of properties which can be transformednisttsErRH
formulas, have made them the major translation path of the IBM model checking tool-
set RuleBase [5] and the topic of this paper.

The translation of aot SERE formula into anNFA is re-examined in this paper.
Instead of directly translating a formula into an automaton, as traditionally done, we
propose arembeddinglgorithm which allows the translation to be modular, by allow-
ing an intermediate representation of the formula which mixes $pHEandNFA. Let
r be aserReands a subseRrEeof . We show a process in whichis plugged out of, a
separate sidetA is built for it, and a simplesERE referring to the sidevFA is plugged
into r, replacings. A key feature of this algorithm is the fact that the sideabuilt is
independenbf the SEREIt originated from. This allows the sideFA to be plugged-in
in any otherseREwhen appropriate.

The use of the embedding algorithm has several advantages, on which we elaborate
in this paper. It allowsnodularityof the automata construction, as automata previously
built can be plugged into a more complegRE The modularity leads téexibility in
the way the automaton is constructed, since different parts afgkRecan use different
translations. It can increagxpressivenesshen anot SERE property is translated to
CTL. SinceSEREs are more expressive thamL [15], the embedding is needed for the
parts which are not expressibled@TL. Finally, the use of embedding can significantly
reduce thesizeof the automata built for formulas, thus reducing the overall run time of
verification.

The rest of the paper is organized as follows. Section 2 covers some preliminaries.
Section 3 gives our embedding algorithm, and in section 4 we discuss the benefits of
the algorithm and give example applications. Section 5 concludes the paper. The proofs
appear in Appendix A.

! Beer et al. [6] have shown how to translate a subsetmfandseErREbased formulas intoot
serH formulas. Since thoseTL formulas lay in the common fragment ofrL andLTL [12],
theirLTL counterparts also have an equivalent in this form.



2 Preliminaries

2.1 The computational Model -DTS

We represent a finite state program bgiscrete transition system discrete transition
system OTS) is a symbolic representation of a finite automaton on finite or infinite
words. The definition is derived from the definition of a fair discrete systams)([11].
ADTSD: (V,0,p, A, J) consists of the following components:

=V = {u,...,u,}: Afinite set of typedstate-variableover possibly infinite do-
mains. We define atates to be a type-consistent interpretation 16f assigning
to each variable; € V' a values[u] in its domain. We denote biy the set of all
states, and byBy the set of all boolean expressions over the state-variabl&s in
(whenV is understood from the context we write simglyand B, respectively).

Example 1.Let V denote the sefa, b, c} of Boolean state variables. Thén, the
set of interpretation of these variables contains the 8 interpretations giving different
truth values toe, b andc. That is, 2y = {0, {a}, {b}, {c}, {a,b},{a,c}, {b, c},
{a,b,c}}. And By is the set of all boolean expressions over these variables. For
example, the boolean expressians \ b, -c and(a — —b) A care all inBy. -

— @: Theinitial condition. This is an assertion characterizing all the initial states of
theDTs.

— p: The transition relation This is an assertiop(V, V') relating a states € Xy
to its D-successok’ € Xy by referring to both unprimed and primed versions
of the state-variables. The transition relatiofi’, V') identifies states’ as aD-
successor of state if (s,s')IE p(V,V’), where(s,s’) is the joint interpretation
which interprets: € V ass[u] andu’ ass’[u].

— A: Theaccepting conditiorfor finite words. This is an assertion characterizing all
the accepting states for runs of thes satisfying finite words.

- J ={J1,...,Jx}: Thejustice (Bichi) accepting conditiofor infinite words. This
is a set of assertions characterizing the sets of accepting states for runookthe
satisfying infinite words. The justice requiremeht 7 stipulates that every infi-
nite computation contains infinitely many states satisfying

Let D be abpTs for which the above components have been identified. We define a
run of D to be a finite or infinite non-empty sequence of statess; ss . .. satisfying
the requirements dhitiality i.e. thatsg = ©; and ofconsecution.e. that for eacljy =
0,1,..., the states;;, is aD-successor of staig;. A run satisfying the requirement
of maximalityi.e. that it is either infinite, or terminates at a statewhich has ndD-
successors is termednaaximal run Let U C V be a subset of the state-variables. A
runoc : sgs182...58, ... is said to besatisfying a finite wordw = bgb; ...b, over
By iff foreveryi,0 <i <mn, s;lEb;. Aruno : sgs18a...S,41 - .. Satisfying a finite
word w = bgb; ... b, is said to beacceptingw iff s, satisfies4. An infinite run
0 : Sp8182 .. . IS said to besatisfying an infinite wordy = byb; . .. over By iff for every
i > 0, s;IF b;. An infinite runo satisfying an infinite wordv is said to beacceptingw
iff for eachJ € 7, the runo contains infinitely many states satisfyidg



For a states, we denote by|y the restriction ofs to the state-variables il i.e.
the states|y agrees withs on the interpretation of the state-variabled/inand does not
provide an interpretation for variables¥\ U. For a runo = sgs; sz ... we denote by
O"U the runso|U 81|U 82|U .

Discrete transition systems can be composed in paralleDLet (V;, ©;, p;, A, Ti),
i € {1,2}, be two discrete transition systems. We denotesyfmehronous parallel com-
positionof D; andD;, by D ||| D2 and defineitto b®, ||| Dy = (V1UV,, ©1AO4, p1A
p2, A1 A As, i U Jo). We can view the execution @ as thejoint execution ofD;
andD,.

From Finite Automata to DTS

Given a non-deterministic finite automata on finite wordsA) [10] whose alphabet

is a set of boolean expressions over a given set of varidblds is straightforward

to construct the discrete transition system corresponding to it. The same holds for a
generalized Bchi automaton on infinite wordsgA) [14].

Example 2.Assume we have the set of state variatilfes: {a, b, c}. Let N be theNFa
over By described in figure 1. Then thmrs D = (V, 0, p, A, J) described below

b

OB @

Fig. 1. An NFA over By whereV = {a, b, c}.

corresponds t&V, wherest y is a new variable with domaif0, 1, 2, 3}.
V ={a,b,c,stn}; ©=(styn=1); A= (sty=3); J=0; and

(stv=1ANaAsty =2)V(sty =2ANbAsty =2)V
p=(styn =2ANcAsty =3)V(sty =1A-aA sty =0)V
(sty =2A=bAsty =0)V (sty =2A-cA sty =0) r
Formally, letV be a set of state-variables and Ietbe the corresponding set of
boolean expressions. L&t = (B, Q, Qo, J, A) be anNFA. Let state be a new variable
(notin V') whose domain i€) U {gsinx } Wheregsinx, ¢ Q. Then,N can be represented
astheots DN = (VN 0N pN AN 7N} where

VN =V U {state}; OV = \/ (state = qo); AN = \/(State =q); JN =0;
q0€Qo geA

(state = q1 Ao A state’ = q2)\/

M=V
(11,0.02)€0 (state = q; A —o A state’ = qgink)

