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Abstract

We present new, efficient algorithms for some fundamental
computations with finite-dimensional (but not necessarily
commutative) associative algebras. For a semisimple asso-
ciative algebra 2l over a finite field or number field F, we
show how to compute a basis for the centre of 2 and the
complete Wedderburn decomposition of 2l as a direct sum of
simple algebras. If 2{ is given by a generating set of matrices
in F™ ™ then our algorithm requires about O(m?) opera-
tions in F, plus the cost of factoring a polynomial in F[z]
of degree O(m), and the cost of generating a small number
of random elements from 2. We also show how to compute
a complete set of orthogonal primitive idempotents in any
associative algebra over a finite field.

1 Introduction

Determining the structure of an associative algebra 2 and its
modules is a fundamental problem in abstract and applied
algebra. Here, a finite dimensional associative algebra, or
algebra for short, is a finite dimensional vector space over a
field F equipped with a multiplication under which the space
forms an associative (though not necessarily commutative)
ring with identity. In this paper we give very efficient algo-
rithms for some fundamental computations with associative
algebras over finite fields and number fields.

Recall that the (Jacobson) radical Rad(2l) of an algebra
2 is the intersection of all maximal left ideals in %A. 2 is
said to be semisimple if Rad(%) = 0 and simple if 2 has
no nontrivial two-sided ideals. The Wedderburn Structure
Theorem (Wedderburn, 1907) shows that for any semisimple
2,

A= &Ao B --- B AUg (1.1)
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for simple algebras 2i,...,2; C 2, and each 2; = D}**"
where D; is a division algebra (non-commutative field) with
an extension field E; of F as its centre. We give a fast proba-
bilistic algorithm to compute a basis for the centre of 2l and
a representation of the complete Wedderburn decomposition
of 2 as a direct sum of simple algebras.

We suppose throughout that 2 is given by some generat-
ing set £ C 2 which allows us to produce random elements
of 2 efficiently. We assume that we can select a “random”
element a “uniformly” from 2 using O(R(2l)) operations in
F. A more precise definition is given below.

After introducing some special types of elements needed
in the computation in Section 2.1, we show how to iden-
tify the centre of 2 in Section 2.2. Over a number field or
“large” finite field with at least 12n° elements we present
an algorithm for this which requires an expected number of
O((m?* + F(m) + R(A)) - log(1/€)) operations in F, where
F(m) operations in F are sufficient to factor a polynomial in
Flz] of degree m. The algorithm is probabilistic of the Monte
Carlo type; € > 0 is a user-specified tolerance and the an-
swer is guaranteed correct with probability at least 1 —e. In
Section 2.3 we show how to decompose the centre to obtain
a decomposition of the entire algebra. Assuming that the
centre was correctly identified, we find central idempotents
and a transition matrix which reveals the simple components
with an expected number of O(m? 4+ F(m) + R(2)) opera-
tions in F. This algorithm is probabilistic of the Las Vegas
type: it alwaysreturns the correct answer. Since one expects
to require matrix multiplication in such a computation, the
cost of this algorithm is surprisingly low. Asymptotically
more exact results, in terms of the cost of matrix and poly-
nomial multiplication, are also presented in Theorems 2.8
and 2.10.

Over a small finite field F, with fewer than 12n° ele-
ments, things are somewhat trickier because certain types
of elements used in the above algorithms are no longer guar-
anteed to exist. We can make use of the algorithms for large
fields by carefully extending the ground field to one which
is sufficiently large. To recover the structure correctly we
must work in O(logm) of these extensions. We instead take
a different approach described below.

When 2l is a (not necessarily semisimple) associative al-
gebra over a finite field, we show how to compute a com-
plete set of orthogonal primitive idempotents. Recall that
an idempotent is an element w € 2 such that w? = w. Two
idempotents are orthogonal if their product is zero, and a
nonzero idempotent is primitive if it cannot be represented
as a sum of two or more nonzero orthogonal idempotents.
In Section 3.1 we introduce decomposable elements which al-



low the generation of non-trivial idempotents. We show how
to use these efficiently and that there are many of them in
any algebra. These elements are similar to the “Fitting ele-
ments” employed for a similar purpose by Schneider (1990),
but are much easier to find. In Section 3.2 we show how
to use decomposable elements to compute a complete set of
orthogonal primitive idempotents. This algorithm requires
an expected number of O((m? +m?logq+ R(2)) - log®(m) -
log(1/€)) operations in a finite field F of size g, for an algebra
presented as above. This is again a Monte Carlo algorithm:
for a user specified € the algorithm returns the correct an-
swer with probability at least 1 — e.

Finally, in Sections 3.3 and 3.4 we return to the semisim-
ple case for small fields. In Section 3.3 we show how to
construct bases for the simple components and central sim-
ple idempotents from any set of primitive orthogonal idem-
potents. This gives a Monte Carlo algorithm for finding
these idempotents which requires an expected number of
O((m® + m?logq + R(2)) - log?(m) - log(1/€)) operations
in F and returns the correct answer with probability at
least 1 — €. We then show in Section 3.4 that there is an
efficient test for the correctness of the output of the Monte
Carlo algorithms in the finite field case for semisimple al-
gebras. This algorithm actually computes an explicit iso-
morphism between each simple component and a full ma-
trix algebra over an extension field of F. This yields a
Las Vegas type probabilitic algorithm (i.e., the output is
always correct) for the decomposition of semisimple alge-
bras over finite fields which requires an expected number of
O((m® +m?logq + R(2)) - log?(m)) operations in F.

1.1 Historical Perspective. The study of associative al-
gebras goes back to the seminal work of Peirce (1881), the
beautiful structure theorem of Wedderburn (1907), and the
exploration of the radical (see Jacobson (1956)). As well as
standing as a field of active research in its own right, the
importance of this theory in the study of groups and their
representations has been developed since Noether (1929).

