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Efficient algorithms are presented for factoring polynomials in the skew-polynomial
ring F[z; o], a non-commutative generalization of the usual ring of polynomials Flz],
where F is a finite field and o: F — F is an automorphism (iterated Frobenius map). Ap-
plications include fast functional decomposition algorithms for a class of polynomials in
F[z] whose decompositions are “wild” and previously thought to be difficult to compute.

A central problem in computer algebra is factoring polynomials in F[z], where = is an
indeterminate and F = [F, is a finite field with ¢ = p! for some prime p € N. In this paper
we present efficient factorization algorithms in a natural non-commutative generalization
of the ring F[z], the skew-polynomial ring F[x; o], where : F — F is a field automorphism.
Flx; o] is the ring of all polynomials in F[z] under the usual component-wise addition,
and multiplication defined by za = o(a)xz for any a € F. Moreover, since F = [, is finite,
o(a) = aP* for some ¢ € N. For example, if
f=2*+a1x + ag € Flx;0],
g =z + by € Flz; 0],
then
f+g=2*+ (a1 + 1)z + (ag + bo),
fg =2+ (a1 + 0%(bo))x* + (a10(bo) + ag)x + agbo,
gf =% + (c(a1) + bo)x® 4 (a1bo + o(ao))x + agbo,
where 0%(a) = o(o(a)) for any a € F. When o = id, the identity automorphism on F,
the ring F[z; o] is the usual ring of polynomials F[z] with za = az for all a € F.
Skew-polynomial rings (over more general fields) have been studied since Ore (1933)
and complete treatments are found in Jacobson (1943), McDonald (1974), and Cohn
(1985). Computationally such polynomials have appeared in the context of uncoupling

and solving systems of linear differential and difference equations in closed form (see
Grigoriev (1990), Bronstein & Petkovsek (1994, 1996), Singer (1996)). Skew-polynomial
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rings most generally allow both an automorphism o of F and a derivation 6 : F — F, a
linear function such that é(ab) = o(a)d(b) + d(a)b for any a,b € F. The skew-polynomial
ring F[xz; 0, d] is then defined such that xa = o(a)x + d(a) for any a € F. In this paper we
only consider the case when 6 = 0 and F is finite.

Assume throughout this paper that F has size p*, where p is a prime and w > 1. For
any f,g € Flx;0] we find that deg(fg) = deg f + degg, where deg: F[z;0]\ {0} — N
is the usual polynomial degree function. This implies F[z;o] is integral (i.e., zero is
the only zero divisor), and while not in general a unique factorization domain, it is a
principal left ideal ring endowed with a right Euclidean algorithm (see Section 1). As
in the commutative case, a non-zero f € F[x;0] is irreducible if whenever f = gh for
some non-zero g,h € F[x; o], then either degg = 0 or degh = 0. It follows that any
f € Flz;0] can be written as f = f1--- fx, where fi,..., fx € F[x;0o] are irreducible.
This factorization may not be unique, and adjacent factors may not be interchangeable.
Consider two factoring problems:

(i) The complete factorization problem: given any non-constant f € F[xz; o], find irre-

ducible f1,..., fi € Flx; 0] such that f = f1--- fi.

(ii) The bi-factorization problem: given any non-constant f € F[z; o]\ {0} and a positive

integer s < deg f, determine if there exist g, h € Flz; o] with f = gh and degh = s,
and if so, find such g and h.

In a commutative unique factorization domain these two notions of factorizations are
computationally equivalent by polynomial-time reductions. However, when we have nei-
ther commutativity nor unique factorization (as is the case with skew-polynomial rings),
this separation of the factoring problem into two cases more completely captures the full
complexity of factoring.

In Sections 2 and 3 we give a reduction from the complete factorization problem
for f € Flx; o] to the problem of determining whether a finite dimensional associative
algebra 2l over a finite field possesses any non-zero zero divisors, and if so, finding a pair
multiplying to zero. This reduction is deterministic and requires a number of operations
in F which is polynomial in deg f and w logp.

The bi-factorization problem in F[xz; o] is reduced in Section 4 to the complete factor-
ization problem: given f € Flx;0] and s < n = deg f, we can determine if there exist
g,h € Flz; 0] such that f = gh and degh = s with (nwlogp)®™) operations in F plus
the cost of completely factoring polynomials in F[x; o] of total degree O(n). This yields
algorithms for bi-factorization which require (nwp)o(l) operations in F, and Las Vegas
type probabilistic algorithms which require (nw log p)°M) operations in F.

In Section 5 we present a fast new algorithm for finding zero divisors in any finite
associative algebra. This algorithm is probabilistic of the Las Vegas type and, for an
algebra 2 of dimension v over [F,, requires O(v) multiplications in 2 plus about O(v3 +
v?log q) operations in IF, to determine whether 2 is a field or to produce a zero divisor
in 2. This yields algorithms for complete and bi-factorization in skew-polynomial rings
which require n* - (wlogplogn)®™ operations in F.

A paper containing some of this work (with many of the proofs omitted), first appeared
in the LATIN’92 conference (Giesbrecht, 1992).

Applications of Skew-Polynomial Rings

An application of skew-polynomials is to the problem of functionally decomposing a
class of polynomials which had previously defied polynomial-time decomposition algo-
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rithms. Algorithms which functionally decompose polynomials have received considerable
attention lately. Given f € F[A] in an indeterminate A, the problem is to determine poly-
nomials g, h € F[A] of given degree such that f = goh = g(h())). Kozen & Landau
(1989) and von zur Gathen et al. (1987) present polynomial-time (in deg f) solutions to
this problem in the “tame” case, when the characteristic p of F does not divide deg g (see
also von zur Gathen (1990a)). In the “wild” case, when p| deg g, no general algorithm is
known, though partial solutions are given in von zur Gathen (1990b) and Zippel (1991).
A very wild type of polynomial is the set of linearized polynomials over F, those of the
form > .., a;\P" (where ao,...,a, € F). It turns out that whenever g, h € F[)\] are
such that f = g o h then degg = p” for some r € N, i.e., all functional decomposi-
tions of linearized polynomials are wild. In Section 6 we present very fast algorithms for
the functional decomposition of linearized polynomials, which run in time polynomial in

logdeg f.

Representing Skew-Polynomial Rings

We now characterize explicitly the skew-polynomial ring F[x; o] over a finite field F.
The automorphism o:F — F fixes some maximum subfield K of F, and if [K: Fy] =7
then K = [F; where ¢ = p". The only automorphisms of F fixing K are iterates of the
Frobenius map 7: F — F of F/K, defined by 7(a) = a? for all a € F. Thus ¢ must have
the form o(a) = 7%(a) = a?" for all a € F, where x < p = [F : K]. Furthermore, since K
is the largest subfield of F fixed by o, ged(u, k) = 1.

Part of the input to our algorithms is some auxiliary information to describe Flz; o]: a
prime p, the integers 7 and p such that [F : K] = p and [K: Fp] = n, and a description of
the fields K and F. The description of K consists of a polynomial T'x € Fp[z] of degree n
which is irreducible over F,,. We identify K = T, [z]/(T'k) = F,, so that K has basis Bx =
{1,@K,@2K, .. .,@K_l} as an F-vector space, where Og = = mod I'x and K = F,[Ok].
The field F is described as an extension of K by a polynomial I'r € K[x] of degree p, which
is irreducible over K. Identify F = K[z]/(TF), so F has basis B = {1, O, ©%, .. .,@ﬁ_l}
as a K-vector space, where O =  mod I'r and F = K[Of]. We also require the element
@;1: = 7(Of), represented with respect to this basis. This will allow us to make use of
von zur Gathen & Shoup’s (1992) algorithm to quickly compute all conjugates of an
element in F over K (see below). Such an element can be computed with log ¢ operations
in K by repeated squaring, though for convenience we consider it pre-computation and
do not count this cost in algorithms using this technique. The cost of computing 7(OF) is
dominated by other costs in our algorithms for both complete and bi-factorization. Note
that F[z; 0] is an associative K-algebra with basis {©fa7 |0 <i < i, j > 0}. It is not in
general an F-algebra, since F is not, in general, in the centre of Fx; o].

Input size is counted in terms of elements in K, and cost in terms of operations in
K. For convenience we sometimes use the “soft O” notation in summarizing results: for
any g, h:Rsg — Ry, g = O°(h) if and only if there exists a constant k > 0 such that
g = O(h(log h)¥). Multiplication in F can be done with O(M(y)) operations in K, where
M(u) = p? using the usual “school” method, or M(u) = ploguloglogp with the al-
gorithms of Schénhage & Strassen (1971) and Schénhage (1977), or Cantor & Kaltofen
(1991). For convenience we assume throughout the paper that M(u) = Q(ulogp). We
can also compute a~! for any a € F with O(M(u)log i) operations in K. Using an algo-
rithm of von zur Gathen & Shoup (1992), for any a € F we can compute all conjugates
a,7(a),7*(a),..., ™ (a) of a with O(uM(p)log ) operations in K, assuming that we
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have computed 7(OF) as described above. Two n X n matrices over any field L can be
multiplied with O(MM(n)) operations in L, where MM (n) = n? using the standard algo-
rithm, or MM(n) = n2-376 with the asymptotically best known algorithm of Coppersmith
& Winograd (1990). With O(MM(n)) operations in L we can also solve a system of n
linear equations in n unknowns over L.