Similarly, we can construct theTs corresponding to a #hi automaton. Let; =
(B,Q,Qo, 9, F) be acBa with F = {F1,..., F}. Then,G can be represented as the
discrete transition systef® = (V& 0%, p&, A%, ) where:



VG =V U {state}; OF = Vwea, (state = qo); ACE = )
J%={J1,...,Jx} whereforeach <i <k: J; =\ p (state = q);

(state = q1 Ao A state’ = q2) \/

p¢ = \/(qhqu)eé (state = q1 A\ —o A state’ = qsink) \V
(state = qsink N state’ = qsink)

In this paper, given anFa N = (B,Q, Qo,d, A) we first construct a terminal
Bichi automaton [9] by adding a self loop on all accepting state¥§ @ind defining
the Buchi accepting sets to be the singleton set of accepting stateg Ai}¢. This
Biichi automaton accepts all words which have a finite prefix acceptéd. @hen we
construct abTs for the resulting terminal Bchi automaton. We denote the resulting
DTS Dy. Leto = ogsy ... be a run ofDy. We say that the “step(’s;, s;+1) of Dy
corresponds to the transitidn,, o, ¢2) € ¢ of N iff (s;,8:41) E (state = 1 Ao A
state’ = ¢).

Example 3.The b7s Dy = (V,On, pn, AN, In) for the terminal Bichi con-
structed for thevFA N described in Figure 1 is as follows whefe= (V, 0, p, A, )
is thepTs from Example 2.

Vw=V, Ov=0; Av=A, JIv={Ax}; and

pn = pV (sty =3 Asthy =3) V (stn = Gsink N Sty = Qsink)

2.2 The logic

The logic considered in this paper is the fragment of the industry-standard temporal
logic PSL/Sugar [2] which consists of onhpt ! formulas, withr being a Sugar ex-
tended regular expressiosgRE). These formulas are of special interest for several
reasons. First, it is a convenient way for specification which is widely used. Second,
a large subset of the PSL/Sugar properties can be automatically translatedtinto
properties [6, 12]. Finally, the verification of these properties can be reduced to verifi-
cation of invariant properties and is thus very efficient (see e.qg. [6]).

The semantics of these formulas over a giears is defined below. The definition
assumes a set of state variablésthe corresponding set' of interpretations of the
state-variables i/ and the setB of boolean expressions ovéf. We assume two
designated boolean expressidngeandfalsebelong toB, such that for every € X,
slk trueands ¥ false

Definition 1 (SERES).

— The empty sdt and the empty regular expressidrare SERES.

— Every boolean expressidne B is a SERE

— If r, r1, andry are SEREs, then the following are als®ERES:
1.{r} (encapsulation) 2.r; Ury (union) 3.7y - 79 (concatenation)
4.r* (Kleene closure) 5.7 ory (fusion) 6.71 N ry (intersection)

We denote byrEs standard regular expressions, i.e. the subsegeafs with no
fusion or intersection operators. To define the semantisgREs, we use the following
notations.



Notations

We denote a letter fromy’ by s (possibly with subscripts) and a word fromby u, v,
or w. Theconcatenatiorof v andv is denoted byw. If « is infinite, thenuv = u. The
empty word is denoted by, so thatwe = ew = w. The overlapping concatenation
of us and sv, denoted byus o sv, is the wordusv. Let L; and L, be sets of words.
The concatenatiorof L, and Lo, denotedL; L, is the set{w | Jw; € Ly, Jwy €
L, andw = wyws}. Theoverlapping concatenatioaf L, and Ly, denotedl; o Lo
is the set{w | Jwys € Ly, Jswy € Ly andw = wysws}. Define L’ = {e} and
L* = LL'=! for i > 1. TheKleene closuref L denotedL* is the set J,_, L*.2

We denote the length of a word by |w|. An empty wordw = ¢ has length O,
and a finite wordw = (sgs182 - - - s,) has lengthn + 1. We usei, j, andk to denote
non-negative integers. For< |w|, we usew' to denote théi + 1)!" letter ofw (since
counting of letters starts at zero). For a suliset 1/ of state-variables, we denote by
sl the restriction of the lettes to the state-variables i©i. For a wordw = sgs1s2 . . .
we denote byw|y the restriction of every letter i to the state-variables &y (i.e,
wly = solu s1lv s2lv - )

For a formulay and a sub-formula of it) we denote byp[y) — '] the formula
obtained by replacing every occurrencejoiih ¢ by 1)’

Definition 2 (SEREs semantics) The semantics (fERES are defined using the relation
E betweerseREs overB and (possibly empty) finite words ovEr Whenw £ r we
say thatw tightly satisfies:. The semantics (fEREs are defined as follows, wheteis
a finite (possibly empty) word over.
—wHE) and wEM—=w=c¢
— Letb denote a boolean expressionfih Then,w = b <= |w| = 1 andwl b
— Letr, 1, andr, denoteserREs overB. Then,

lLwE{rt=wEr

wEMUry <= wErorwErnr

w E 11 ro <= Jwi, ws Stow = wiwe, w1 E r1, andws E ro

w E r* <= w =e0or Jwy, ws S.t.ws # €, w = wiwy, w1 Er*andwy Er
w E r1ome <= Jwi, we, ands S.t.w = wyswq, wis E r1, andswy E 1o
wEMNry <= w Er andw Ery

o0k~ wnN

We note that the semantics given here is a bit different than the traditional semantics
given to regular expressions (and their extensions). The traditional semantics, repeated
below, defines a set of wordsug(r) satisfying a regular expression. This set consists
of words over the same alphabet as the regular expressions themselves. While the se-
mantics in Definition 2 relates regular expressions over one alpliabetthe set of
boolean expressions over the state variables to words over another alphab&t —
the set of interpretations of the state varialiles

Definition 3 (The Language ofRES) Let I' be a finite set of symbols (an alphabet).
Letb be a letter inI” andr, r;, andry SERES overI'. The setLng(r), defined below,

2 Wherew denotes the cardinality of the non-negative integers.



denotes the set of words ovErsatisfyingr according to the traditional semantics of
regular expressions.

eLng(0) =0 eLng(\)=1{e} oLng(b)={b} eLng(r*)= Lng(r)"
e Lng(rUrs) = Lng(r1) U Lng(ra) e Lng(r1-r2) = Lng(ri1)Lng(ra)
e Lng(riory) = Lng(r1) o Lng(ra) e Lng(riNre) = Lng(r1) N Lng(ra)

Example 4.According to Definition 2 thesEREa-b* ¢ is satisfied over any word over
whose first letter interpretsastrue whose last letter interpretsastrueand any letter
in between interprets as true. Among which is for example the ward= sgs;s253
with s = {a, ¢}, s1 = {b}, so = {b,c} andsz = {a, c}.