The computational study of associative algebras is ob-
viously considerably younger. The first general algorithms
for computing their structure are due to Friedl & Rdényai
(1985), who give polynomial-time algorithms to find the Ja-
cobson radical and to decompose a semisimple algebra as a
direct sum of simple algebras. Subsequent work by Rényai
(1987, 1990, 1992) examined additional questions over num-
ber fields, and in particular showed that finding a complete
set of primitive, orthogonal idempotents in a simple algebra
over a number field had the same complexity as factoring in-
tegers, i.e., it is (currently) intractable. While theoretically
of great interest, these algorithms are probably not practi-
cal. For commutative algebras, Gianni et al. (1988) give an
efficient algorithm to decompose an associative algebra over
@ as a direct sum of local algebras.

Much more practical work on a closely related problem
was instigated by Parker (1984), who gives a probabilistic
algorithm (the “Meat-Axe”) to test for irreducibility of an
Ql-module and to split reducible 2f-modules, where 2L is a
matrix algebra over a finite field. While the algorithm is
apparently not analysed in general, it appears to works very
well for algebras over very small finite fields (typically Fs).
This was extended to work over any ground field in Holt &
Rees (1994) for all but one family of modules. This difficulty
has apparently now been overcome as well.

The Krull-Schmidt theorem guarantees that every 2A-
module M can be uniquely decomposed as a direct sum
of indecomposable 2-modules (up to isomorphism). In his
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survey paper, Michler (1990) proposes the open problem of
finding an efficient algorithm to find this decomposition in
the case when 2 is an algebra over a finite field F. It clearly
suffices to find a set of orthogonal primitive idempotents
wi,...,ws € Endg (M) such that ) _._ wi = 1, which
Michler (1990) also proposes as an open problem. We pro-
pose a very efficient algorithm for the computation of a set
of orthogonal primitive idempotents of an algebra in Section
3.2. This problem was first addressed in Schneider (1990)
for small finite fields by the selection of “Fitting elements”
in Endg (M) which allow its decomposition. In Section 3.1
we present the similar notion of “decomposable elements”
which also allow the efficient decomposition of the algebra,
but are much easier to find in general.

1.2 Notation. We will generally tie the complexity of
our results to that of matrix multiplication. We assume
that O(MM(m)) operations in a field F are sufficient to
multiply two matrices in F™*™. Using the standard al-
gorithm requires MM(n) = n® while the currently best
known algorithm of Coppersmith & Winograd (1990) allows
MM(n) = n?*375. Also assume that O(M(m)) operations
in F are sufficient to multiply two polynomials in F[z] of
degree m. Using the standard algorithm allows M(m) =
m?, while the algorithm of Schénhage & Strassen (1971)
and Schonhage (1977) allows M(m) = mlogmloglogm.
For notational convenience in the statement of complexity-
theoretic results, if a sub-cubic algorithm for matrix multi-
plication is used we assume that M(m) = mlogmloglogm
and that MM(m) = m’ for some § > 2. Finally, we as-
sume that a polynomial of degree m in F[z] can be fac-
tored using O(F(m)) operations in F. If F is a finite field
with ¢ elements, then Berlekamp’s (1970) algorithm allows
F(m) = MM(m) +m?log q operations in F. If F is a num-
ber field then the algorithm of Landau (1985) will factor a
polynomial of degree m with a polynomial number of oper-
ations.

1.3 Selecting random elements of 2. To prove correct-
ness of our probabilistic algorithms, we require some tech-
nical conditions on the presumed ability to select a random
element o from 2. Recall that this is assumed to be possible
with O(R(2)) operations in F. If 2 is finite and small we
assume that « is selected uniformly from 2. When 2 is large
or infinite we assume that there exists a basis y1,..., v, € 2
for 2 and subset S of F of sufficiently large size . Ele-
ments of 2 are uniformly generated from Zl <i<p @i for
uniformly and independently selected elements a; € S.

In practice, almost any “reasonable” scheme for gener-
ating random elements of 2l will work. However, the only
scheme we know of for generating such elements with prov-
able uniformity requires a basis of n matrices in F™*™ for
2. In this case R(2) = nm?. The requirement for perfect
uniformity can be relaxed somewhat while still maintaining
provably correct algorithms, though not sufficiently to yield
an asymptotic improvement in performance.

2 The Wedderburn Decomposition over Large Fields

In this section we present an algorithm to compute the Wed-
derburn decomposition of a semisimple algebra 2l over a fi-
nite field or number field F. We assume throughout that 2L
decomposes as a sum of full matrix rings over division alge-
bras as in (1.1), so that for 1 < i < k the centre of 2; is E;
and [D; : E;] = e;. If F is finite then D; = E; for all 4.



Special elements of 2 (separators, splitting pairs, and
complemented splitting pairs) which can be used to decom-
pose 2 efficiently are introduced Section 2.1. We show that
these are easy to find if one can choose elements randomly
from 2(. In Section 2.2 we employ these elements to give
a Monte Carlo algorithm for the centre of R[. This al-
gorithm will produce an element o € 2l and polynomials
fi,..., fi € Flz] such that fi(a),..., fi(a) € A form a basis
for Centre(A). If |F| > 2n?, then the algorithm requires an
expected number of O(MM(m)logm -log(1/¢)) operations
in F, or an expected number of O(m® - log(1/¢)) operations
in F using standard matrix and polynomial arithmetic, and
computes the correct answer with probability greater than
1 — e for a user specified e.

In Section 2.3 we use the basis for the centre to obtain
a set of central primitive idempotents and a “semisimple
transition matrix” which induces a change of basis under
which the simple components are revealed. The central
idempotents are given by an element v € 2 and polyno-
mials hi,...,h, such that h;(y) € 2 is the central idem-
potent corresponding to 24; (i.e., hi () is the identity in 2;
and zero in all other components). This is a Las Vegas al-
gorithm, assuming that a basis for the centre is correctly
provided and that |F| > 2n?, and requires an expected num-
ber of O(MM(m)logm + F(m) + R(2)) operations in F,
or O(m® + F(m) + R(2)) operations in F using standard
matrix and polynomial arithmetic.