1. Basic Operations in F[z; 0]

A brief development of the theory of skew-polynomial rings follows, along with algo-
rithms implementing aspects of this theory when appropriate. We begin with an easy
observation on the costs of addition and multiplication in F[z; o]. Let

f= Z a;rt, g= Z b, (1.1)

0<i<n 0<5<r

with ag, ..., an, by, -..,b € F and a,, b, # 0. Without loss of generality we can assume
that » < n. Obviously f 4 ¢g can be computed with O(n) operations in F or O(npu)
operations in K. To compute fg we expand

fg= Z Z aixibjxj: Z Z aioi(bj)x”j.

0<i<n 0<5<r 0<i<n 0<j<r

Compute o (b;) for 0 <i < p and 0 < j < r with O(ruM(u)log 1) operations in K, as
described in the introduction. Next compute the rn products in F to obtain fg.

LEMMA 1.1. Given f,g € F[z;0], each of degree n and r respectively, we can compute
f+g with O(nu) operations in K, and fg with O(rnM(u)+ruM () log i) or O (rnu+ru?)
operations in K.

The skew-polynomial ring F[z; o] has a right division algorithm and a (right) Euclidean
algorithm. The right division algorithm is analogous to the usual one in F[z]. Let f, g €
Flx; o] be as in (1.1) with g # 0: we want to find Q, R € F[x; o] such that f = Qg+ R and
deg R < deg g or R = 0. The algorithm is trivial if n < r — we know Q =0 and R = f
— so assume n > r. Let f(") = f and for n > i > r define h(® = (a; /o7 (b)) - 27",
where @; is the coefficient of z* in f(). Next define f0~1) = fO — pl)g € Flz;0],
whence f() = h(Dg 4 f0=1) and deg fO~1 < deg f). Computing A, (=1 pn-1)
F=2 () =1 in sequence, we get f = Qg+ R where Q = A" +p(n=D 4.4 p(7)
and R = fO~1 with degR < degg or R = 0. The @ and R obtained in the division
algorithm are unique, as they are in Flz].

LEMMA 1.2. If f,g € Flz;0] withn = deg f, r = degyg, and g # 0, then computing
Q,R € Flz;0] such that f = Qg + R and deg R < degg or R = 0 requires O(r(n —
)M (p) + M () log 1) or O (r(n — r)p + ru?) operations in K when r < n.

PROOF. Start by computing o?(b;) for 0 < ¢ < g and 0 < j < r. This requires
O(rpuM(p) log i1) operations in K. At stage 4, computing f*) — h(Y'g requires 7 opera-
tions in F. There are at most n — r stages requiring a total of O(r(n — r)) operations in
F or O(r(n — r)M(u)) operations in K. O
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Using the above division algorithm, modular equivalence can be meaningfully defined:
Given f1, f2, g € Flz; 0], we write fi = fo mod g if and only if there exists a @ € F[z; 0]
such that fi — fo = Qg. It is left as an exercise to the reader that “equivalence modulo
h” is indeed an equivalence relation in Fx; o].

Ore (1933) proved the main structure theorem on complete factorizations in F[z; o],
a somewhat simplified version of which is stated below (this can also be proven as a
consequence of the Jordan-Holder theorem — see Jacobson (1943)).

THEOREM 1.3. (ORE) If f € Flx; o] factors completely as

f=nhfefe
= 0192 Gt,
where fi,..., fky- s 91,-.-,9t € Flz;0] are irreducible, then k = t and there exists a

permutation ¢ of {1,...,k} such that for 1 <i <k, deg f; = deg g,()-

2. Common Multiples and Divisors

From the existence of a right division algorithm in F[z; o] follows the existence of a
right Euclidean scheme in the usual way (see van der Waerden (1970), pp. 55). This
implies the existence of greatest common right divisors and least common left multiples
(defined below), the non-commutative analogues of greatest common divisors and least
common multiples in a commutative Euclidean domain. It also gives a fast algorithm for
computing these.

The Greatest Common Right Divisor (GCRD) of f; and f2, denoted gerd(fi, fo),
is the unique monic polynomial w € F[z;0] of highest degree such that there exist
uy,ug € Flz;o] with fi = vyw and fo = ugw. It’s existence and uniqueness is easily
derived from the algorithm presented below, and is demonstrated by Ore (1933). In the
usual polynomial ring F[z] = F[z; id] we have gerd(f1, f2) = ged(f1, f2), the usual greatest
common divisor of f1, fa € F[z].

The existence of a right Euclidean algorithm implies F[x; o] is a principal left ideal
ring, that is, each left ideal is generated by a single polynomial in F[z; o). If F[z; o] f and
Flx; olg are the two left ideals generated by f,g € F[x; o] respectively, then the ideal
Flx; o] gerd(f, g) = Flz; 0] f + Flz; o]g (see Jacobson (1943), Chapter 3).

The set F[z;o]f NF[z;o]g is also a left ideal, consisting of all polynomials in F[z; o]
which are left multiples of both f and g. Since this left ideal is principal, it is generated
by a unique monic h = lelm(f, g) € F[z; o], the Least Common Left Multiple (LCLM) of
f and g. The LCLM h is the unique monic polynomial in F[x; o] of lowest degree such
that there exist u1,us € Flz; 0] with h = u1f and h = usg. In F[z] = F[z;id] the LCLM
is simply the usual least common multiple in F[z].

Assume fi, fo € Flz;o]\ {0} with §; := deg f1, d2 := deg fo and &; > 3. We can
compute an extended Euclidean scheme in F[z; o] much as we can in F[z]. For 3 < i <
k+1, let fi,q; € Flx; 0] be the quotient and remainder of f;_o divided by fi_1,

fi = fi_g — Qifi—h 51' = deg(fi), 51'_1 > 51' for all ¢ with 3 < ) < k, fk+1 =0.

Analogous to the commutative case we have f;, = gerd(f1, f2). Furthermore, let s;,t; €
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F[x; o] be the multipliers in the extended Euclidean scheme, i.e.,

s1:=1;  s2:=0; 8 :=S8i—2 — ¢iSi—1;
t1:=0; te:=1; i :=ti—2— qiti—1;

sifi +tifo = fi,
for all 4 with 3 <i < k+ 1. It follows by an easy induction on ¢ that forall 3 <i <k+1
deg(si) = 52 — 51'_1 and deg(ti) = 51 — 0i—1-

To obtain the LCLM, note that sg41f1 + tk+1f2 = fiq1 = 0, hence v = sp11f1 =
—tip+1f2 is a common multiple of f; and fo. We see that degv = (d2 — dg) + 01 =
deg f1 +deg fo — deg gerd(f1, f2), which Ore (1933) shows to be the degree of the LCLM.
It must therefore be the case that v = lelm(f1, f2).

A similar presentation of the extended Euclidean scheme (and computation of GCRD’s
and LCLM’s) in skew-polynomial rings may be found in Bronstein & Petkovsek (1994),
Section 1.

LEMMA 2.1. If f1, fo € Flz; 0] withn = deg f1 > deg f2, then we can compute gerd(f1, f2)
and lelm(fy1, f2) with O(n®>M(u)plog p) or O™ (n?u?) operations in K.

PROOF. For3 < i < k+1 we can compute f; with O((6;—2—38;—1)M(p)+;—1 M (1) e log 1)
operations in K. The cost to compute all the f;’s is therefore

> (Sia = 6im1) - 6 a M(u)+0;i 1 M) log o
3<i<k

<D (67— F M)+ > & M(p)plogp
3<i<k 3<i<k
< 6T M(p) + 63 M(p)palog po.
We can compute all s;, for 1 <i < k+ 1, with
D (02— Gis)p+ (6ia—6i1)(J2 — Gi2)M(p) + (82 — 6;—2)uM(p1) log o
3<i<k

< 651+ 03 M (p) log 1+ 6152 M(p).

All t;’s, for 1 < ¢ < k + 1 can be computed with similar cost. Therefore, in total, our
algorithm requires O(n?uM () log i) operations in K. O

A polynomial can also be “decomposed” with respect to LCLM’s as follows. Two
polynomials fi, fa € F[z;0] are co-prime if gerd(f1, f2) = 1. Extending this to more
polynomials, say fi,..., fi € F[z; o] are mutually co-prime if

gcrd(fi7lclm(f17 sy fi—lyfi+17 SRR ) fl)) =1

for 1 <4<, i.e., each f; is co-prime to the LCLM of the remaining components. This is
stronger than the usual pairwise co-primality often seen for F[z], though the two notions
are equivalent in a commutative domain. An LCLM-decomposition of f € F[z; 0] is a list
(f1,---, fi) € Flx; 0! of mutually co-prime polynomials such that f = lclm(fy,..., fi); f
is LCLM-indecomposable if it admits no non-trivial LCLM-decompositions. If fi,..., fi
are also all irreducible if F[z;o], then f is said to be completely irreducible (see Ore
(1933) — he refers to “LCLM-indecomposable” polynomials as simply “indecomposable”
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polynomials). The following result of Ore (1933) captures the uniqueness of polynomial
decompositions in any skew-polynomial ring.