According to Definition 3Lng(a-b*-c) consists of the set of words ovér starting
with the lettera followed by a finite number of letter'isand ending with the lettet.

Thus, thenFa in figure 1 accepténg(a-b*-c). }

Another difference between the traditional semantics and the ones given here should
be noted. While in the traditional semantlettersof the alphabet are mutually exclu-
sive, this is not the case for our semantics. Since in our semantics the letters are actually
Boolean expressions, two different letters may hold simultaneously.

Interpreting formulas of the logic over the computational model

Definition 4. LetD be a discrete transition system, ané SEReEsuch that (£ r. We
say thatD satisfieghe formulanot !, denotedD = not 7!, iff for all finite runso of D,

oEr.

We use the syntarot r! to be compliant with PSL [2]. The semantics given here to
not r! are equivalent to the ones given in PSL for negating a ste®mRE

To verify anot ! formula, we can run ®TsS representing amrA acceptingr in
parallel to the given model, and check that the joint run does not reach a finite accepting
state ofD,..

Proposition 5. LetD,, be abTsandr anRE. LetD,. be theDTS representation of an
NFA acceptingLng(r). Let A, be the finite acceptance condition®f. Then,

Dy ): notr! <— DM|H D, ‘: AG -A,

This proposition, proved in [8, Proposition 11], confirms with the observation that the
DTS of r corresponds to a terminaliBhi automaton (see subsection 2.1) and the fact
that emptiness of a terminaliiBhi automaton reduces to checking ttreL property
—-EF A (see [9]).

Example 5.As stated in Example 4 thera of Figure 1 accepts theERE{a-b*-c}. By
Proposition 5 verifyingiot {a-b*-c}! over amodeD,, reduces to verifyin\G — (st =

3) over the parallel composition d?,; with thebTs Dy of Example 3.
_I
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3 Embedding aDnTsinto an RE

In this section we provide an algorithm to embedw®s into aSERE Letr be aSERE
and lets be a subsereof . We construct an independent sides for s. We replace
the occurrence of inside r with a placeholderto getr’ = r[s « placeholder].
We then construct @Ts for ' and derive theAG(p) formula in the usual way (see
Section 2). Finally, we run the twbTss in parallel with the model. We prove that this
method gives equivalent results to the one without the embedding.

The idea behind the procedure can be explained as follows. Assume we have a side-
DTsfor s. In order to embed a placeholder foin » we need theTs to start running at
the place of embedding. That isyif= {a-b-{s}-c}, we would like the sidedTsto start
running after two time units. If, for example,= {a-b*-{s}-c}, then we need the side-
DTS to start running at many possible time units: after ari@hd any finite number of
‘b's. Furthermore, we want the siders to be independent of theeREIn which it is
embedded, in order to allow the reuse of it. We therefore let it start non-deterministically
at any point of time. This is done by adding an idle state with a self-loop, which can
transit to the initial states at any time. The place holder inserted instegdwif then
make sure we check ouf only on those paths where the sidg&s indeed starts when
it is expected to.

Since the sulsERECan be embedded in thke more than once (e.g.= {a-{s}-b*
{s}-¢}), or within a starred sulsereof r (e.g.r = {a-{b-{s}}*-¢c}), we need to allow
the sidepTs to start running again after it completed a run. To achieve this, we add a
transition from the predecessors of final states to the initial states.

TheDTswe construct is based on amA that can start at any cycle, and restart after
it has reached its final state. Suchnam is called acruisingNFA. We define it formally
as follows.

Definition 6 (Cruising NFA).
AnNFA N = (B, @, Qo, 0, A) is cruisingiff the following conditions hold:

1. Initial stuttering: There exists an initial statgy € @y such thatvgy € Q, there
exists aj—transition(q;, true qo). In the sequel we refer g as theidle state.

2. Distinguished start and repetition \ {qr} # 0 andVq, € Qo there exists a
d—transition (g, b, o) to go With ¢ # ¢ iff there exists @ —transition (¢, b, g4) to
some accepting statg, € Q 4.

The following proposition states that for asgRE” one can build a cruisingra
for 7. Note that the cruisingFa acceptsng({true-r}*) rather thanLng(r).

Proposition 7. Letr be arE. There exists a cruisingrA acceptingLng({true -r}+).

Proof SketchLet N, = (B, Q, Qo, 6, A) be anNFa for r. DefineN,. = (B, Q’, Qy, ¢, A)
as follows.

- Q" =QU{gs,qr} wheregs, qr ¢ Q
- Q6 = {QSHQI}



6 U (qr,trueqr) U (qr,trug qs) U
- & ={(gs,b,q9) | g€ Qand3 gy € Qo, b € B, suchthatq,b,q) € 5} U
{(QabaQO) | q S Qa b S Bv q0 € QIOa and;lqA € As.t (Qaban) S 5}

Then N/ is a cruisingNFA for ». The correctness of the construction is given in the
appendix. ad

Example 6.Applying the construction sketched in the proof of Proposition 7 on the
NFA of Figure 1 results in thelFA shown in Figure 2. Note that stateis redundant.

Fig. 2. A cruisingNFA accepting the setng({true"-{a-b*-c}} ")

This does not harm the correctness of the algorithm. In practice, a stage removing such

redundant states is added to the procedure, to generate srrker .

By using theDTS representation of a cruisingFA N we can construct Boolean ex-
pressions which refer to the states\6f We use such Boolean expressions to construct
the “placeholder” to replacein r. We define three conditions which state that bies
has started and completed “working”. Formally,

Definition 8 (start,middle,end) Let N = (B, Q, Qo, 6, A) be a cruisinghNFA with idle

stateq;. LetD be itsDTs representation. Define new boolean expresss#tens, middle

andend over the variables o¥ and the variablestate representing the state d¥, as

follows:

o start : \/ (state = o) Ab e middle = —start eend: \/ (state = q) A'b
{(qo,b,9)€6 | q0€Qo\{asr}} {(g,b,qa)€6 | ga€A}

Example 7.Applying Definition 8 on thexFa described in Figure 2 we get:

estart: (sty =¢qs)Aa emiddle = (sty #qs)V—-a eend: (sty =2)Ac
-

We are now ready to define the placeholder for a givenstiRe

Definition 9 Letr be aserReandt be a subsereof r. LetDy be a cruisingpTs for ¢.
Let start, middle, end be as in Definition 8. Define th&EREt’ = placeholder(t, start,
middle, end) as follows:

p _ Jstarta end U {start-middle*-end} if S(t) = false
~ | AUstart A end U {start-middle*-end} Otherwise

Example 8.Applying Definition 9 to Example 7 we obtain the following definition for
the seredefining the placeholderfor {a-b*-c}.
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pi={((sty = qs) Na) - ((stn # qs) V —a)™ - ((sty = 2) A¢)

This, since the first disjun€{sty = gs) A a) A ((stxy = 2) A ¢) is equivalent tdfalse

|

We claim that if we letD y- run in parallel to the model, the can be “plugged”
instead oft in (almost) anySEREr containingt as a SULsERE The only cases where
this claim does not hold, are wherappears in both operands of the intersection or
fusion operators (since these operators have a parallel nature). Formally, we claim the
following.