2.1 Separators and Splitting Pairs

This section introduces some special types of elements of
an algebra which are useful in determining the structure of
that algebra. These are employed in later sections to obtain
algorithms for computation of the centre of a semisimple al-
gebra, and the central idempotents of an associative algebra,
over a sufficiently large ground field.

As shown, for example, by Pierce (1982), the dimension
of D; over its centre E; is a perfect square. The dimension
of QU; over E; is therefore a perfect square as well; suppose
it is n? for 1 < i < k. Then, n:eln%+---+ekni.

The first proposition will serve as the basis for a proof
of correctness for an algorithm for the decomposition of
semisimple algebras over fields, and motivates the defini-
tions that follow it.

Lemma 2.1 Suppose is a semisimple algebra over a finite
field or number field F. Let k, L;, e;, and n; be as above.

(i) The minimal polynomial of any element of 2 has de-
gree at most eyni + - - - + egny over F.

(i) If an element o of 2 has a squarefree minimal poly-
nomial of maximal degree eini + --- + exni over F,
then for all v € U, v commutes with « if and only if
v € Fla].

Elements of 2{ whose minimal polynomials are squarefree
and of maximal degree are very useful and capture much of
the structure of a semisimple algebra.

Definition 2.2 An element a of a semisimple algebra 2L
is a separator for 2 if « is invertible and has a squarefree
minimal polynomial of mazximal degree exni + --- + exng
over F.

By the above proposition the centre of 2l is contained
in Fla] for any separator a of 2. If the ground field F is
sufficiently large then there exists a separator « for 2 such
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that the centre of the algebra is equal to F[a]. However, it
is not clear how such a separator could be found without
decomposing the algebra 2l or computing a basis for its cen-
tre first. Fortunately, we will see that a pair of separators
which determines the centre is easier to find, if the ground
field is sufficiently large.

Definition 2.3 A pair (a,3) of elements of a semisimple
algebra 2 is a splitting pair for 2 if a and 8 are both sep-
arators for A, and if the centre of A is exactly the set of
elements commuting with both o and (3.

If (o, B) is a splitting pair for 2 and the minimal poly-
nomial of a over the ground field F has degree [, then the
centre of 2 could be obtained by solving the system of linear
equations

(yo+yra+--+y_1a " HB=Byo+yra+--4y_1a" ) =0

for the unknowns yo,..., -1 in F. Every solution deter-
mines an element yo +y1a+-- - +y—1a' ! of F[a] that com-
mutes with 3. Since 3 is a separator for 2{ this implies that
yo+yia+---F+y—1a'~! € F[F], so that it belongs to F[a] N
F[8], the centre of 2. Conversely, every element of the cen-
tre belongs to {yo + y1ia +---+yi—1a! 7 s yo, ..., y—1 € F}
and specifies a solution for the above system.

While it is plausible that this method is faster than pre-
vious general methods for computation of the centre, it re-
quires that we form and solve a system of m? linear equa-
tions in [ unknowns. We can do considerably better than
this by projecting from the space of matrices to the space
of vectors. We show that with sufficiently high probability
the desired relationships still hold.

Definition 2.4 A pair («a,3) of elements of a semisimple
matriz algebra 2 C F™*™ over a finite field or number field
F is a complemented splitting pair if (o, 3) is a splitting pair
for A and, furthermore, there exists a pair of vectors (u,v)
each in F™*' such that, for all p € Fla] and v € F[3],

(pu =vuandpv =vv) — p=v € Flo) NF[B].  (2.1)

Any pair of vectors (u,v) € F™*! satisfying condition (2.1)
1s said to complement the splitting pair («, 3).

Theorem 2.5 Suppose 2 C F™*™ is a semisimple algebra
of dimension n over a finite field or number field F. If |F| >
6n°® then a complemented splitting pair for U exists.

Theorem 2.6 Let A C F™*™ be a semisimple matriz al-
gebra over a finite field or number field F. Let S be a finite
subset of F with size & > 4n%/e, for € > 0. If the ele-
ments «, 3 are randomly and independently chosen from 2
as in Section 1.3, and u,v are chosen uniformly and inde-
pendently from S™**, then (o, 3) is a complemented split-
ting pair for A that is complemented by (u,v) with probability
at least 1 — €.

2.2 Computation of the Centre over Large Fields

The centre of 2 can be computed efficiently if a comple-
mented splitting pair (and a pair of vectors that comple-
ments it) is available.

Lemma 2.7 If 2 C F™*"™ is a semisimple matriz algebra
over a finite field or number field F then, given a comple-
mented splitting pair (c, ) for AU and a pair of vectors (u,v)
that complements it, a set of polynomials fi1,..., fi € F[x]
that each has degree less than m can be computed such that
fil@), ..., fila) is a basis for the centre of A, using a deter-
ministic algorithm in time O(min(m®, MM (m)logm)).



Indeed, by Definitions 2.3 and 2.4, it suffices to find a
basis for the set of solutions of a homogeneous system of 2m
linear equations in 2m unknowns in order to compute these
polynomials if a complemented splitting pair is available.

Theorems 2.5 and 2.6 imply that the a basis for the cen-
tre of 2 can be computed efficiently, provided that F is suf-
ficiently large and 2l is given by a basis over F.

Theorem 2.8 Let A C F™*™ be a semisimple matriz alge-
bra over a finite field or number field F with at least 12n° ele-
ments. An element a of 2, and polynomaials f1,... fi € F[z]
that have degree less than m such that fi(a),..., fi(a) is
a basis for the centre of AU, can be computed using a Monte
Carlo algorithm that is guaranteed to produce the correct an-
swer with probability at least 1 — € for a user specificed pa-
rameter € > 0, with O(MM(m)logm + R(2L)) - log(1/¢))
operations in F, or O((m® + R(2)) - log(1/¢)) operations in
F using standard matrixz and polynomial arithmetic.

Proof. Since F has size greater than 6n°, Theorem 2.5
implies that a complemented splitting pair for 2 exists.
The algorithm generates random elements «,3 € 2 and
u,v € F™1 ag in Theorem 2.6. With probability at least
1/2, (o, B) is a complemented splitting pair for 2 that is
complemented by (u,v). In this case, Lemma 2.7 implies
that these values can be used to compute the centre for 2L
deterministically at the cost stated in the theorem.