THEOREM 2.2. (ORE, 1933) Let f € F[x; 0] be monic such that f = lclm(f1,..., fi),
where f1,..., fi € Flz;o] are LCLM-indecomposable and mutually co-prime.

(i) If f =lclm(g, ..., gm), where g1,...,gm € Flz;0] are LCLM-indecomposable and
mutually co-prime, then | = m and there exists a permutation ¢ of {1,...,1} such
that deg f; = deg g,(;y for 1 <i <.

(i) If, for 1 < i <1, fi = fi1fi2--- fis;, where each f; ; € Flz;0] is irreducible for
1 <j <si, and f = hihy---hy, where h,..., hy € Flz;0] are irreducible, then
there exists a bijection ¢ from {1,...,k} to {(4,5) |1 <i <1, 1 <j<s;} such that
deg he = deg fo(e) for 1 <e < k.

3. Finding Complete Factorizations

To completely factor any non-constant f € F[x; o], we construct a small finite asso-
ciative algebra 2 over K with the property that each non-zero zero divisor in 2 yields
a non-zero factorization of f. An associative algebra 2l over K is a K-vector space with
a product x:2 — 2 such that 2 is a ring under + and x (we write ab for a x b for
a,b € A). A candidate for 2 is the quotient F[x;o]/F[x; o] f, but it is in general only a
F[x; o]-module, and not an algebra. It is only an algebra when F[x; o] f is a two-sided ideal
in F[z;o]. To regain some of the desirable structure of finite algebras, we follow Cohn
(1985), Section 0.7, and introduce the concept of an eigenring. For notational brevity,
let & = F[z; 0] throughout this section. Define I(Sf) = {u € &| fu = 0 mod f}, the
idealizer of & f. The set I(&f) is the largest subalgebra of & in which &f is a two-sided
ideal. The eigenring E(&f) of & f is defined as the quotient E(Sf) = I(&f)/Sf, a finite
K-algebra since & is an K-algebra and & f a two-sided ideal in I(&f). If deg f = n, the
eigenring F(&f) is isomorphic to the K-algebra

A={uel(&f)| degu<n}={ue&|fu=0mod f and degu < n},

under addition in & and multiplication in & reduced modulo f (i.e., each element in
E(S&f) is represented by its unique residue modulo f). The key facts about E(&f),
which we shall prove in the sequel, are that it is a field if and only if f is irreducible, and
that non-zero zero divisors in E(& f) allow us to compute non-zero factors of f efficiently.

To prove the desired properties of the eigenring we need to characterize the centre € of
&, and the two-sided ideals in &. McDonald (1974), pages 24-25, shows € = K[z#; 0] C &,
the polynomials in 2* with coefficients in K. This follows since the subset of & commuting
with O is F[z#], while the subset of & commuting with z is K[z]. The elements O and
x generate & as a K-algebra, whence K[z#] = F[z#] N K][z] is the centre of &. Letting
y = x*, we identify € = K[y], the usual ring of polynomials over K in the indeterminate
Yy, so in particular, € is a commutative unique factorization domain. The degree (in z) of
any element in ¢ will always be a multiple of u. Clearly, any f € Kly| generates a two-
sided ideal & f . In fact, the two-sided ideals in & are exactly those of the form &( fxg)
for some f € K[y] and s € N. The maximal (non-zero) two-sided ideals in & are Gz, and
&1, where 4 € K[y] \ {y} is irreducible as a polynomial in y. An important characteristic
of the left ideal &f is the largest two sided ideal o it contains, called the bound for & f
(see Jacobson (1943), Chapter 3, Sections 5 and 6). Closely related to the bound for & f
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is the minimal central left multiple f € Ky] of f, the polynomial in K[y] of minimal
degree which is a left multiple of f. Such a polynomial always exists (we show how to
construct it efficiently in Lemma 4.2), and if gerd(f, z) = 1 then o = & f. More generally,
if f = lclm(fy,z®) for some s > 0 and some fy € & co-prime with x and with minimal
central left multiple fo € K[y], then 0 = & - foxs.

We recall some basic facts about associative algebras before we proceed. An algebra
2 is simple if its only two-sided ideals are {0} and 2, and is semi-simple if it is a direct
sum of simple algebras. Next, we summarize some well known facts about finite simple
algebras (see for example Lang (1984), Chapter 17).

Fact 3.1. Let U be a finite, simple algebra of dimension d over K, and let L be a left
ideal in 2.

(i) 2 is isomorphic to E™*™  where m > 1, E is the centre of 2 and a finite extension
field of degree r over K, and d = m?r.

(i) There exist minimal left ideals Ly, ..., Ly, C 2 andl < m such that L = L1 ®- - -®Ly
and A = L1 @ ---® Ly,. Furthermore, each minimal left ideal has dimension rm as
an K-vector space.

(iii) There exist maximal left ideals My, ..., My, C 2 and k < m such that L = My N
"'ﬂMk, Mlﬂ"'ﬂMm = {0}, and Mi—F(Mlﬂ'"ﬂMi_lﬂMH_lﬂ"'ﬂMm) =9
for 1 < i < m. Furthermore, each mazimal left ideal has dimension rm? —rm as a

K-vector space.

A K-algebra of particular interest is % = &/& f, where f € K[y] \ {y} is irreducible as
a polynomial in y. Since & f is a maximal two-sided ideal in &, 2l is a simple algebra.
From &, 2 inherits the property of being a left principal ideal ring. Suppose g1 + & f
and go + 6f are in some left ideal J C 2, where g1, go € &. Then there exist hy, ho € &
such that hig1 + hoge = gerd(g, g2) and

(h1 +&f) (g1 +6&f) + (ha + &f) (g2 + &f) = gerd (g1, 92) + &f € J.

Thus, left ideals are closed under GCRD’s (of their pre-images in &) and each left ideal
J in 2l is generated by some unique g + & f , where g € & is monic of minimal degree.
Since gerd(g, f) + 6f € J and g has minimal degree, g is a right factor of f We call
such a g the minimal modular generator of J. The following lemma relates left ideals in
A with the left ideals in & generated by their minimal modular generators.

LEMMA 3.2. Let J1, Jo C 2 be non-zero left ideals in A, with respective minimal modular
generators g1, g2 € 6.

(i) The left ideal J5 = Jy N Jy in A has minimal modular generator gs = lclm(gy, g2)
if J3 #{0}. Otherwise Js = {0} and f = lclm(g, g2).
(ii) The left ideal Jy = Jy1 + J2 in A has minimal modular generator g4 = gerd(gy, g2).

PROOF. To prove (i) we note that lclm(gr,g2) + &f € Js, so we must show that
lelm(gy, g2) is the minimal modular generator of Js. Suppose h + & f € J3 for some
h € 6. Then h = wig1 = wags modf for some wi,we € &. It follows that since
both g1 and g5 are right factors of f , they are also both right factors of h as well. Thus
h = 0 mod lelm(g, g2), so the pre-image in & of every element in J3 is in & lclm(g1, g2). If
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lclm(gy, g2) # f then lelm(gy, go) is the minimal modular generator of Js. If llm(gy, g2) =
f then J3 = {0}.
To prove (ii), we note

Ji+ Jo = (691 mod &6f) 4 (Sgy mod &f) = (&g + Sgz) mod f = Sumod &,

where u = gerd(g1, g2). Thus v+ & f generates Jy and f = 0 mod u since both ¢g; and
go are right factors of f For any h € & such that h + 6f € Jy, h = Qu mod f for some
Q@ € &, and since u is a right factor of f and Qu, u is a right factor of h. It follows that
u is the polynomial in & of smallest degree such that u + & generates Jy, that is, u is
the minimal modular generator of Jy. O

The next theorem characterizes the LCLM-decompositions of those f € & whose
minimal central left multiples are irreducible as polynomials in y.

THEOREM 3.3. For f € &, the eigenring E(&f) is a (finite) field if and only if f is
irreducible in &.

PRrOOF. If f is irreducible McDonald (1974), Exercise 2.24, shows E(&f) is a finite field.

We now show that if f is reducible then E(& f) possesses zero divisors. If f is reducible
and LCLM-decomposable, then f = lclm(f1, f2), where fi, fo € G\Fand g1 fi+g2fo =1
for some g1, g2 € &. Note that if h = 0 mod f; and h = 0 mod f5 for any h € &, then
h =0 mod f. We now construct a pair of non-zero zero divisors in E(&f). Let hy = ¢1 f1
and ho = go f2, neither of which are equivalent to zero modulo f. Then

fh1=f(1—g2fe) =0mod fo and fh1 = fgi1f1 =0mod fi,

so fh1 = 0mod f. Similarly fhe = 0mod f, so hy,he € I(S&f). Moreover, hihy =
hy —h? = hy — h%, which is equivalent to zero modulo both f; and f2, and hence modulo
f. Thus (h1 + &f)(h2 + &f) = 0mod f and hy + &f and he + &f are non-zero zero
divisors in E(&f).