Theorem 10. Let D), be aDTs, r a SEREandt a subsereof r such that for every
intersection and fusion operatdrjs not a subsereof both operands. Let theTs D,
be a cruisingpTs for ¢t. Then,

Dy Enotr! < Dy ||| Dy = notr[t < placeholder(t, start, middle, end)]!

Example 9.According to Theorem 10 verifyingot {d-e*-a-b*-c- f }! over a given model
Dy is equivalent to verifyingot {d-e*-p- f}! (with p as define in Example 8) over the

parallel composition of the mod@&},; with the modelD of Example 3.
-

Corollary 11. LetD); be apTs, » a SEREandt a subseREeof r such that for every
intersection and fusion operatdrjs not a subsereof both operands. Let theTs D,
be a cruisingDTs for ¢. Finally, lett’ be the placeholder defined above ands/ebe
r[t < t']. Then,

Dy ': notr! <= Dy ||| D, H| D, ': AG —A,.

Example 10.Letr be thesERE{d-e*-a-b*-c-f }. Then;’ = {d-e*-start-middle*-end- f }
wherestart, middle andend are as defined in Example 7. Using only the original state
variables{a,b,c,d,e, f,sty} we getr’ = {d - e* - ((sty = gs) Na) - ((sty #
gs)V —a)* - ((sty =2) Ac)- f}. TheNFA N, for r’ is described in Figure 3.

e (stn # as) V —a

(D alGyemmmnnlgy e @ s @

Fig. 3. An NFA accepting the sdatng(r’) as in Example 10

Thept1s D, = (Vir, Opr, prr, Ay T, ) described below correspondsig, where
state is a new variable with domaif0, 1, 2, 3, 4, 5}.
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Vi ={a,b,¢,d,e, f,stn, state}; O, = (state =1); A, = (state =5);
Jr = {(state =5)}; andp, =
state = 1 A d A state’ = 2)\/(state = 1 A —d A state’ = 0)\/
state = 2 A e A state’ = 2) \[(state = 2 A\ —e A state’ = 0)
state = 2 A\ ((sty = gs) N a) A state’ = 3) \/(state = 2 A —((stn
(st

(
(
( = gs) Aa) A state’ = 0)\/
(state = 3 A ((sty # qs) V —a) A state’ = 3) \/(state = 3 N —((sty #
( )
(
(

( gs) V —a) A state’ =0)\/
state = 3 A ((sty = 2) Ac) A state’ = 4) \/(state = 3 A —=((sty = 2) A c) A state’ =0)\/
state = 4 A f A state’ = 5) \/(state = 4 A~ f A state’ = 0)
state = 5 A state’ = 5)\/(state = 0 A state’ = 0)

Thus, according to Corollary 11 verifyingt {d-e¢*-{a-b*-c- f}*U{g*-h}}! over a
given modelD,, is equivalent to verifyindAG —(state = 5) over the parallel com-
position of the modeD,, with the modelDy of Example 3 and theTs D, defined

above.
_I

Note that information about the embedd&seREcan be used to simplify the place-
holder and thus reduce the size of the overall automata. For example, wheerbe
has no computations of length one it is possible to remove the digjtamct end from
the definition of the placeholder. Similarly, information about the embedsiargs can
be used to simplify the cruisingTs. For example, if theseEREis nhot embedded more
than once nor within a starred s@lERE it is possible to build a sideTs which does
not confirm to the condition of repetition.
In the next section we demonstrate the benefits of using the embedding method, and
give several applications.

4 Benefits of the Embedding Algorithm

We use the embedding algorithm in several different applications, each of which ben-
efits from the use of it in a different way. In section 4.1 we show moadularityis
achieved for themamed sequenamnstruct of PSL, and discuss the implementation of
SEREintersection. In section 4.2 we demonstrate howdizeof the automaton built

for the formula can be reduced when using embedding, and in section 4.3 we show how
expressiveness gained wherseREs are to be traslated torL.

4.1 Modularity and Reuse

The embedding mechanism described above allows us to follow the guideline of soft-
ware engineering and reuse a given automaton ofs@re for constructing automata
for more complicatedERES. Reusing existing code allows building “libraries” of au-
tomata, which can fasten implementation and increase code stability. Using the existing
automata as is allows preserving useful automata characteristics.

As an example to code reuse, considertamed sequencesechanism of PSL/Sugar
[2]. In this language, @EREcan be given a name, and then be used as s&s8i&in
many formulas. For example, one can defiseguence r := {a-b*-c}; and then use it
in other formulasnot {d*-r}! , not {a-r- f}! etc. When constructingTss for the above
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formulas, 3 states would be produced for each occurrenee Wd$ing the embedding
mechanism, we can construcbas for r just once, and then reuse it as many times as
needed.

Another example is implementingeRE intersection. Unwrapping an intersection
operation at theserRElevel is very complicated [3]. Instead, we use the embedding al-
gorithm to implement intersection. By the general embedding method, we can construct
anNFA for any subseRrEof the formr;Nr, and plug the placeholder for itsTs instead.

An NFA for r1Nro can be built using the product construction [10]. However, in order to
simplify the construction, the use of embedding for intersection can be extended even
farther. We provide a method to embieb DTS, one for each operand of the intersec-
tion, replacing them with a single place-holder which serves for both of them together.
This allows us to implement intersection using the same typersf making it easier

to maintain.

Formally, letr;Nry be a subsereof r. Let Ny and N be cruisingNFA for r; and
r2 respectively, constructed as in Section 3. Lk{; and Dy; be theirdTs represen-
tations. Definestart;, end; for i € {1, 2} as the respective Boolean expressions stating
that Dy, is in the real start (resp. end) of its run (exactly as in the general embed-
ding method). Define the new Boolean expressistag andend as the conjunctions
start; A starty, andend; Aends, respectively. Define the new boolean expressiatile
as the conjunctionsstart; A —start,. We claim that the placeholder defined using the
abovestart, middle andend can be plugged instead ef "r, while running the model
in parallel to bothD y; and D ;.

Proposition 12. LetD,, be abTs, r a SEREandr;Nre a subsereof » which is not a
subseRrEof both operands of or N. Let N and IV}, be the cruisinguFAs constructed
for r andry, respectively. Ledtart, middle andend be as defined above.

D ': not r!

D || Dwv: || Divy f= not r[riNry < placeholder(riNry, start, middle, end)]!

4.2 Efficiency of Verification

In some cases, the use of embedding allows us to build a smaller automaton for a given
formula, thus reducing the size of the model to be verified.