To increase the probability of success to 1 — €, we first
attempt to determine the degree of the minimal polynomial
of a separator in 2. Choose k1 elements in 2l and compute
the minimal polynomial of each, and let | be the degree
of the minimal polynomial which is squarefree of maximal
degree. This is the degree of the minimal polynomial of any
separator, and hence the dimension of Centre(A) over F,
with probability at least 1 — 1/21.

Now attempt to choose k2 complemented splitting pairs
(a, B) and vectors u,v as above, discarding any where the
minimal polynomial of a or 8 has degree less than [ or is not
squarefree. Assuming [ is correct (i.e., it really is the degree
of the minimal polynomial of a separator) these are all sep-
arators. Hence F[a] N F[f] is a superset of Centre(A), as is
the candidate subspace computed for the centre in Lemma
2.7. The correct centre is a candidate subspace of minimal
dimension over E, and we return this correctly with prob-
ability 1 — (1/2)*1%*2. Choosing k1,k2 = 1 + [log,(1/¢)]
yields the desired result. O

2.3 Identification of Simple Components

Recall that corresponding to the decomposition (1.1) there
are orthogonal central idempotents w1, .. .,wr € U such that
wit - twe =1€®A wws =0if r # s, and w; is
the identity element of the simple algebra 2dw; = 2;, for
1 < j < k. In this section an asymptotically fast algorithm
will be given for the identification of the simple components
of 2.

Polynomial-time algorithms for this computation have
previously been given by Friedl & Rényai (1985). The al-
gorithm to be given here is based on a later algorithm of
Eberly (1991). The new algorithm is asymptotically faster
than previous algorithms.

Definition 2.9 A nonsingular matriz X € F™*™ is a semi-
simple transition matrix for a semisimple matriz algebra
A C F™*™ over a finite field or number field F, with k sim-
ple components W, ..., Ak, if the following conditions are
satisfied.
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(i) For all elements n of A, XnX~' is a block diago-
nal matrix. In particular, there exist positive integers

mi,...,mk such that mi + ...+ mr = m and, for all
ned,
m 0
n=X" ‘ X,
0 Nk

where n; € F™*™i for 1 < j <k.

(i1) The central primitive idempotents of 2 are w1, ..., wk,
where
Dja 0
wj=X"" ) X,
0 Djk

Dj ; is the identity matriz of order mj; and Dj,; is the
zero matriz of order my if 1 <1<k andl # j.

Theorem 2.10 Suppose A C F™*™ is a semisimple alge-
bra of dimension n > 2 with k simple components over a
finite field or number field with at least 2n° elements. Given
a basis for A and o € A and g1,...,q91 € Flx] such that
gi(@),...,q(a) € A form a basis for Centre(A), we can
compute

(i) a semisimple transition matriz X for 2,

(i) positive integers ma, ..., my such thatmi+---+my =
m and such that for allm € A, XnX ! has diagonal
blocks of orders m1,...,myg,

(111) an element v € Centre(Rl) that is a separator for the
commutative algebra Centre(2L) over F, and

() polynomials hi, ..., hi, € Flz] with degree less than
the dimension of the centre of A over F such that
hi(y),--.,he(y) are the central primitive idempotents

of A,

using a Las Vegas algorithm that requires an expected number
of O(MM(m)logm+F(m)) operationsin F, or an expected
number of O(m® + F(m)) operations in F using standard
matriz and polynomial arithmetic.

Proof. Lemmas 2.1 and 3.1 of Eberly (1991) imply that an
element of the cenre whose minimal polynomial is square-
free and has degree equal to the dimension of the centre
over F can be selected as a random linear combination of
gi(a),...,q(a). In particular, if values b1,...,b are cho-
sen uniformly and independently from a finite subset S of F
with size at least 2n?, and g = big1 + ...+ bigi € F[z], then
v =g(a) =bigi(a)+ ...+ bigi() has these properties, and
is a separator for Centre(2l), with probability at least 1/2.
Since we know [Centre(2l) : F], we can correctly find such
an element with an expected number of 2 choices.

Suppose the minimal polynomial of v is f € F[z]. If
v is a separator for the centre then f is squarefree with
degree | — and, since the centre is a direct sum of k fields,
f has k distinct monic irreducible factors. Suppose f =
Hle fi is a factorization of f in F[z]. A result of Giesbrecht
(1995) (Theorem 7.4) implies that a “rational Jordan form”
can be computed for « efficiently. That is, one can find a
nonsingular matrix X such that

T 0
XX = .
0 Vi



is block diagonal, and the ™ block ~i has minimal polyno-
mial f;, for 1 < ¢ < k. Set m; to be the order of v; (so,
v € F™iXmi) for 1 < i < k.

Finally, let h1,..., hy € F[z] be polynomials with degree
less than the degree of the minimal polynomial of v (and,
therefore, less than the dimension of the centre of 2 over F)
such that

h':{l (mod f;) if1<j<kandj=r4,
T 10 (mod f;) ifl1<j<kandj#i
Then it is easily checked that
D]'71 0
hi(’y)zwj:X_l X X,
0 Dj

where D;; € F™*™ is as described in Definition 2.9. Thus,
w1,...,wk are the central simple idempotents of 2, X is a
semisimple transition matrix for 2, and the output of this
process is correct, provided that the attempt to find a sep-
arator -y for the centre was successful.