If f is reducible but indecomposable then Jacobson (1943), Theorem 3.13, shows f=
g¢ € K[y] is the minimal central left multiple of f, where § € K[y] is irreducible as a
polynomial in y and e > 1. If § = y then f = x¢ for some d > 2, and &f is a two-sided
ideal in &. Thus E(&/6f) = 6/6f and z + &f is a zero lelbOI“ in E(G/@f) Now
assume that § # y. The set f + 6f generates a left ideal L in 2 = 6/6f We now
show that e > 1 by contradiction. Suppose that e = 1 so that 2l is simple. Then by
Fact 3.1, there exist maximal left ideals My, ..., M, C 2 such that My N---N My = L
and M; + (MyN---NM;_y N M1 N---N M,,) =2 Since f is reducible we know L is
not maximal so k > 2. Each maximal left ideal M; has an irreducible minimal modular
generator h; € &, for 1 <4 < k. By Lemma 3.2, f = lclm(hy, ..., hi). Moreover, since
Mi+(MnN---NM_1NMi1 NN My) =2for 1 <i<m, we know M; + (M N

N My N Mgy N---N M) =2 for 1 <4 <k, and by Lemma 3.2 it follows that
gerd(hi, lelm(ha, ..y hi—1, higa, .., hy)) = 1 for 1 <4 < k. Thus, hq,..., hi are pairwise
co-prime. In particular, since k > 2, f is decomposable, which is a contradiction. Assume
then that e > 2. Note that g € I(&f) and § # 0 mod f, so the image §+&f € E(&f) of §
in E(&f) is non-zero. Since §¢ = 0 mod f, we see that (§+&f)(§° 1 +&f) =0 mod & f
and E(&f) is not a field. O

Next we show that left zero divisors in 20 = E(&f) allow us to split f.
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THEOREM 3.4. For f € &, if u,v € A\ {0} with uv =0 mod f, then gerd(f,u) # 1.

PROOF. Suppose gerd(f,u) = 1. There exist s,t € & such that sf +tu = 1 and sfv +
tuv = v. But fv =0 mod f and uv = 0 mod f so v =0 mod f, a contradiction. [

The problem of finding complete factorizations in F[z; o] is reduced to the problem of
finding zero divisors in finite algebras by the following algorithm.

Algorithm: Complete-Factorization

Input: f € Flx; o] of degree n;

Output: fi,..., fr € F[z; o] irreducible, with f = fy - - - fi.
(1) Compute a basis for 2 (above) as a K-algebra;
(2) If 2 is a field Then Return f;

Else
(3) Find a non-zero left zero divisor u € ;
(4) Compute h = gerd(f, u) and g € Flz; 0] with f = gh;
(5) Recursively factor g = g1---g- and h = hy - - - hy
with g1,...,9r, h1, ..., hs € F[x; o] irreducible;
(6) Return g1,...,9r, h1,...hs;
End.

The polynomial f € F[x; o] is irreducible if and only if % is a field, and the algorithm
halts correctly in this case. If f € & is reducible then Theorem 3.3 implies 2 is not
a field, and therefore possesses non-zero zero divisors (Wedderburn’s Theorem implies
every finite algebra, whose only zero divisor is zero, is a field). By Theorem 3.4 any left
zero divisor has a non-zero GCRD with f, yielding a proper factorization in step 4. The
algorithm recurses on g and h, each of which has degree less than n. Since there is no
recursion when f is irreducible, the procedure Complete-Factorization will be called
at most n times, each time on a polynomial of degree at most n.

The number of operations in K required by each step is now determined:

Step 1. A basis for 2 can be found as follows. Let W C F[z; o] be the set of all g € F[z; o]
with deg g < n. As a K-vector space W is isomorphic to F[z; o]/F[z; o] f, with basis

{027 | 0<i<p,0<j<n},

and dimension nu. Multiplication on the left by f induces an K-linear map 7" W —
W:if u € W then T'(u) = v = fu mod f, for some v € W. The elements of 2 are
exactly those elements in the null space of T', a basis which is found by constructing
a matrix for T' (an ny x nu matrix over K) and then using linear algebra techniques
to compute a basis for the null space. This matrix is computed by evaluating T’
at each of the basis elements of W, i.e., finding fOfz? mod f for 0 < i < p and
0 < j < n, requiring a total of O(n3uM(u) + n?u?M(u)logu) operations in K.
The linear algebra to find a basis for the null space of T, and hence for 2, requires
O(MM (npu)) additional operations in K.

Steps 2—3. We have not yet shown how to determine if 2 is a field, and if it is not,
produce a non-zero zero divisor in 2(. In Rényai (1987) it is shown that this prob-
lem is reducible, with (nulogq)©(") operations in K, to factoring polynomials in
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F,[x] of degree (nw)?(M) (recall [F : F,] = w). A faster Las Vegas type probabilis-
tic algorithm for this problem is presented in Section 5, and requires O(nuyx +
MM(nu) + M(np)log(np) logq) operations in K, where x operations in K are re-
quired to multiply two elements of 20. A multiplication in 2 can be done with
O(n?*M(p) +nuM(p) log 1) operations in K, so we can determine if 2 is a field, and
if not, find a zero divisor in 2, with O(n3uM(u) + n2u?M(u) log i + MM (nu) +
M(nu)log(nu)log q) or O (n®u? + n?u® + MM(nu) + nulogq) operations in K.

Step 4. The polynomials g and h can be computed with O(n?M(u)ulog i) operations
in K by Lemma 2.1.

As noted above, there are at most n recursive calls, each on a polynomial of degree less
than n. This yields the following theorem:

THEOREM 3.5. Let f € Flx;o] have degree n. The algorithm Complete-
Factorization correctly finds a complete factorization of f in Flz; o], and proves:

(i) the complete factorization problem is deterministically reducible, with
(nplogq)®M) operations in K, to the problem of factoring polynomials in T,[z]
of degree (nw)®™) | and is solvable by a deterministic algorithm requiring (nwp)©)
operations in K.

(ii) the complete factorization problem is solvable by a Las Vegas type algorithm with
O(n*pM(p) 4+ n®pu*M(p) log g + nMM(np) + nM(np) log(np) log q) or O™ (n*p® +
n3u® + nMM(np) +n?plogq) operations in K.

4. Bi-Factorization With Two-Sided Ideals

Finding the minimal central left multiple f € F[y] of an f € F[z; 0] provides the key
to bi-factorization. The following theorem demonstrates how the factorization over K[y]
of f yields a partial factorization of f. Once again, we let & = F[x; o] throughout this
section.

THEOREM 4.1. Let f € Flz;0] and f € Kly] \ {0} be such that f = Omod f. If f =
fi--+ fi for pairwise co-prime fi,...,fi € Kly], then f = lclm(hq,..., h;), where h; =
gcrd(ﬁ, f) for1 <i<l, and hy,...,h; are pairwise co-prime.

PROOF. From the definitions of GCRD and LCLM in Section 2, this theorem can be
restated in terms of ideals: &f = £, N---N L, and

£i+(£1ﬂ"'ﬂ£i_1ﬂ£i+1ﬂ"'ﬂgl) &,

for 1 <i <1, where £ = Sf + &f, = Gh,.

We start by showing that £, N ---N£L; =&f. For any u € &f, we know ©v = 0 mod f
and hence u = 0 mod h; and u € £; for 1 <7 <. Thus 6f C £, N---N L. To show
L1N---NEL CSfassumenw € L1N---N L. Thusuzvif—l—wiﬁ for some v;, w; € 6,
and u = v;f mod ﬁ, for 1 < ¢ < [. We know that 6/6f is isomorphic as a ring to
6/6 fl D --D6/6 fl By the Chinese remainder theorem, since w is a left multiple of f
modulo each f;, u is a left multiple of f modulo f, i.e., u = vf mod f for some v € &.
From this and the fact that f = 0 mod f we see u = 0 mod f, and therefore that u € & f
and £, N---NEL =6f.
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To show that

Ci+E&n--Nng iNngyn---Ng) =6,
for 1 < i <, we observe that 6f=6f1ﬂ---ﬂ6ﬁ,where
Sfi+(Gfin---N&fi 1NSfiyin---NGfi)=6

This follows since K[y ] is a unique factorization domain. Thus, for 1 <7 <, there exists
u; € GBfz and v; € 6f1 ﬂGfl such that uz—l—vz = 1. Since £; D GSfz for1 <1 <1,
we know u; € £; and v; € 21 N---NL_1NLyN---NL,so

lef+(&inN-—-NnganNLipyan---Ng)

6

for1<i:<l]. O

The above theorem is used to get a partial decomposition of f by factoring its minimal
central left multiple f € Kly], as a polynomial in y, into pairwise co-prime polynomials
in K[y] and then taking GCRD’s between f and each of these factors. We now address
the question of finding f.

LEMMA 4.2. Given f € Flx; o] of degree n, we can find the minimal central left multiple
of f with O(n®uM(u) 4 n?p*M(p) log pp + MM(np)) or O™(nPp? + n?p® + MM(np))
operations in K.