A simple example is the operatapunters(p[= i..j]). Counterscan be viewed
as abbreviations of the basSeRE operators as follows, where denotes a boolean
expression; and; denote integer constants such that 0 and;j > i.

i times

o b[=i] b b} .. {b* bt bt e b[=i.5] X b[=i]U...Ub[= ]

A straightforward unwrapping of a counter operathe i..j] at the SERE level,
using the definition above, will result insEREOf size quadratic if. Using othelSERE
level unwrapping methods we can reduce the size of the resdltirg However, the
best result is achieved when directly building rpa for a counter. We show how to
build anNFA for a countemp|= :..j], which hasj + 2 states. Given such axFa, the
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embedding algorithm can then be used to embediteinto theSERE Below we give
the construction of amrA for a counter, consisting of + 2 states. We then present
experimental results which compare the two ways of translation.

An NFA for p[=i..j]

Let p be a boolean expressioh,j integers such thdt < ¢ < j andB = {p, —p}.
Lng({pl=i.jl}) ={w=wo...wn € B | i <[{k|wx =p}| <j}

The following is anNFa that acceptd.ng(p[= i..j]). The automaton has ‘counting’
statesgo, ¢1, . - ., ¢;+1. The idea is that staig, indicates that up until now p’'s were
read. Thus, all stateg, such that < k£ < j are accepting states.
Formally, defineV,—;. ;) = (B, Q, Qo, d, A) where
Q={ar|0<k<j+11Qo={q} A={q|i<k<j}ifi#0;and

6= {(qr, P qr+1) |0 <k < 5} U{(gk, —p,qx) |0 < k < j}
Proposition 13. TheNFA N,—; ; acceptsLng(p[= i..j]).

Np(=..;) is anNFA for r. Thus, by Proposition 10 we can embed the placeholder for
p[=i..j] in any SEREcontaining it, and run botbTs s in parallel with the model.

Experimental Results

We present experimental results of embedding diffepenintersformulas. We com-

pare the traditional unwrapping method (see above) to our embedding method, in two
aspects: the size of automata built for a formula, and the verification time. The verifica-
tion time is influenced by the overall size of the model, which includes the design under
test as well as the automata built for the formulas. Thus we can see a significant benefit
for the embedding method when the design is small, and a smaller improvement when
the design under test is large. In Table 1 we present the results of running formulas of
the typenot b[= i..j]! both on a small model of 36 state variables, and on a larger one of
196 state variables (Both numbers present the size of the raftdeinodel reductions).

The experiments were done on Dual 2.4 Ghz Pentium 4 (xeon) with 2.4GB RAM.

In this table, the ‘states’ presented are the number of states in the automaton built
for the formula, and time is given in seconds. As can be seen, the embedding algorithm
performs better in all cases. The improvement in performance becomes more significant
though, as the formula becomes larger.

4.3 Increasing Expressibility

As discussed earlienpt ! formulas are usually verified by constructing an automaton.
However, it is sometimes beneficial to translate such formulasto so that they can
be verified using symbolic model checking algorithms.

Given an unwrappedot SERHE formula, the basic operators of regular expressions
can be translated toTL as described below. These include concatenation, union, and
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Table 1. Unwrapped Counters vs. Embedded Counters

Formula [unwrap statdsinwrap timelembed statésmbed time
Small Model
p[= 1..10] 55 5.15 13 1.25
p[=10..20]] 165 8.1 23 1.92
p[=20.25]] 135 7.85 28 4.8
p[= 25..30 165 10.43 33 6.26
pl= 25..40 455 60.59 43 6.62
Large Model
p[= 1..10] 55 13 13 1.25
p[=10.20]] 165 1766.03 23 1419.63
p[= 20..25] 135 3928.4 28 3188.72
p[= 25..30] 165 5105.53 33 3992.37
p[=25.40]| 455 12038 43 9397

Kleene closure (a star) on a single letter (e.9. However, a star over a SI®ERE(e.g.
not {a-{b-c-d}*-e}!) cannot be translated intorL (see [15] ).
In order to support a starred sub-sere when translatimgt @' formula intocTt,
we use the embedding algorithm. We take out every starredsgalg-build a sidepTs
for it, and replace it with a simple placeholder, as described in section 3. The formula
obtained does not have a starsmRE and therefore can be translatedcto..

Definition 14 (Translation procedure). Letry,r9,r be regular expressions, aride
B be a boolean expression. We define the funciias follows:
-T(br) =bANEX(T(r)) -T(b)=b
-T*r)y=EDUT(r)]VT(r) -T(rb*) =T(r)
-T(riUrgr) =T(rir) VT (rar) -T(ri1Urg) =T(r1) VT(re)

Proposition 15. LetD,, be a discrete system amdh SEREwith no starred SUlSERES,
such thate £ r. Then, Dy =notr! <= Dy = -T(r).

5 Conclusions

We have revisited the translation of extended regular expresss@®reg) into an au-
tomaton, a translation the vast majority of the specifications verified using the IBM
model checking tool-set RuleBase [5] go through. We have presentechbadding
algorithm, which allows an automaton to be embedded ind@RE Thus, instead of
producing one automaton per formula, the translation using embedding may consist of
several automata, running in parallel with the model. An important feature of this algo-
rithm is that the auxiliary automata built are independent of the origiB&E and thus
can be used more than ones.

Various applications of the embedding algorithm were given, each of which benefits
from it in a different way. Fonamed sequencghie embedding algorithm allows reuse
of the automata code. Fimtersectionthe use of embedding allows us to enjoy the same
NFA construction, avoiding the need to unwrap at #&REelevel or to intersect at the
automata level. Farounterswe manage to reduce the size of the automata built for the
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formula, and forcTL translationwe extend the expressive power of the language. The
variability of these applications demonstrates its potential, and suggests, we believe,
that more applications may be found for it.

Automata forsereformulas are sometimes used as checkers for simulation [1].
For that purpose, the automaton must be deterministic. Since the embedding algorithm
relies strongly on the non-deterministic nature of the side-{the sideNFA can start at
any cycle), it should be carefully examined whether the embedding algorithm performs
well for simulation checkers, as it does for model checking.
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A Proofs

A.1 Proofs of Section 3

Proposition7 Letr be anrRE. There exists a cruisingra acceptingLng({truex r}T).

Proof. Let N,. = (B, Q, Qo, 9, A) be anNFa for r. DefineN,. = (B, Q’,Q;, ', A) as
follows.

- Q' =QU{qgs,qr} Wwheregs,q; ¢ Q

- Q6 = {QquI}
6 U (qr,trugqr) U (qr,truggs) U

-8 ={(gs,b,q9) | g € Qand3 qo € Qqy, b € B, suchthafqg,b,q) € 5} U
{(Qab7q0) | q S Qa b S Bv q0 € Qloa and;lqA € As.t (Qab7qA) € 5}

It is easy to see thaf; is the initial stuttering state;s is the distinguished start
state, and that together with the transition relation the conditions of Definition 6 are
satisfied. ThereforéV, is cruising. It remains to show, acceptsiLng({true-r}+).