Since | < m, the coefficients of a polynomial g = bi1g1 +
-+ 4 byg; can be computed using O(m?) operations. The
matrix v = g(a) can be computed using a Las Vegas al-
gorithm of Giesbrecht (1995) in time O(MM(m)logm) or
expected time O(m?) using standard matrix and polynomial
arithmetic. The minimal polynomial of this matrix can be
computed in at most this cost, using the Las Vegas algo-
rithm of Giesbrecht (1995), and this can be factored with
cost F(m). The transition matrix X can be computed from
~ and these polynomials using Giesbrecht’s (1995) algorithm
for the “rational Jordan form” of a matrix, again at the same
cost . The integers m1, ..., mx can be obtained by comput-
ing and inspecting the matrix X ~*4X. Finally, the polyno-
mials hi,...,hr can be computed using divide and conquer
in time O(mM(m)logk), or time O(km?) using standard
arithmetic. 0O

3 Finding Primitive Orthogonal ldempotents

In this section we give an algorithm which finds a complete
set of primitive orthogonal idempotents for any algebra 2
over a finite field F. The idea is to make use of decomposable
elements in 2. These are elements whose minimal polynomi-
als in Flz] have at least two relatively prime factors in F[z].
A decomposable a € 2 allows us to compute orthogonal
idempotents w1, ...,w; € ™A such that wy +---+w; =12
and

A = Awr @ Aws @ -+ - © Awy, (3.1)

a direct sum of left ideals. This idea is similar in spirit to
the use of fitting elements by Schneider (1990). Fitting el-
ements are zero divisors which are not nilpotent and also
allow the decomposition of 2 as a sum of left ideals. How-
ever, whereas fitting elements are relatively rare in 2l when
F is large — Schneider shows they have density about 1/|F]|
— decomposable elements have a high density. In Section
3.1 we present a new algorithm which finds decomposable
elements efficiently, and constructs a corresponding set of
orthogonal idempotents.

This algorithm, with high probability, produces balanced
decomposable elements, such that the decomposition (3.1)
is into ideals of about the same size. In Section 3.2 it is
shown how to iterate this algorithm to find a complete set
of primitive orthogonal idempotents efficiently.
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In Section 3.3, we use these techniques to decompose
semisimple algebras over small finite fields as a direct sum
of simple algebras, much as we did for large finite fields and
number fields in Section 2. Finally, in Section 3.4 we show
how to compute an explicit isomorphism between each sim-
ple component of a semisimple 2 and a full matrix algebra
over an extension field of F. If these isomorphisms are suc-
cessfully computed, we obtain a certificate that 2 is indeed
semisimple. With this check, our decomposition algorithm
for semisimple algebras over finite fields is of the Las Vegas
type, i.e., it never produces an incorrect answer.

3.1 Finding balanced decomposable elements efficiently

In this section we introduce the notion of balanced decom-
posable elements, show how to find them efficiently and how
to construct idempotents from them. We assume through-
out this section that 2 is a subalgebra of F™*™ of dimension
n (not necessarily semisimple).

For any algebra 2, a decomposable element a € U is
defined as an element whose minimal polynomial f € F[z]
has a factorization f = fifo--- fi into two or more monic,
pairwise relatively prime f; € F[z] \ F. In this case we can
construct idempotents wi,...,w; € A as follows. For 1 <
i <[, use the Chinese remainder theorem to construct h; =
1 mod fi, h; = 0 mod f; for j # 4, and assign w; = h;(a) €
. Tt follows easily that each w; is an idempotent, that
wiwj = 0 for ¢ # j (i.e., they are pairwise orthogonal) and
that wi +---+w; =1 € A. We call w; the idempotent that
corresponds to fi.

Lemma 3.1 Given a decomposable o € U, we can compute

(i) the minimal polynomial f € Flz] of a and the fac-
torization f = fifa--- fi into powers of distinct irre-
ducible polynomials in Flz],

(ii) polynomials hi,...,h € F[z] such that w; = hi(a),
1 < i <1, are pairwise orthogonal idempotents with
Zlgiglwi =1 EQ[,

(iii) ma, ...
that w; has rank m; as a matriz in

,my € N such that m = m1+---+m; and such
mem}

(iv) a matriz U € F™*™ such that

Dy
~ —1
w; = U wiU =

Dy
(3.2)
where D;; € F™i*™i s the identity matriz when j =1
and the zero matriz when j # 1,

with a Las Vegas algorithm using an expected number of
Og/\/l/\/l(m) log m+M(m)logq) operationsin F, or O(m®+
m*logq) operations in F using standard matriz and polyno-
mial arithmetic.

Proof. First, compute the rational Jordan form of a €
F™*™  and a transition matrix U € F™*™ to this form.
Recall that this is a block diagonal matrix J € F™*™, such
that

J1

UltaU =J = € Fmxm,

Ji



Each rational Jordan block J; € F™*™i is associated to a

distinct irreducible factor g; € F[z] of the minimal polyno-
mial f € F[z] of a, and

Cg;’il

Ji = - S Fmixmi,

C e

g 3

i

where C c;; is the companion matrix of g;7 € Flz]. We

assume that ci1 > ci2 > -+ > cir;, 80 fi = g;"* and the
minimal polynomial of a is f = g7''---g;"'. Giesbrecht
(1995) gives a Las Vegas algorithm to compute this rational
Jordan form along with a transition matrix U € F™*™ and
the minimal polynomial f € F[z] using an expected num-
ber of O(MM(m)logm + M(m)log q) operations in F, or
O(m?® +m?log q) operations in F using standard arithmetic.

For 1 < i <, let h; € F[z] with h; = 1 mod f;, h; =
0 mod f; for i # j. These can be computed using a divide
and conquer application of the Chinese remainder algorithm
with O(mM(m)logl) operations in F, or O(m?2l) operations
using standard arithmetic. For 1 < i <, w; = h;(a). Under
the change of basis induced by U, each w; has the properties
described in (iv). O

It will be useful to find idempotents which partition 24
into components of approximately the same size. The fol-
lowing theorem addresses this concern for simple algebras.
Recall that any simple algebra over F is isomorphic to E™*"
over an extension field E of F.

Theorem 3.2 Let %L C F™*™ be a simple algebra of di-
mension n with A =2 E™", where E = Fgn and F 21F,. The
number of a« € A with f = ming(a) such that there ewists
a factorization f = fifas for relatively prime fi, fo € F[z]
with corresponding idempotents w and 1 — w, and n/2 <
dimg (/w) < 3n/4 is at least q" /22.