ProOOF. First, compute the sequence z* = Q;f + R; for 0 < i < npu, where Q;, R; €
Flx; o] and deg R; < deg f = n. The set of all polynomials in Flz; o] of degree less than
n forms a K-vector space of dimension nu, where each coefficient in F is expanded with
respect to the given basis of F/K. For 1 < ¢ < ny, if

R; = Z Z ’U}jl@é.ﬁj, let Ri = ('LU(LQ,'LUOJ, .. .,w7l_17u_1)t S Kruxd,
0<j<n 0<Ii<p

Since there are nu + 1 polynomials Ry, ..., Ry, there exists a minimal ¢ < ny and
Qo, - . ., o4 € K, not all zero, such that Zogigt o; R; = 0 and hence that Zogigt o; R; = 0.
The minimal central left multiple f of f is then f =a; ! Y o<i<t a; Tt

Let B be the nyu x (nu+1) matrix over K whose ith column is R;_1. Since R; is linearly
dependent (over K) on Ry,..., Ri—1, and Ry = a2 Req—1 mod f, it follows that Ry,
is also linearly dependent (over K) on Ry, ..., R;_1, for ¢ > 0. Thus ¢ = rankB, and if

v = (Oé(),...,Oét,O,...,O) S K"N)
then Bv = 0. Conversely, any non-zero v € K™ of the form

v=(Bo,.--,00,...,0) € KM,

and in the null space of B, yields a scalar multiple ), , Bix? of the minimal central
left multiple of f . Hence we can now solve for the minimal central left multiple of f with
linear algebra over K.

To determine the cost of this algorithm, start by computing X; = x’ mod f with
deg X; < deg f, for 0 < i < n + pu — 1; this can be accomplished with O(n?uM(u) +
np?M (1) log 1) operations in K. Now for any

Z bixi

0<i<n
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with bg,...,b,_1 € F, we know
hg = Z bttt = Z b; X+, mod f.
0<i<n 0<i<n

Using the fact that R; = z*R;,_1 mod f for ¢ > 0, we can compute R; from R;_1
as an F-linear combination of X, ..., X, 1n_1, with O(n?u) operations in F. Finding
Ro, ..., Ry, then takes O(n®uM(p)) operations in K, and the linear algebra to compute
f from Ry, .. ., Ry, requires an additional O(MM(nu)) operations in K. O

The next lemma characterizes the LCLM-decompositions of those f € F[z; o] whose
minimal central left multiples are irreducible as polynomials in y.

THEOREM 4.3. Let f € Fla;0] and f € Kly] the minimal central left multiple of f with

degf = nu. If f is irreducible as a polynomial in y and f = gh for some irreducible
h € Flz; o], then degh = n.

PRrROOF. If f = y = z# then n = 1. The only irreducible right factor of f in this case is
x, which has degree 1.

Assume then that f # y. The quotient A = & /6 f is a simple algebra (since & fis
a maximal left ideal in &) of dimension nu? over K. By Fact 3.1, for some m > 1, A
is isomorphic to the ring of all m x m matrices over the centre E of A, where E is an
extension field of K. If [E : K] = r, then nu? = rm?.

The centre E of A is simply the image of K[y] in A. To see this, let g € & and g its
image in A. If g € K[y] then g is certainly in E. Conversely, if § € E, then we may assume
degg < deg, f , 1.e., we choose the polynomial of least degree in & which is equivalent
to g modulo f Now gOF — Opg = 0 modf and gr — xg = 0 mod f, since ¢ is in the
centre of A. The degrees of gOf and Opg are both less than deg, f, S0 gOF — Opg = 0,
which is only true if g € F[2z#]. Assume now that g > 2 (if p =1 then & = F[z] and the
theorem is trivially true). Since g € F[z#] it has degree less than ny— 1 and both gz and
xg have degrees less than nu, whence gr — xg = 0. The elements x and O generate &
as a K-algebra, and since g commutes with both of them, g must be in the centre of &.
Therefore the centre E of A is the image of K[y] in A, and has degree n over K. It follows
that r = [E: K] =n, m = pu, and A X EFXH,

Maximal left ideals in A are exactly those whose minimal modular generators are
irreducible in &. In particular, the left ideal generated by h + & is maximal. By Fact
3.1, each maximal left ideal in A has dimension nu? — nu as a K-vector space. Since the
left ideal in A generated by h 4+ & is equal to the set of left multiples of i of degree less
than nu, reduced modulo f , it has dimension nu? — ndegh as a K-vector space. Thus
degh=n. O

A distinct degree factorization (in K[y]), of the minimal central left multiple f of
f € Flx; o], yields the degrees of all factors in any complete factorization of f as shown
in the next theorem and its corollary.

THEOREM 4.4. Let f € Flz; 0] and f € K[y]\{0} be such that f = 0 mod f. Furthermore,
suppose f = §¢ for some § € K[y]\{0} and e > 1, where j is irreducible as a polynomial in
Klyl, and deg,, § = du. Then for all complete factorizations f = f1--- fi, with f1,..., fi €
Flx; o] irreducible in Flz; o], we have deg f; = d.
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PROOF. Suppose f = fi1--- fi, where fi,..., fi € Flz;0] are irreducible. We proceed
by induction on k. If & = 1, then Jacobson (1943), Chapter 12, Theorem 13 shows
e = 1, and by Theorem 4.3, deg f; = d. Assume that the theorem is true for complete
factorizations with fewer than k irreducible factors. The minimal central left multiple of
fr must be irreducible as a polynomial in y and must divide §¢, whence ¢ = 0 mod fj.
By Theorem 4.3, deg fr = d. Moreover, by Jacobson (1943), Chapter 12, Theorem 12,
g°=0mod f;--- fx—1, so by induction then deg f; = ---=deg fr_1=d. O

COROLLARY 4.5. Let f € Flz;0] and f € K[y \ {0} be such that f = 0mod f. Further-
more, suppose f = 7' Gs> - - g;' whereey,...,eg > 1 and g1,...,q € Kly| are distinct and
irreducible as polynomials in K[y], all with the same degree du in x. Then for any complete

factorization f = f1 -+ fi, with f1,..., fi € Flz; 0] irreducible, we have deg f; = d.

PRrROOF. By Theorem 4.1 we know f = lclm(hq,...,h;), where h; = gcrd(ff",f) for
1 < 4 < [. Since ff = 0mod h; for 1 < i < I, we know by Theorem 4.3 that every
complete factorization

hi = hi1hig---his;,
where each h; ; € & is irreducible, is such that degh; ;j =dfor 1 <j <s;and1 <7 <.
Theorem 2.2 implies that if

f=rffr
where f1,..., fr € © are irreducible, then deg f; =dfor 1 <i¢<k. O

Corollary 4.5 yields an efficient reduction from the bi-factorization problem to the
complete factorization problem.
Algorithm: Bi-Factorization
Input: f € Flz; 0] and s < deg f = n;
Output: g, h € Flx; o] with degh = s, and f = gh, or a message that no such h exists;

(1) Compute the minimal central left multiple f € K[y] of f;

(2) Find a distinct degree factorization of fas f= fifor fn, where f; € Kly] is
such that if § € K[y] divides f;, and § is irreducible as a polynomial in K[y], then
deg, g =i, for 1 <7 < n (some f;’s may have degree zero).

(3) Find h; = gerd(f;, f) € Flz; 0] for 1 < i < n. Assume deg h; = ie; for some e; € IN;

(4) Factor each h; completely in Flz; o] as h; = h;1h;2- - hie,, where degh; ; = i for
1<j<e,and1<i<n;

(5) Determine if there exists a set di,...,d, € N with d; <e; for 1 <i < n, such that
ZO§i§n id; = s;

If such dy,...,d, exist then return g,h € Flz; 0], where h = lclm(hy, ha, . .., By,
and hy = hje,—di+1Riei—dit2 - Rie, for 1 <4 < mn, and g € F[z;0] is such that
f=gh;
Otherwise, return “f has no right factor of degree s in F[z;0]”;

End.

Any pair g,h € F[z;0] produced by the algorithm has degh = s and f = gh, and if

such a bi-factorization exists, this algorithm produces one. To see the former, we note
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that by Theorem 4.1, f = lclm(hq, ..., hy), where h; = gcrd(ﬁ, f) as computed in step 3.
By Corollary 4.5, all complete factorizations of h; = hj 1R 2 - - - hi e, into irreducible h; ; €
Flz; 0], are such that degh; j =ifor 1 < j<e and 1 <i<n.Ifh= lelm(hy, . .., hy),
then Theorem 2.2 implies deg h = s. The computed h is a right factor of f since each h;
is a right factor of h; and each h; is a right factor of f for 1 <14 < n.

If f = ww for some u,v € Flz; o] and degv = s, this algorithm finds some right factor
h of f of degree s. Suppose v = v1vg - - vy, with vy, ..., v € F[x; o] irreducible. If exactly
d; of the factors vy, ..., v; have degree i for 1 < ¢ < n, then d; < e; by Theorem 2.2.
Hence h = lclm(hq, ..., h,), computed in step 5, has degree s.

The the number of operations required by the algorithm Bi-factorization is now
determined.