Letw € Lng({true'-r}*). The proof is by induction on the structurewof If w = uv
whereu € Lng(truex) andv = v°...v™~1 € Lng(r) then there exists a run

0 ol pn1—1

GO-—q =G - -1 — Gn,
of N, acceptingy. If |u| = 0 then by the transition relation 6¥;

0 . !

QSU—>Q1—>Q2 vt dny—1 — (ny

is a run of N/ acceptingw. If u = true™ wherem; > 1

true true 2?0 vt p1 1
g —d4r... —qs — q1 —q2 - Qdpn;—1 — Qn,
— —
m, times

is a run of N/ acceptingw. Assume the claim holds far, € Lng({true’-r}*) where
k> 1. Letw = wyuv whereu € Lng({true'}) andv € Lng(r). Let

w? w} 'w;l71
Po—P1 —>P2 - Pn-1 — Pn

be an accepting run d¥ overw; = w{ ... w} ! and

0 1 pm1—1

QO ——q ~—=q - Q-1 — G

an accepting run aV, overv = o9 ... v™ L,
If |u| = 0then

w? w} wal 20 ol pn1—1
Po—P1 —pP2 - Pn-1 —4s —q1 —q2 * 4pn—-1 — Q4n,



17

is a run of N/ acceptingw. If |u| > 0 andu = true™

w? wi wT'1_1 true true
bo—P1—P2 - Pni—1 — 41 —dqr-.-qr —
m, times
20 ol 21
gs — q1 — Qg2 T Gn—1 — (n,

is a run of N/ acceptingw.

For the other direction, assumaeis an accepting run oV’ overw. Let pred(A)
denote the sety € Q|3b € B,qa € Qa, S.t.(¢,b,94) € §}. By the transition relation,
o is of the formo = 5 ...5, for somek > 1 where for everyi < k, &; is in one of
the following forms:

1.
0 n;—1
Uy i i i 4
qs —qy---qn,—1 — Ay,
2.
true true 0 ;i
qr —qr---4qr —4s — q1---4p,—1 — qp,
m; times

g, € pred(A), andg,, € A. The rest of the proof is for case (2). The proof for case
1 is similar. Define

wy = tru€™ ol P udtrugml) Lo

(the word accepted by). We showw,, € Lng({true’-r}*¥) by induction onk. If £ = 1,
then

true true 00 1 1 pn1—1
qr —qr--.qr —qs —>qy---4up, 1 — Q4pn,
my times
andw; = true™° ... v"~1 By the transition relatiodg, € Qo suchthatqo,v",qi) €
dandvl < i < ny —1,(¢},v",q}41) € 0 SOqo,...,q;, IS an accepting run oN,

overv? .. .v™~1 thereforev?...v"1 =1 € Lng(r) andw;, € Lng(trug-r}). Assume
that if o = ,...5, is an accepting run ovap, thenw, € Lng({true'-r}¥). Let

np—1
ok

O = Ok LN q,’ik.That is,0% is the prefix ofg;, obtained by chopping the last state of
1. The last state of; is ¢% _, € pred(A).

Let
np—1
kil = _ . oyR true true
o =01...0k-10 — 47 —> 41 ...41 —
M1 times
W g1 k+1 “:ﬁl_l
+ + : E+1
qgs — q4 .. .an+1_1 — an+1

be an accepting run o¥’ overw,; = wy, - trué 1o, .. o T gk e Q and
there existg € {qz, ¢s} such thatq), _,, v;““‘l, q) € ¢'. By the definition o', there
existsg® € Asuchtha(q? _,,vp* ", ¢ ) € 6. Therefore

np—1
- — ~ k k
O —=01...0p-10 — an



18

is an accepting run ok’ overwy,. By the induction hypothesig, € Lng({true'r}¥).

npp1—1

0
g T g s B gt i T gk
me41 tiMes
is an accepting run oV, overu_ ul_ ...u; """ " tol. . ot 7" by the induction
hypothesis
true™tup in*llfl € Lng({true'r})
andw € Lng({trug'r}k+1). O

Proof of Theorem 10

We make use of the following notations and assumptions in the proof of Theorem 10,
and its lemmas (Lemmas 16-18).

Let r be asereEover B, andt¢ a subserREof r such that for every intersection
and fusion operatot, is not a subserEof both operands. LelV = (B, @, Qo, J, A)
be annFa for t and N’ = (B, Q’, Qy, 0’, A") the cruisingNFA constructed fronV (as
defined in Proposition 7). L&? - be theDTs of N’ and letstart andend be the boolean
expressions defined in Section 3. ltebe the corresponding placeholder. Defidie
to be the boolean expression assertitigge = q;.

We uses (possibly with subscripts) to denote states/boolean expressions in a run of
aDTs. We useo (possibly with subscripts) to denote sequences of states/boolean ex-
pressionsin a run ofats. We usé (possibly with subscripts) to denote letters/boolean
expressions and (possibly with subscripts) to denote words i.e. sequences of boolean
expressions.

Lemma 16. Leto?, o) be runs ofDy satisfying(idle V start) o true’ o (end V idle)
as well asw; and ws, respectively. Thew’ o), is a run of Dy, satisfying(idle v
start) o true* o (end V idle) as well asw;ws.

Proof. A run of Dy satisfying(idle V start) o true® o (end Vidle) corresponds to a run
of N’ starting with state; or stategy € Qo and ending in state € predA or in state
qr- Denote byo, o the runs of N’ corresponding te, o}, respectivelyo, starts in
qo € Q). Letbg be the first letter ofu,, then there is a transition frome pred AU{q;}

to go via by thus the concatenatiomn oo is possible. The ruw’c} starts with a state
so such thatsg[state] = qo € Qo OF so[state] = ¢ and ends in a state, such that
sp[state] € predAU{qs}. It thus satisfiegidle v start) o true’ o (endVidle). Clearly if
o} satisfiesv, ando,, satisfiesws, the concatenated rurf o, satisfies the concatenated
word wjws. a

Lemma 17.

— Letofs; be arun of Dy satisfying(idle V start) o truef o (end V idle) as well as
w1b. Letsyol, be a run of Dy satisfying(idlex) as well ashws. Theno]s o} is a
run of Dy satisfying(idle V start) o true® o (end V idle) as well asw; bws,.
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— Leto)s; be arun of Dy satisfying(idlex) as well asw;b. Let sy}, be a run of
Dy satisfying(idle V start) o true’ o (end Vv idle) as well ashw,. Thend) sao) is
a run of Dy satisfying(idle V start) o true® o (end V idle) as well asw; bws.