This theorem is a great understatement of the number of
such “balanced” reducible elements in 2[. At the very least,
the estimate of the density of balanced reducible elements
should easily be improved to something approaching 1/5 by
a computer aided enumeration of cases creating difficulties,
namely when F = IF, for very small q.

3.2 Finding primitive orthogonal idempotents

In this section we describe an algorithm to compute a com-
plete set of primitive, orthogonal idempotents w1, ...,ws €
2 such that >, _,. wi = 1 € A The idea is to iterate
the algorithm described in Lemma 3.1 on randomly chosen
elements a € 2.

Suppose we have computed pairwise orthogonal idempo-
tents wi,...,w; € A and a transition matrix U € F™*™ as
in (3.2), so that U™ *w;U is zero except for a d; x d; identity
block on the diagonal. The two-sided Peirce decomposition
of 2 with respect to these idempotents is

Q[: @ @ winw]-.

1<i<l1<5<1

The main idea behind the algorithm is that we only have to
work in the subalgebra
@ w;iRAw;.

1<i<l
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To see why this is true, note that if w; is primitive then
w;RAw; is a local algebra and can be decomposed no further.
Conversely, if w; is not primitive, that is, w; = wi1 + w;2 for
orthogonal idempotents w;1,wiz € 2, then w1 and w;o are
in w; Aw; since w;wiiw; = w1 and wiwiow; = wi2. Thus, we
need only decompose w;%w; to refine the idempotent w;.
Suppose we have already computed a transition matrix
U € F™*™ and orthogonal idempotents w1,...,w; € 2 as
in Lemma 3.1 Let 9 = U'AU and &; = U 'wiU € 9 for
1 <i <1 Clearly A =22, and the element @; is filled with
zeros except for a d; X d; identity matrix in the ith diagonal
block. It is computationally easy to compute a linear map

1<i<l
Simply map 3 € U to
b1 b1z bu
. bo1 b2 bar
B— U "pU = . .
bi1 bu
bii 0 0 (3:3)
— 0 b2z S @ a)zﬁd)z
0 1<i<l
0 - 0 by
where b;; € F%*% A randomly chosen 3 € U will yield ran-

domly and independently chosen components b;; € @;Aw;.

A refinement of each of the w;’s can be computed by
decomposing the algebra &;2l@; as in Lemma 3.1 (assuming
for now that we can find a decomposable element), for 1 <
1 < 1. Assume we obtain @; = @1 + - - - + @y, for pairwise
orthogonal idempotents @1, ...,W0u; € @;A;. Also assume
that V; € F4*% is the obtained transition matrix, that @;;
has rank di]', and that 51']' = Vi_ltf)i]'vi is a dz X dz matrix
which is all zero except for a d;; X d;; identity matrix in the
jth block on the diagonal. If

1%
V — 6 Fme’
Vi
then W = UV is a transition matrix for~ 2l to this refined set
of idempotents. That is, if w;; = W *0;; W € 2, we have

Z Zwijzleﬁ and w;

1< 1<j<l;

for 1 <i <.

Theorem 3.3 Let A C F™*™ be an algebra of dimension
n over F 2 F,. Then we can compute

(1) a transition matriz U € F™*™, and
(%) di,..
such that the following holds. For 1 <1i < s let

.,ds € Ziso such that m =dy +--- + ds,

D1
A . mxm
I . cF R

Dis

w; = U(f)iU_l (S Q[,



where Dij € F%*%i s the identity matriz if i = j and the
zero matriz if i # j. Then wi,...,ws are primitive, pairwise
orthogonal idempotents in A and w1 + - +ws =1 € L.

The computation can be performed with a Monte Carlo
algorithm, that returns a correct answer with probability at
least 1 — € for a use specified parameter ¢ > 0, using an ex-
pected number of O(MM(m)logm+ M(m)logqg+R(U))-
log?(m) - log(1/¢)) operations in F, or O((m® +m?logq +
R(2A)) - log®(m) - log(1/€)) operations using standard matriz
and polynomial arithmetic.

Proof.

First, we note that the above algorithm is correct. At
each iteration of the algorithm, suppose we have a transition
matrix U € F™*™ and di,...,d; the ranks of orthogonal
idempotents w1,...,w; € A. Choose a random o € %, and

find ¢(a) € @Kiqdjiﬁl@i. Suppose «; is the image of

a in ©;AD;. The a;’s are also random and independent.
As described above, use Lemma 3.1 to refine each w;, and
compute a new transition matrix W. If w; is not primitive,
then w;Aw; is non-local, and such reducible elements o; exist
(if wi = wi1 + w2 for orthogonal idempotents w;1,wi2, then
these idempotents are reducible).

We prove fast convergence of the algorithm on a com-
plete set of idempotents by examining how 2(/ Rad(2l) de-
composes. By the Wedderburn-Malcev principal theorem
(see Pierce (1982), Section 11.6), there exists a semisimple
subalgebra & of 2 such that & = 2/Rad(2) and A =
& @ Rad() (a direct sum as additive groups). Moreover, if
w € A is a primitive idempotent and w = & + p for @ € &
and p € Rad(2l), then @ is a primitive idempotent in &.
Suppose that

E=6,060---® 6,

for simple algebras &1,..., Sy, and that &; = E;**" for
an extension field E; of F with [E; : F] = ;.

Within any simple component, by Lemma 3.2 with prob-
ability 1/22 we choose a reducible element in &; and obtain
an idempotent w; € &; such that p;r?/2 < dim Gw; <
3uir? /4. Since (3/4)3°1°87i < 1, we will have constructed a
complete set of primitive idempotents for &; with 3.5logr;
such reducible elements. Hence, with the choice of 77 logr;
elements from &; we will obtain a complete set of primi-
tive idempotents for &; with probability at least 1/2. Since
there are at most m simple components, with 77 log? m it-
erations, we obtain a set of primitive idempotents for all
simple components with probability at least 1/2, and with
77log?(m) - log(1/¢) iterations we expect to find a complete
set of primitive idempotents for 21 with probability at least
1—e

Each iteration of the algorithm uses O(MM (m)logm +
M(m)log g + R(2)) operations in F or O(m3 +m?logq +
R (1)) operations in F using standard arithmetic, by Lemma
3.1. O

3.3 Computing simple components of semisimple algebras
over finite fields

In this section we employ the algorithms of Sections 3.1 and
3.2 to find the central idempotents and simple components
of a semisimple algebra over a finite field. Unlike the algo-
rithms presented in Section 2, these work over any finite field
(even very small ones). We assume throughout this section
that 2 C F™*™ is a semisimple algebra of dimension n.