Step 1. Computing the minimal central left multiple of f requires O(n3uM (11)+MM (nu))
operations in K by Lemma 4.2.

Step 2. Distinct degree factorization can be computed with O(M (nu)-M(\/np)-\/nplogn
+M(nu)logq) operations in K, using the algorithm of von zur Gathen & Shoup
(1992).

Step 3. Use the fact that if v = v mod f then gerd(f,u) = gerd(f,v), for any u,v €
Flx; o]. During the computation of the minimal central left multiple f in step 1
we found R; = z* mod f, where deg R; < deg f for 1 < j < nu. Each polyno-
mial f; mod f is then just a linear combination of the R;’s, so we can compute
fi mod f, f mod f, ..., f, mod f within the time required for step 1. The required
GCRD’s can now be computed with O(n®M(u)ulog i) operations in K.

Step 4. Completely factoring n polynomials in F[z; o] of total degree n is accomplished
by the algorithm Complete-Factorization of Section 3. The cost of completely
factoring n polynomials in F[z;o] of total degree n is at most the cost of com-
pletely factoring a single polynomial in F[xz; o] of degree n. By Theorem 3.5 this
can be done with a (Las Vegas) probabilistic algorithm requiring O(n*uM(u) +
n3u?M(p) log 1+ nMM(nu) + nM(np) log(nu) log q) operations in K. By the same
theorem, this problem is deterministically reducible, with (nulog p)°M operations
in K, to the problem of factoring univariate polynomials in IF, [x] of degree (nu)°™).

Step 5. Determining if dy, ..., d, exist, and finding them if they do, while not performed
with K-operations (and hence not really “counted” in our model of computation),
can be accomplished efficiently with a simple dynamic programming algorithm. The
LCLM can be performed with O(n?M(u)ulog 1) operations in K.

THEOREM 4.6. Let f € Flz; o] have degree n and s < n. The algorithmbi-factorization
above correctly solves the problem of determining if there exist g, h € F[x; o] with f = gh,
and deg h = s, and if so, find such g, h, and proves:

(i) the bi-factorization problem is deterministically reducible, with (nulogq)®™ oper-
ations in K, to the problem of factoring polynomials in F,[z] of degree (nw)°™),
and is solvable with a deterministic algorithm requiring (nwp)o(l) operations in K;

(ii) the bi-factorization problem is solvable by a probabilistic algorithm with
O(n*uM(u) + n3u?M(p) log i + nMM (nu) + nM(nu) log(nu) logq) operations in
K.
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5. A Fast Algorithm for Finding Zero Divisors

Let 2 be any finite dimensional associative algebra (with identity) of dimension v over
a finite field K = F,, where ¢ is a power of a prime p. 2 is described computationally
as a K-vector space with a basis B = {wy,...,w,} C 2. A representation of 1 € U is
assumed to be supplied. Addition in 2 is component-wise and a “black box” algorithm
for multiplication in 2, which requires x operations in K, is assumed to be provided.

Our algorithm is based on finding and factoring the minimal polynomial of a randomly
selected element a € 2, then evaluating one of these factors at a. Recall that the minimal
polynomial mingk (b) € K[z] of b € 2 is the monic polynomial f € K[z] of minimal degree
such that f(b) = 0. It does not depend on how 2! is represented as an extension of K,
and has degree at most dim 2 = v.

Algorithm: FindZeroDivisor
Input: an algebra 2 of dimension v over K (see above);
Output: by, be € A\ {0} with b1b2 = 0, or a report that 2 is a field, or failure;
(1) Choose random a1, as € ;
For b € {a1, agz, a1az — aza;} \ {0} Do

(2) Compute f = mink(b) € K[z];
(3) Factor f in K[z];
If f is reducible with f = gh for g, h € K[z] \ {0}
(4) Return g(b), h(b);
Else if deg f = v (and f is irreducible)
(5) Return “2 is a field (and has no zero divisors)”;
End For;
(6) Return “Failure”;
End.

To see that the algorithm is correct, examine two cases: when 2 has non-trivial zero
divisors, and when 2l is a (finite) field. These cases are sufficient by Wedderburn’s The-
orem (see Lidl & Niederreiter (1983), Section 2.6) which shows any finite algebra whose
only zero divisor is zero, is a (commutative) field. If 2 is not a field, let b € 2 have a re-
ducible minimal polynomial f € K[x] (we shall show that there are many such elements).
Factoring f = gh, for some g, h € K[z] \ K, yields f(b) = 0 = g(b)h(b), and g(b), h(b) are
non-zero since f is the minimal polynomial of b. If some b € 2l has a minimal polynomial
f € K[z] which is irreducible of degree v, then 2l = K[b] and K]b] is isomorphic to the
finite field K[z]/(f) = Ky under the isomorphism mapping b to z mod f.

While determining the complexity of this algorithm, assume failure probability o < 1.
In Theorems 5.2 and 5.3 and 5.9 below, we show that in fact ¢ < 8/9. Computing f in
step 2 can be accomplished by first computing the sequence 1,b,b2,...,b" € 2, requiring
O(vy) operations in K. Using linear algebra f can then be found with O(MM(v)) addi-
tional operations in K. Factoring f can be done using the Las Vegas type probabilistic
algorithm of Berlekamp (1970), with O(MM(v) + M(v) logv log q) operations in K. Eval-
uating g(b) and h(b) in step 4 can be done with O(v?) operations in K, using the powers
of b computed in step 2. We have shown the following.
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THEOREM 5.1. Let 2 be an algebra with dimension v over K = ;. The algorithm
FindZeroDivisor requires O(vx + MM(v) + M(v)logvlogq) operations in K to deter-
mine whether A is a field extension of K, or to produce by,be € A\ {0} with bibs = 0. It
requires as additional input (to the description of ) two randomly selected elements of
A and fails with probability o < 1.

The proof that the probability of failure o satisfies ¢ < 8/9 for any algebra 2 is quite
involved, the hardest case being when 20 has a non-trivial zero divisor. In the course of
the proofs that follow, we will need both upper and lower bounds for the number of
irreducible polynomials of a fixed degree over a finite field. Let A € N be a prime power
and Za(n) C Falz] the set of monic irreducible polynomials in Fa [z] of degree n, and
Na(n) = #Za(n). By Lidl & Niederreiter (1983), Exercises 3.27 and 3.28,

AP A An/Q -1 A" — A
—_— < NA(n) < .

n A—1 n - n

(5.1)

First, consider the case when 2 is a field extension of K.

THEOREM 5.2. Let 2 be field of dimension v over K. The algorithm FindZeroDivisor
with input 2 reports that A is a field with probability at least 1/4 and reports “failure”
with probability at most 3/4.

PROOF. An element b € N always has a minimal polynomial of degree dividing v, since
K[b] is a subfield of 2, and [K[b] : K] divides [2 : K]. The elements b € 2 such that
deg mink (b) = v are exactly those that satisfy an irreducible polynomial in K[z] of degree
v, and v distinct elements of 2 satisfy each such polynomial. Applying (5.1),

¢ g Pl (o, Pl ¢
v g—1 v 2v (g—Dgv=1) = 20’

where it is easily verified that (¢*/2 —1)/((¢ — 1)¢*~") < 1/2. The number of b € 2
satisfying irreducible polynomials in K[z] of degree v is vNy(v) > v - ¢"/(2v) = ¢" /2.
Thus, the number of b € 2 with degmink(b) < v must be less than ¢/2, so o < 1/4
since we choose two elements b € 2 independently and test each of them. O

Now let 2 be an algebra with at least one non-trivial zero divisor, i.e., 2{ is not a local
algebra. We call an element b € 2 reducible over K if its minimal polynomial in K[z] is
reducible, and irreducible over K otherwise. Define

A(R) = #{b € 2| b is irreducible over K},

The failure probability of FindZeroDivisor is at most (A(2l)/¢”)?, ignoring for now the
possibility that b = biby — boby yields a zero divisor of 20 (this is only used when 2 is
a local algebra over 2, that is, when 2/rad(2l) is a (finite) field, where rad(2l) is the
Jacobson radical of 2 — see Theorem 5.9 below).

THEOREM 5.3. Let 2 be an algebra of dimension v over K which is not local and possess
a non-trivial zero divisor. The probability o that the algorithm FindZeroDivisor fails to
find a non-trivial zero divisor in A is at most 8/9.
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We begin by proving two theorems dealing with significant special cases. In Theorem
5.7 we bound p for 2l simple, and in Theorem 5.8 for 2l semi-simple.

For now, assume that 2 is simple and therefore isomorphic to a full matrix algebra
E™" of all r x r matrices over some algebraic extension field E O K (see Lang 1984,
Chapter 17). We set u = [E : K], so E 2 Fy. and v = pr?.