Proof. We show only the first case, the second case is symmetric. Thejrynof

Dy corresponds to a rung; of N’ wheres; [state] = ¢ ando¢q; starts with a state

qo € QoU{q¢s} andendsin statg € pred(A)U{qr}. The runsyo}, of Dy corresponds

to a rungyo, of N’ of the formgj. Since from every; € pred(A) U {q;} there are
transitions tag;, we can concatenate the second run, after chopping its first state to the
end of the first run. The resulting run g; o2, thus, starts with a statg € Qo U {qr}

and ends in a statg (or in stateg € pred(A), if |o2| = 0). Therefores] s, 0/, satisfies

(idle Vv start) o true® o (end V idle). Clearly the concatenated rutj s, o/, satisfies the
concatenated word bw,. a

Lemma 18. Letr” denote theserE(idle V start) o r[t < ¢'] o (end V idle). Letr”
denote theserer’” if S(r) = falseand theseREA U "’ otherwise.

wETr
)

there exists a run dDy- satisfyingw which satisfies also”.

Proof. The proof is by induction on the structuresolith respect ta. The base case is
r = t. The induction step can be decomposed into 7 cases, whaedr, are SERE
such that may be a sultserREof them andn; andny are SEREs such that is not a
subsEeEREof them:

T =1T1T2 r=r1Ury r=nr* T = T10N39 r=1r1MNg
T = MnN10Tg r=mn1Mry

Denotery[s «— s'] andrz[s < s'] by r} andr), respectively.
— Base caser =¢

wET
<= [By correctness ofV as anNFA recognizingLng(t)]
If S(r) = falseThere existab € Lng(r) and an accepting rugqq; - . . ¢, of
N overw such that for eachy € {qs,9s} andq, € Q) U {g,} there exists a
runw’ = sgs; ... s, of Dy satisfyingw such that
1. so[state] = qo
2. V1 <i<n-—1:s;state] = q;.
3. sp[state] = Gy.
<= [By the definitions ofidle, start andend)]
If S(r) = falsethen there exists a run’ of Dy satisfyingw which also
satisfies
{start A end} U {start-—start*-end}

otherwise there exists a rum of Dy satisfyingw which also satisfies

A U {start A end} U {start-—start*-end}
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<= There exists a rum’ of Dy satisfyingw which also satisfies” = (idle v
start) o ¢’ o (end V idle) (if S(r) = falseand\ U ¢ otherwise).
<= There exists a run’ of Dy satisfyingw which also satisfies”

— Induction step:
1. r=rir
w E 1o
<= There existw, wy S.t.w = wywe, wy E r1 andws E ry
<= [By the inductive hypothesis]
There existw;, wy S.t.w = wyw,, there exists a runy| of Dy satisfying
wy which also satisfies], and there exists a run), of Dy satisfyingws
which also satisfies)
<= [By Lemma 16]
There existavy, we S.t.w = wyw, and there exists a rum’ = wjw) of
D satisfyingw;wy which also satisfies! -r})
<= There exists a run’ of Dy satisfyingw which also satisfies”

2.r=riUry
wET Urs
= wE”rorwE™M
<= [By the inductive hypothesis]
There exists a rum, of Dy satisfyingw which also satisfies] or there
exists a runw; of Dy satisfyingw which also satisfies)
<= There exists a rum; of Dy satisfyingw which also satisfies; or rJ
<= There exists a rum; of Dy satisfyingw which also satisfies; U r}
<= There exists a run’ of Dy satisfyingw which also satisfieg”

3. r=r"
wErm*
<= Eitherw = ¢ or there existv, ws, ..., w, S.t.w = wiws ... w; and for
alll <i <k, w;, Er.
<= [By the inductive hypothesis]

Eitherw = € or there existvy, wo, ..., wg S.t.w = wyws ... w, and for

all 1 < i < kthere exists a ruw; of Dy satisfyingw; which also satisfies
1

1

< [By repetitive applications of Lemma 16]
There exists a run’ of Dy~ such that eithelw’| = 0 orw’ = wiws ... wj,
which satisfies or wyws . . . wg, respectively, and which also satisfigs
orr! . !
1 1 '. » 1 . . . B .
<= There exists a run/ of Dy satisfyingw which also satisfies] *
<= There exists a run’ of Dy satisfyingw which also satisfies”

4. r =rlonsg
w E riong
<= There existw;, wy andb s.t.w = wybwsy, w1b E r1 andbwsy E na



21

<= [By the inductive hypothesis]
There existw,, we andb s.t.w = w,bws, there exists a ruas; of Dy
satisfyingw, b which also satisfies/, andbw, [ no

<= [By the transition relation ofV’ and the correctness @fy
as its representation]
There existw, w, andb s.t.w = wybws, there exists a ruas; of Dy
satisfyingw; b which also satisfies!, and there exists a ruoy of Dy
satisfyingbw, which also satisfieglle* andn,

< [By Lemma 17]
There existw,ws andb s.t. w = wibws and there exists a run’ =
o18109 Of Dy satisfyingw; bw, which also satisfies| ong

<= There exists a run’ of Dy satisfyingw which also satisfies”

5. r=nlory
Symmetric to the above case.

6. r=rlNny
w Er Nng
— w Er; andw E ny
<= [By the inductive hypothesis]
There exists a runw; of Dy satisfyingw which also satisfies! and
w E ng
<= There exists a rum; of Dy satisfyingw which also satisfies; andns
<= There exists a rum; of Dy satisfyingw which also satisfies; N nsy
<= There exists a run’ of Dy satisfyingw which also satisfieg”

7. r=rlNng
Symmetric to the above case.

Theorem 10
D ': notr! <= Dy |H Dy ': not 7'[t “— t/]!

Proof.
D H not r!

<= There exists a finite ruw of Dy, s.t.w Er

<= [By Lemma 18]
There exists a finite ruw of D), s.t. there exists a run @y satisfyingw which
also satisfies”

<= [By definition of "]
There exists a finite ruw of D), s.t. there exists a run @y satisfyingw which
also satisfies[t «— t']

<= Dy ||| Dns H not ’I“[t — t/]!
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Lemma 19. Letr be aseERg andt = r1Nry a subsereof r. Let N| and N} be
the cruisingNFAs forr; andr respectively. LeDy; andDy; be their corresponding
DTSS.

Letidle; andidle; denote, respectively, thdy, and Dy, are in a states such that
s[state] = qy. Letidle denote the conjunctioitle; A idle;. Let¢’ denote theseRE
placeholder(riNrs, start, middle, end). Letr”” denote theserRE(idle V start) o r[t «—
t'] o (end Vv idle) and letr” denote theserer" if S(r) = falseand thesEREA U "/
otherwise. Then

wE™T
there exists a run aPy, ||| Dy, satisfyingw which satisfies also”.