A2G, 06 b Gy (3.4)
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where &; = EZ"'Xt"' for an extension field E; of F.

Using the algorithm from Theorem 3.3 we can compute
a transition matrix U € F™*™, di,...,ds € Z~o such that
m=di +---+ds and

Wi = s wi:Ud)iU_lte,
Dis

(3.5)

where D;; € F4*9% ig the identity matrix if i = j and the
zero matrix if ¢ # j, so that @; € F™*™ for all i, w1, ..., ws
are primitive, pairwise orthogonal idempotents in 2, and
wittws =1

Since 2l is semisimple, s = t; + ---#; and each of the
w;’s correspond to a matrix in exactly one of &1,..., &
consisting of a single “1” in some diagonal element and ze-
ros everywhere else. It will be sufficient to group the w;’s
together according to which simple component they belong
to, and produce a new transition matrix which reflects this
re-ordering.

Lemma 3.4 Suppose A decomposes as in (3.4) and sup-
pose wi,...,ws € A are primitive, orthogonal idempotents
with sum 1 € A. If w; and w; belong to different simple
components, then for all « € AU, wiaw; = 0. If w; and w;
belong to the same simple component &¢, then wiaw; # 0
with probability 1 — 1/|E,|.

Now suppose U is a transition matrix as in (3.5) and «
is a randomly chosen element of (. Then

All A12 All
U lalU = A?l Az (3.6)
An Ay

where A;; € Fixdi and U 'wiaw;U € F™ ™ is the matrix
which is 0 except for A;;.

Theorem 3.5 Let A C F™*™ be a semisimple algebra as
mn (3.4). Given integers di,...,ds and transition matriz
U to a complete set of primitive orthogonal idempotents as
mn (3.5), we can find a semisimple transition matriv W €
Fm™X™ (see Definition 2.9) and a permutation/re-labeling
dit, - ,dity, .., drt, -, dre, of di, ..., ds such that

(i) a complete set of primitive, orthogonal idempotents w;;
(1<i<k,1<j<t;)is formed by

Dy
Dltl
wij = e Fme,
D
Dy,
Wij = W@J-W_l (S Q[,
(3.7)
where Dy € FdstXdst s the identity matriz if i = s

and j =t and the zero matriz otherwise.

(i) For 1 <i <k, &; = 2137'9,, @;j 18 a central idempo-
tent for 2 so that

A = 01U © 02™UD2 @ - & WUk
S;.

o

(a direct sum as algebras) and w;Aw;



This computation can be performed by a Monte Carlo algo-
rithm that returns a correct answer with probability at least
1—¢, for a user specified parameter € > 0, using an expected
number of O(MM(m) -log(1/€)) operations in F.

Proof. We simply choose random elements of o € 2 and
compute U~'aU, which has block form as in (3.6). Af-
ter each random choice of an «, note which pairs of idem-
potents are linked by noting non-zero blocks in U~ 'aU:
Ai;j # 0implies w; and w; are in the same simple component.
The probability that two idempotents in the same compo-
nent are not recognized as such is at most 1/|F|*> < 1/4.
Thus, after [log,(m)] attempts we should have identified
all such linkages with probability at least 1/2. Iterating this
[log(1/€)] times ensures that the probability of success is at
least 1 — €. Once we have determined which idempotents
belong to which simple components, we can construct W
from U by a simple permutation. O

Combining this theorem with Theorem 3.3 we obtain the
following corollary

Corollary 3.6 Let 2l C F™*™ be a semisimple algebra over
a finite field F =2 Fy as in (8.4). We can find a semisim-
ple transition matric W € F™*™ and di1, -, dity, ---,
di1, -, dre, € Z with sum m such that

(i) a complete set of primitive, orthogonal idempotents w;;
(1<i<k,1<j<t;)is formed as in (5.7), and

(i) for1 < i<k, @; = Zl<]’<t7‘ @;j 18 a central idempo-
tent for A so that
A =001 @ 0202 & - - - & A

61'7

with a Monte Carlo algorithm that returns a correct answer
with probability at least 1 — €, for a user specified parameter
e > 0, using an expected number of O((MM(m)logm +
M(m)logqg+R(R))-log?(m) - log(1/€)) operations in F, or
O((m* +m?log g+ R(2)) - log®(m) - log(1/€)) operations in
F using standard matrixz and polynomial arithmetic.

~

(a direct sum as algebras) and w;Aw;

3.4 Las Vegas Decomposition of Semi-Simple Algebras
over Finite Fields

Now let 24 C F™*™ be an algebra over a finite field F = IF,
which we believe to be simple. Suppose we are given pairwise
orthogonal idempotents wi,...,w, € A, with w; + -+ +
wr = 1 € A. We will suppose as well that the dimension
of 2 over F is known and that we have a means of choosing
random elements from 2. In this section, we describe an
algorithm that either provides a proof that 2l is simple with
primitive idempotents w1, ...,w, or reports “failure”.

When applied to each of the “simple components” ob-
tained by the Monte Carlo algorithm of Section 3.3, this
completes an asymptotically efficient Las Vegas algorithm
for the decomposition of semisimple matrix algebras over
finite fields.

Assume w; = diag(Ai1,..., ) € F™*™ where A;; €
F°*® is the identity matrix if ¢ = j and the zero matrix
otherwise. In particular, rank w; s for 1 < 4 < r unless
either 2l is not simple of wi,...,w, are not all primitive (so
that we should report failure if the rank is smaller than s).
Suppose then that rank w; = s for all i. Every a € 2| can be
written as

ail air

e A,

Qr1 Ay
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where a;; € F°*°, and w;aw; is zero except for the (i, 75)
block, which equals a;;.