Let a € 2 and B € E™" its image in E"". The minimal polynomial in K[z] of
a € 2 is the monic f € K[z]\ {0} of minimal degree such that f(B) = 0. This minimal
polynomial is intimately related to the minimal polynomial g € E[z] of the matrix B:
f is the monic polynomial of smallest degree in Klz] \ {0} such that g|f. We write
f = mink(B) € K[z] and g = ming(B) € E[x]. Theorem 5.7 is proved by showing that
for at most a constant fraction of matrices B € E™*" that ming (B) is irreducible in K]z].
First, we show that every matrix in E™" similar to a companion matrix is similar to at
least qqu —#r(1—g=#)a"/(¢"=1) distinct matrices. This implies that a substantial fraction
of all matrices in E"*" are similar to companion matrices in E"*". We then show that for
most matrices similar to companion matrices that their minimal polynomials in K[z] are
products of at least two distinct irreducible factors.

LEMMA 5.4. Let r > 2 and B € E™*" be such that g = ming(B) and degg =r. Then B
s similar to at least q”’"g_’” (1 — g~ /@ =) distinct matrices in ET™", exactly one
of which is a companion matriz.

PROOF. Matrices in E"*" whose minimal polynomials in E[z] have degree r are exactly
those similar to the companion matrix of their minimal polynomial. Since the minimal
polynomial is the only invariant factor if it has degree r, it completely characterizes the
similarity class. Since no two distinct companion matrices are similar, we know that B
is similar to exactly one companion matrix.

It is well known (see, for example, Hodges 1958) that the number of matrices similar
to a given matrix B € E"*" is the total number L(E, ) of non-singular matrices in E"*"
divided by the number of non-singular matrices in E™" which commute with B. In the
case of a B € E™*" with degming(B) = r, it is shown by Gantmacher (1990), Section
8.2, that the only matrices commuting with B are in E[B], whence there are ¢*" of them.
From (Dickson 1901, Part II, Chapter 1), we have

cEn =[] @ - =a"" T] 0 -1/a")

0<i<r 1<i<r

We bound [[;,,.(1 - g~ ") from below by considering its logarithm

i 1 1 1 1
log [[ =g = - > qumj:_;}'quj_1 (l_qujr>
V-

1<i<r 1<i<rj>1
1 wnj 1 q"/(g"-1)
> Y 1210g(1—7> :
i>1 J9 977 — q

O

LEMMA 5.5. The number of monic g € E[z] of degree r > 2 such that the f € K[z]\ {0}
of smallest degree with g | f is irreducible in Klz], is less than (3/4) - ¢"".

PROOF. The proof is broken into two parts: when r > 3 and when r = 2.
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Assume r > 3. We prove that the number of monic g € E[x] of degree r > 3 such that
g = g1g2 where g1 is monic, irreducible and r/2 < deg g1 < r is greater than ¢"" /4. Since
any g € E[z] has at most one such factor g1, f is reducible for such g (f has roots in two
distinct extension fields of E). The exact number of such g is

1 q* 1
pr—pl ur e —
q > Np() > q > (l 71 l-qul/2>

r/2<l<r r/2<l<r

9 q" qu/2 qm“/4—u/2 -1
_;qﬂ—qu/Q—l qﬁ”'/2

> q"" /4,

Th

except possibly when 3 < r < 14. We use the Euler summation formula and (5.1). e
Ny (1)

lemma is easily verified when 3 < r < 14 by explicitly expanding ¢*"—# Y
as a polynomial in g*.

When r = 2 the above approach does not work since no such factors g; exist in the
desired degree range. In this case, g is either irreducible in E[z] or it factors into two
linear factors. When g is irreducible then f is irreducible and there are Ngu(2) such g.
Suppose g factors, and each of these factors divides an irreducible f € K[z]. It must be
the case that f factors completely in E[z], thus s = deg f divides u. Moreover, for each
irreducible f € K[z] of degree s, there are (;) distinct ways of choosing 2 factors of f in
E[x] to form a g € E[x] with this (irreducible) minimal degree multiple f € K[z]. Thus,
the total number of g € E[z] of degree 2, such that the minimal degree f € K[z] with
g| f is irreducible in K[z] is

r/2<l<r

s(s—1) _ ¢* ¢°(s —1)

sln sln

20 n _ s _ 2 13 _ s _

q q"(n—1) ¢(s-1) _¢q q"(n—1) (s —1)
= — —_— < —

s vt 7 > 5 St o5t >

slp 1<s<p/2
1<s<p/2

_e =) a2t g P 2g 3¢

2 2 (q—1)2 4 =4

using (5.1) and elementary calculus. [

ETXT

We combine Lemmas 5.4 and 5.5 to count the number of matrices in whose

minimal polynomials in K[z] are irreducible in K[z].

THEOREM 5.6. The number of matrices in E™*" whose minimal polynomials in K[x] are
reducible is greater than q”T2/16.

PROOF. By Lemma 5.5 there are at most 3¢*" /4 polynomials g € E[z] of degree r such
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that the f € K[z]\ {0} of least degree with g| f is irreducible in K[z]. Hence there are
greater than ¢#”/4 such that f is reducible. A matrix in E"*" similar to a companion
matrix of such an g will have a reducible minimal polynomial in K[z]. By Lemma 5.4 a
companion matrix Cy; € E"™*" of such a g is similar to at least g (1 =1 /gr)a /(@ =1
distinct matrices in E™"*™, of which Cj is the only companion matrix. Thus there are at

least
pr? q"/(¢"-1)
T . (1 - i) >1/16
4 q*

matrices in E™*" with reducible minimal polynomials in K[z]. O

THEOREM 5.7. If 2 is a simple algebra of dimension v over K which is not a field. Then
A@) < (15/16) - ¢*.

PRrROOF. The number of irreducible a € 2 is equal to the number of B € EQ’"X’“ with
ming(B) € K[z] irreducible in K[z]. By Theorem 5.6 this is at most 15/16 - ¢"". O

THEOREM 5.8. If A is a semi-simple algebra of dimension v over K which is not local,
then A(L) < 15/16 - ¢".

Proor. If 2 is simple then Theorem 5.7 implies that this theorem is true, so assume 24
is not simple. The Wedderburn Decomposition Theorem (see Pierce 1982, Section 3.5)
yields a decomposition of 2 as

AU U B ... DU,

where 2; is a simple algebra of dimension v; > 1 for 1 <4 < k. This is also a decomposi-
tion of 2 as an K-vector space, so v = vy +vs +- - -+ 1y, with k > 2 since 2l is not simple.
Each simple component 2, is isomorphic to E;**"*, where E; is a finite extension field of
K. Under this isomorphism, each b € 2 has an image (b1, ...,b;) € A1 BAD. . .PAUy, and
ming (b) = lem(ming (by), ..., mink(bg)). It is clear that A(A) < A(A)ARL:) - - AAx),
since the minimal polynomial of an element of 2l is a power of an irreducible only if
the minimal polynomial of each of its components in 41,2, ..., is a power of an
irreducible (in fact, each component must be a power of the same irreducible, which is
not reflected in this inequality). We consider two cases in this proof:

Case (i): Uy, 2y, ..., AU, are all fields. Here 1y = ro = ... = r;, = 1, and the minimal
polynomials of all elements in 2 will be squarefree. Hence, we need only consider
the case when the minimal polynomial is irreducible. We consider 2; = [Fy»1 and
Ay = Fyvo , and show that at most half the elements of 2l; @ 2> have an irreducible
minimal polynomial.

Start by determining the number of elements of 2; &2(s annihilated by a single
irreducible polynomial in Kz]. If b € 2 and ming(b) is irreducible over K, then
ming (b1) = mink(b2), since the minimal polynomial of a field element is always
irreducible. Thus K(b1) and K(b2) are isomorphic as fields, and d = deg ming(b) di-
vides both 14 and v, since K(b1) C 2y and K(b2) C s. In particular d| ged(vy, v2).
Any one irreducible f € K[z] of degree d has d? roots in 2; & 2s.

We now count the number of elements a € 201 ® s for which there exists a monic
irreducible f € K[z] with f(a) = 0. If d € N divides ged(v1,v2), exactly d2N,(d)
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elements in 20 @ Uy are annihilated by polynomials in Zk(d). On the other hand, if
d t ged(v1, v2) then no element of A; @A is annihilated by an irreducible polynomial
of degree d in K[z]. Making use of the fact that >_; , dNy(d) = q" for any t > 1
(see Lidl & Niederreiter 1983 Corollary 3.21),

AR @)= > d°Ny(d) <min(vi,1) Y dN,(d)

d| ged(vi,v2) d| min(vy,v2)
< min(vy, Vg)qmin(yl’yg) <15/16 - ¢* min(vi,v2) < 15/16 - ¢"1 172,

using the easily proven fact that z < 15/16 - ¢* for all z > 1. Finally,

AR <AL @ )ARs B ... & Ak) < AR B AUg)g" ™72
< 15/16- (¢ 1¥2) . ¢ "2 =15/16 - ¢”.

Case (ii): At least one of y,Us, ..., 2 is not a field. Without loss of generality
we can assume that 20y is not a field. Thus 203 = E7**"™ | where r; > 2, and E; is
an extension field of K. By Theorem 5.7, A(2(;) < 15/16 - ¢**, and

AR) < A@DA®RL) - AR) < AR1)g" ™ < 15/16-¢" - ¢ =15/16 - ¢".

O

The proof of Theorem 5.3 is completed by showing its validity when 2 is not semi-
simple or local.