Proof. We show only the base case<£ r;Nr;). The rest of the proof proceeds simi-
larly to the proof of Lemma 18.

w E riNry

— wEr;andw Ery
<= [By Lemma 18]
If S(r1) = falsethen there exists a run’ of Dy, satisfyingw which also satisfies

{start; A end; } U {start;-—start; *-end; }
otherwise there exists a runf of D satisfyingw which also satisfies
AU {start; Aend}; U {start;-—start; *-end; }

And if S(r2) = falsethen there exists a rua’ of D, satisfyingw which also
satisfies
{starty A end2} U {startp-—starty*-ends }

otherwise there exists a runf of Dy, satisfyingw which also satisfies
AU {starty A ends} U {starty-—starty*-ends }

<= If S(riNry) = falsethen there exists a run’ of Dy, ||| Dy, satisfyingw which
also satisfies

{(starty Astarta)A(end; Aends) } U {start; Astarts )-(—start; A—starty)*-(end; Aends) }
otherwise there exists a runf of D, ||| Dy, satisfyingw which also satisfies
AU {(start; Astartz) A(end; Aendz) } U {start; Astarty)-(—start; A—starty)*-(end; Aendz) }

<= If S(riNry) = falsethen there exists a run’ of Dy, ||| Dy, satisfyingw which
also satisfies
{start A end} U {start-middle*-end}

otherwise there exists a runf of D, ||| Dy, satisfyingw which also satisfies

A U {start A end} U {start-middle*-end}
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<= There exists a run dPy, ||| Dy satisfyingw which satisfies also”.

Proposition 12
Let Dy, be abTs, r aSEREandr; N, a SUbserEOf . Let N7 and N be the cruising
NFAs , forr; andr; respectively. LeDy; andDy; be their corrsspondingTss. Then

Dy = notr!
)

D || Dy || Dy f= not r[riNry « placeholder(riNry, start, middle, end)]!

Proof. The proofis similar to the proof of Theorem 10, this time making use of Lemma 19.
|

Proposition 13
TheNFA N,—;. ;) acceptslng({p[= i..5]}).

Proof. Letw € Lng({p[= i..j]}), we show there exists a run df,_; ;; onw which is
accepting. Lek be the number gf's in w. Sincew € p[=i..j], we have that < k < j.
Denotew = ﬁpmo, D, ﬁpml, cey D, ﬁpmk where—p® denotes consecutive repetitions
of —p. By the transition relatiog]" *", ¢7* *',¢7""*1, ... 1" is an accepting run of
Np[:i..j] onw.

Letw ¢ p[=¢..j] and assume towards contradiction that; . .. s,, is an accepting
run of Ny, ;) onw. Therefores,, € {g;,...,q;}.Itiseasytoseethatfordll<t <n
andVvl < m < j, if s; = ¢, then there are exactly. states insgs; ... s; in whichp is
asserted. Therefore there are betwetn; states insys; . . . s, in which p is asserted.

That is,w € p[= i..j], in contradiction to the assumption. O

Proofs of Section 4.3

Definition 20 (Semantics ofcTL formulas). The semantics of TL formulas are de-
fined with respect to a modal {s) and a state in the model. L&y, = (Viy, Our, par, Anr)
be aDnTs. The notatiorD,,, s = ¢ means that formulg holds in states of modelD,,.
The notatiorD,, = ¢ is equivalent taD,/, s |= ¢ for all s such thats = ©. In other
words, ¢ is valid for every initial state of>,,. The semantics of aTL formula over
D), are defined as follows, whetedenotes a boolean expression apdy:, and o
denotecTL formulas.

- Du,s Eb<=s kb

—Dum,s E-p <= Dy,sHyp

— Dy, s E 1 Nz <= Dy, s =1 andDyy, s = o

— Du,s EEX @ < Jruno of Dy s.t.|o| > 1,0% = s, andDyy, 0! Eo

— D, s EE[p1 U] <= 3runo of Dy s.tog = sand3k < |o| s.t.Dyr, o = oo
andVj s.t.j < k: Dy, 07 =1
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— Duys EEGp <= 3runcof Dy s.t.o¥ = sandVjs.t.0 < j < |o]: Do E¢
Definition 21 LetD,; be anTsands € Xy. Letr be aseResuch that F r.

Dus, s = not {r}! <= for every finite runo of Dy; s.t.o® = s, 0 7.

Proposition 15
Let Dy, be a discrete system andh SEREwith no starred Sul$EREs, such that £ r.
Then

Dy ': notr! < Dy ': _\T(’I").

Proof. First we note that the translation procedure (Definition 14) coversesiss r

such thate & » andr does not contain any starred ssbBREes. Second, we note that
Definition 21 is legitimate, since althougeREs are defined over non-empty words,
the definitionD,, |= not r! relies on the fact that runs are by definition non-empty and

further assumes £ r. From the same reason we can first show that for every>y,
Dy, s Enot{r}! < Du,s | -T(r)

We show this by induction on the structurerofLet b be a boolean expression and let
r1, T2 DE SERES.

— Base case.

1. Dy, s = not {b}!
<= Dy, s ': —b
< Dy, s = -T(b)

— Induction step.

2. Dy, s = not {r-b*}!
<= Dy, s ': not {7"}’
<= [by the induction hypothesip,,, s = —T'(r)

3. Dy, s ): not {T1UT2}!
<= Dy, s = not {r1}! Anot {ry}!
<= [by the induction hypothesigP,,, s = =T(r1) A =T'(r2)
<= Dy, s |: ﬁT(’IHU’r‘Q)

4. D]\/[,S ): not {brl}'
< for every finite runo = ss’o’, s = =bor Dy, s’ = not {rq}!
<= [by the induction hypothesis]
s |= —bor for everyo = ss'o’, Dy, 8" = T (r1)
<= Dy, s ': bV AXﬂT(Tl)
<= Dpy,s = -T(br1)

5. Dy, s l?é not {b*Tl}'
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<= there exists a run s.t. eithers =7, oro = s%s!...s"0’ (Wheres® = s)
andv0 < j <n:0/ Ebando™o’ Er;

<= Dy, s [~ not {r}! or there exists a run = s’s! ... s"¢’ (wheres’ = s)
andv0 < j < n:o’ = bandDys, o™ B~ not {r }!

<= [by the induction hypothesis]

Dur,s = T(r) or there exists arua = s%s! ... s"o’ (wheres” = s) and
VO<j<n:0l EbandDy, o™ = T(r1)

<= Dpy,s =T(r1) VE[DUT(r1)]

<= Dp,s =T(b*r)

6. Dy, s ): not {T1UT2'T}!
<= Dy, s =not {ri-r} Anot {ry-r}!
<= [by the induction hypothesis]
Dy, s = —T(ri-r) A=T(rg-r)
< Dy, s = T (r1Urar)

In particular for every initial state, Dy, s | not {r}! <= Dy,s = -T(r).
ThereforeDy, = not {r}! <= Dy = -T(r). O