We first find a change of basis for 2 so that wi%lw; is in
a normal form. If 2 is simple with idempotents w1, ..., w:,
then w12Aw; is a finite field of (unknown) dimension y over
F, such that p|s. Choose a random element ¢ € 2l and
compute the Frobenius form of the leading s x s submatrix
c11 € F**® (the nonzero part of wicwi): if 2 is simple then
there exists an invertible u € F°** such that

Cy

1 5X ¢
A=u criu= cF**°

Cy

where Cy € FF*F is the companion matrix of the minimal
polynomial f € F[z] of ci1, i = degp and f|p. With
probability at least 1/2 we have i = p. If A has two or
more distinct companion matrices in its Frobenius form, or
f is not irreducible, then report “failure”. In these cases
w1Rw; is not a field and hence w is not primitive or 2 is
not simple.

It is convenient to find an element a € 2 such that
wiaw; # 0 and wiawr # 0 for 2 < ¢ < r. If A is sim-
ple with primitive idempotents w1, ..., w, then, for fixed i, j
(1 <4,5 <r) and randomly chosen b € 2, w;bw; # 0 with
probability at least 1 —1/|F| > 1/2. Thus with an expected
number of O(logr) random choices of elements of such b
we can construct bi;, b1 € 2 such that wibi;w; # 0 and
wibiiwi # 0 for 2 < i < r. If A is simple with orthogo-
nal primitive idempotents w1, ...,w, then each bi;, b;1 has
rank s for 2 < s < r. If this is not the case then the al-
gorithm should report “failure”. Otherwise, since w;bw; is
zero except possibly for the (7, 7)th block, we can add to-
gether appropriate non-zero blocks of these bix’s and bg1’s
to construct a. Let

U
agu
12 6 Fme

—1
a;,. u

and A’ = U~ '2AU. Note that since wi, . .., w, commute with
U, these are also idempotents in 21 and are primitive and
orthogonal if and only if they are primitive and orthogonal
in 2.

Consider the elements o' = U~ 'aU and w1y = wia'wg
of A for 2 < k < r. By construction wiy is zero ex-
cept for the (1,k) block, which equals v 'airaju = L.
Also, wiU 'cUw; generates a finite field of degree i over
F. Let A = wiU 'eUwr € A’ and recall that, with prob-
ability at least one half, i = p. If this is the case (and,
again, 2 is simple with primitive orthogonal idemptotents
wi,...wr) then wiA'w1 = wiF[AJwr and, since wga'w: is
nonzero, wiW'wi = (wra'wr)(w1F[A]wr).

If 2 is a simple with primitive idempotents w1, - ..,w,
then for 2 < k < r there exists an z € 2 such that wiaws -
wrTw1 = wi. Equivalently, there exists a 3/ € 2’ such that
Wik - WY w1 = wi, i.e., such that the (k, 1) block of y;; of 3/’
equals 15. We must check that such a ¢’ € 2 exists for each
k (2 <k <r). Suppose aj; € F*** is the (k, 1) block of a’;
if the algorithm has not already failed then this matrix is in-
vertible and we can efficiently check whether (aj,;)~' € F[A].
If it is, then we can safely conclude that the desired element
1/’ belongs to ', and we can conclude that the element w1
whose (k, 1) block is 15 (and which is zero elsewhere) belongs



to Q'; if it is not, then the algorithm should report failure.
If i = p then the probability of “failure” at this step is less
than one half.

Finally, assuming that the algorithm has not failed, we
can construct a basis for a simple subalgebra of 21’ as follows.
For 2 <4,j <7 let wij = w1 -wi; € A, the matrix which is
zero except for the (1, 7) block which is equal to 1. It is eas-
ily shown that the set {w;AFwi; 11 <4,5 <0<k <p}
is a basis for a simple subalgebra & of E™*", where E = F[}]
is an extension field of degree iz over F. If dim & = dim 2
then clearly & = 2 and 2l is a simple algebra; otherwise,
once again, failure should be reported. If reporting “fail-
ure” is equated with reporting that “either 2l is not simple
fo the w;’s are not primitive in 2" then this establishes the
following.

Theorem 3.7 Let A be an algebra and wi,...,w, € A be
pairwise orthogonal idempotents with Zl<i<r w; = 1. The

algorithm described above either reports that 2L is simple
with primitive idempotents wi,...,w, or reports that “ei-
ther 2 is not simple or the w;’s are not primitive in 2A”.
In either case the algorithm requires an expected number of
O(min(m®, MM (m)logm) + R()logr) operations in F.
It returns the correct answer with probability bounded away
from zero on all inputs, and it never reports that 2 is simple
with primitive idempotents wi, . ..,w, if this is not the case.

By applying the above algorithm to each simple compo-
nent in a decomposition of a presumed semisimple algebra,
we obtain an efficient proof that the decomposition is indeed
correct. Combining this with the algorithm summarized in
Theorem 3.8 we obtain the following theorem.

Theorem 3.8 Let A C F™*™ be a semisimple algebra over
a finite field F 2 Fy as in (8.4). We can find a semisim-
ple transition matric W € F™*™ and di1, - ,dity, ---,
di1, -, dre, € Z with sum m such that

(i) a complete set of primitive, orthogonal idempotents w;;
(1<i<k,1<j<t;)is formed asin (3.7), and,
(i) for1 < i<k, @; = 2137'9,, @;j 18 a central idempo-
tent for A so that
A = 0101 & 02U @ -+ - ® A,
&;.
using a Las Vegas algorithm that requires an expected number
of O(MM(m) log m+M(m)log g+R(2)) -log?(m)) opera-

tions in F, or O((m3+m? log g+R(2A))-log?(m)) operations
in F using standard matriz and polynomial arithmetic.

~

(a direct sum as algebras) and w;Aw;
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