PROOF. [of Theorem 5.3] If 2 is semi-simple, Theorem 5.8 implies that the theorem is
true, so assume 2 is not semi-simple, i.e., rad2l # {0}.

The Jacobson radical of 2 is a nilpotent subalgebra of 2; that is, for all ¢ € rad2l the
minimal polynomial of ¢ in K[z] is a power of z. By the Wedderburn-Malcev Principal
Theorem (see McDonald 1974, Theorem 8.28) 2 = & + rad®(, where & = 2/rad2 is a
semi-simple subalgebra of 2, and & Nrad?A = {0}. Thus, every a € 2 can be written
uniquely as a = b+ ¢, where b € & and ¢ € rad2l. If a has minimal polynomial f € K[z],
observe that

0=f(a) = fb+c)=fb) + [f(b+c) - f)],

and since every term in the expansion of (b+c)® — b® for i > 1 contains a positive power
of ¢, so too does every term in the expansion of f(b+c¢) — f(b). Since rad?l is an ideal in
A and ¢ € rad?, f(b+c¢) — f(b) € rad¥. Thus f(b) = 0.

If & has dimension 7 > 0 over K, and is not a field, then the number of elements of
& whose minimal polynomial over K is irreducible is at most 15/16 - ¢ by Theorem 5.8.
The minimal polynomial of an a € 2 is irreducible in K[z] only if the minimal polynomial
of its component in & is as well, whence

AR) <15/16-¢" - ¢V~ 7 =15/16- ¢".
The probability g of failure is then at most (15/16)? < 8/9. O

Now consider the case when 2l is a local algebra over K, of dimension v.



22 Mark Giesbrecht

THEOREM 5.9. Let 2 be a local algebra of dimension v over K which is not a field. If A
is commutative then the probability o that the algorithm FindZeroDivisor fails is less
than 1/4. If 2 is non-commutative then o < 3/4.

PRrROOF. First we prove A(2) < ¢¥/2 when 2 is commutative. The Wedderburn-Malcev
Principal Theorem gives a decomposition 2 = & + rad(2), where & is a subalgebra of
20 isomorphic to 2A/rad(2), and & Nrad(A) = {0}. Since A is local, & is a finite field of
dimension 7 over K, say & = [F;- for some 7 > 1. The algebra 2l possesses a non-trivial
zero divisor, so it is not a field and rad(2l) # {0}. Let k£ > 1 be the nullity of rad(2), the
smallest integer k such that rad(2)* = {0}.

For any a € 2, suppose f = mink(a) € Klz] is irreducible of degree n. We prove
this implies a € &. Consider the subalgebra K[a] C 2. The minimal polynomial of a
is irreducible so K[a] = Fyn is a field extension of K, and by Fermat’s Little Theorem
a?" = a. Let

— ] to > =
t gl;ré{q _k:andto_Omodn},
and consider the K-linear ring morphism ¢ : 2 — 2 defined by ¢(z) = 24" for any z € 2.

Since ¢ = 0 mod n, we know ¢(a) = a? = a?" = a. Suppose a = b+ ¢ with b € & and
¢ € rad(?). Then

a=¢(a) = ¢(b+c) = ¢(b) + d(c) = b7 +c* =7,

since ¢' is greater than the nullity of rad (%) so ¢?" = 0. This implies a € & since a = bt
and & is a subalgebra of . Thus, the only elements of 2 with irreducible polynomials
are those in &. Since & C 2 it follows that A(A) < ¢"~' < ¢¥/2.

When 2 is non-commutative we note b = ajas — aza; € rad(2l) since 2/rad(2) is a
(commutative) field. Hence the minimal polynomial of b is 2 for some i > 1, and i > 2
if b # 0. We must show that at least ¢?”/4 pairs a1,az € 2 satisfy ajas — aza; # 0.
The centre € of U is a subalgebra of 2 with at most ¢! elements since 2 is non-
commutative. For every a; € 2\ €, the nullspace of the linear map ¢:2 — A defined
by ¢(r) = ajz — ra; has at most ¢“ ! elements since a; # €. Thus there are at least
(¢" — ¢~ 1)? pairs a1, az € A with ajaz — aza1 # 0, and (¢* — ¢*~1)?/q?” > 1/4, so the
probability ¢ of the algorithm failing is at most 3/4. O

For any algebra 2(, the failure probability ¢ of the algorithm FindZeroDivisor is
bounded by ¢ < 8/9, using Theorem 5.2 when 2 is a field and Theorems 5.3 and 5.9
when it is not. This yields the following corollary to Theorem 5.1.

COROLLARY 5.10. (TO THEOREM 5.1) Let 2 be an algebra of dimension v over K =TF,,.
The algorithm FindZeroDivisor requires O(vx + MM(v) + M(v) logv log q) operations
in K to determine whether 2 is a field extension of K, or to produce by, be € A\ {0} with
biby = 0 (where x is the number of operations in K required for a single multiplication
in ), or to fail with probability at most 8/9.

6. Application to the Functional Decomposition of Polynomials

The problem of functionally decomposing polynomials has received considerable atten-
tion recently, and there exist a number of classes of polynomials for which no polynomial-
time solution has been found. We consider such a class — the linearized or additive
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polynomials — and show that it is isomorphic (in a computationally trivial way) to
a skew-polynomial ring. This allows us to employ our algorithms for complete and bi-
factorization in skew-polynomial rings to obtain very fast algorithms for the functional
decomposition of linearized polynomials.

The linearized polynomials over F, in an indeterminate A, are those of the form
D o<i<n a;\P" (where ag,...,a, € F). The set Ag of all linearized polynomials in F[)]
forms a ring under the usual polynomial addition (+), and functional composition (o) —
if f,g € Ar with

F= 0 ', andg= Y bN, them fog=f(g(N) = D D adf N

0<i<n 0<5<r 0<i<n 0<5<r

Now consider the skew-polynomial ring F[z;], where ¢(a) = a? for any a € F and
xa = aPz for all a € F. This skew-polynomial ring is isomorphic to the ring Ar under the
map ®: Ar — F[x; 1], which acts as the identity on F and sends N to xt for i >0 (see
McDonald (1974), Theorem 2.13). Note that if f € Ag, then deg ®(f) = log,(deg f), so
this isomorphism removes some of the “sparseness” of linearized polynomials. Computa-
tionally, ® just maps between two interpretations of the input, and is free of charge.

The functional decomposition problem for general polynomials in F[\] comes in two
flavours analogous to our complete factorization and bi-factorization problems for F|x; o].
Given a polynomial f € F[A] of degree N, the (functional) complete decomposition prob-
lem asks for functionally indecomposable f1,..., fi € F[A] such that f = fi0---0 f (any
h € F[A]\ F is functionally indecomposable if all its bi-decompositions contain a linear
composition factor). When p 1 N, the so-called “tame” case for complete decomposition,
fast deterministic algorithms for complete decomposition are presented in von zur Ga-
then et al. (1987). When p | N, the “wild” case, an algorithm of Zippel (1991) apparently
solves the complete decomposition problem in time (deg f)°(*) | although the exact run-
ning time is not calculated. All polynomials f € Ag have degree p™ for some n € N, so
the complete decomposition problem for linearized polynomials is certainly in the wild
case. Given f € F[A] and S € N, the (functional) bi-decomposition problem asks if there
exist g, h € F[A] such that f = goh and degh = S, and if so, find such g, h. The tame
case, when p { (N/S), is solved efficiently in von zur Gathen et al. (1987). When p| (N/S),
the wild case, no algorithm is known to solve this problem in time (deg M though a
partial solution is provided in von zur Gathen (1990b). All non-trivial bi-decompositions
of linearized polynomials fall into the wild case, since, if f € Ag and f = g o h for
g, h € F[A], then Dorey & Whaples (1974) show that deg g = p” for some r € N.

When f € Ag, we can solve both the bi-decomposition and complete decomposition
problems using our algorithms for complete factorization and bi-factorization in Flz; ).
The key observation is that we need only consider decompositions of f € Ag into lin-
earized polynomials: Dorey & Whaples (1974) show that if f = f; o --- o f, for any
fi,---, fr € F[)], then there exist fi,...,fx € Af such that f = f; o---0 fx and
deg f; = deg f; for 1 < i < k. A complete decomposition of any f € Ar of degree p»
can be found by finding a complete factorization of ®(f) in F[x;)]. Similarly, the bi-
decomposition problem on input f € Ar of degree p™ and S € N, is equivalent to the
bi-factorization problem in F[z;] on inputs ®(f) € F[z;¢] and log, S.

THEOREM 6.1. Let f € Ag have degree N = p™ and S = p® < N, where F = F,u for
some prime p € N and w > 1. We can produce a complete decomposition of f in Ag, and
determine if there exist g, h € Ag such that degh =S and f = goh, and if so, find such



24 Mark Giesbrecht

g, h, with a deterministic algorithm requiring (nwp)o(l) operations in I, or a probabilistic
algorithm requiring O(n*wM(w) + n3w?M(w) log w + nMM (nw) + nM (nw) log(nw) log p)
operations in IF,.
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