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Abstract

We present an efficient and accurate reconstruction technique for computed tomography (CT) images from a
geometrically unconstrained set of ray sums. Current CT-scanners are immobile. However, a new era in x-ray
production could usher in new, lightweight, flexible and portable x-ray devices. The proposed device, currently
under development, is envisioned as a flexible band with tiny x-ray emitters and detectors attached. The device is
to be wrapped around an appendage and an image obtained. Such a device would be desirable as it can increase
the speed of medical diagnosis. To evaluate the feasibility of reconstructing a CT image from such a device, a
simulation testbed was built to generate simulated CT ray sums of a test image. This data was then used in our
reconstruction method, which involves slotting each ray sum onto a grid of data what represents what would have
been acquired by a parallel-beam CT scanner. Once in that form, Filtered Back Projection can be used to perform
the recostruction. Observation of sample reconstructions, as well as quantitative results, suggest that this simple
method is efficient and effective.

I. INTRODUCTION

Computed tomography (CT) is a medical imaging technology that uses many small x-ray images to reconstruct
a view of the internal structures of an object without physically probing the interior. Most research in the field
of computed tomography reconstruction focusses on techniques for efficient and accurate reconstruction for CT
scanners with a specific geometry. Fan-beam and cone-beam scanners acquire images in a very controlled setting,
with regularly spaced detectors and gantry positions [1]–[3]. The reconstruction techniques used are effective and
efficient, but designed specifically for the geometry of the scanner.

This paper focusses on efficient and accurate CT reconstruction for a device that lacks the same kind of
geometrical specificity. The device we have in mind is a flexible material laced with tiny x-ray emitters and
detectors. Nanotechnology is at a point where carbon micro-tubules can be used to create x-rays. We anticipate that
soon these emitters will be embedded in a flexible sheet or fabric. Interleaved with these emitters are detectors. With
many of these distributed around an object, the emitters can be pulsed, while the detectors sense the transmitted
x-rays from each emitter. For the purpose of this paper, we make the basic assumption that emitter/detector pairs
are capable of producing a ray sum.

The goal of this paper is to demonstrate that, even if the emitters and detectors are not perfectly distributed on
a regular geometry, as long as if the location of the emitters and detectors are known, it is feasible to use this
collection of ray sums to generate CT images. Ultimately, we envision a portable, low-power CT scanner that can
be deployed on-site, perhaps by a paramedic at the scene of an accident. The scanner sheet could be place around
a victim’s neck and a quick set of images acquired to determine if any of the vertebrae are broken.

Only a handful of techniques exist for the reconstruction of an image from a generic set of ray sums – that is, a
set of ray sums for which none of the common scanner geometries apply. One possibility is to use Algebraic
Reconstruction Techniques (ART). This class of methods are the most general. They representing the Radon
transform as a linear system of equations. Reconstruction is the task of solving that system [4]. However, the
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Fig. 1. The parameters p and θ used to specify the position of the line.

size of the system is still daunting for a modern computer, even for a modest reconstruction resolution. The sheer
memory requirements to store the matrix forces one to opt for computing lines of the matrix on the fly. Using
Kaczmarz’s method (see [3]), only a single row of the matrix is needed at any given time. The elements of a row
can be computed from the problem geometry (the location of the emitters and detectors). The problem is that this
information is needed several times throughout the reconstruction process, and its re-computation slows down the
method even more. Some iterative matrix solvers, such as LSQR, can accelerate the convergence, but it does not
seem that ART will offer a satisfactory solution in the near future.

We have therefore devised an algorithm where, with only the knowlege of the position of each emitter and
detector, we are able to reconstruct an image from the data provided by the device. However, since the device does
not exist yet, we turn to computer experiments, and try to reconstruct virtual ray sums. This data is then resampled
and fed into the traditional filtered back projection algorithm for the reconstruction [2], [3], [5].

II. THEORY

Computed tomography depends on our ability to invert the Radon Transform. The Radon Transform can be
defined as the collection of projections of an object gathered at various angles. More precisely, this is the discrete
Radon Transform. As the number of angles of collected projections increases, so does the amount of data acquired,
and so does the resolution of the reconstructed image. Mathematically the Continuous Radon Transform of the
function f(x, y) is given as [6], [7]

f̌(p, θ) =
∫ ∞

−∞

∫ ∞

−∞
f(x, y)δ(p− x cos θ − y sin θ)dxdy, (1)

where Fig. 1 defines the parameters p and θ. The parameter θ can vary; in Fig. 1, it is the angle between p and the
horizontal axis, while in other cases, it is defined as the angle between p and the vertical axis. The Filtered Back
Projection algorithm, as described by [3], is then used to reconstruct the data stored in the transform. However,
in the proposed device these rays would not have the same configuration as in the parallel beam machine. They
will more closely resemble the data collected from a fanbeam device [3]. However, even in a fanbeam machine
the rays are in a predefined and known geometry and methods such as the Gridding Method (which uses the
Fourier Transform) can be used [8]. For our data the geometry can be very irregular. Our proposed reconstruction
technique only requires knowledge of the positions of the emitters and detectors. Using this knowledge, the data
is resampled to resemble data obtained from a parallel beam CT scanner, on which the standard Filtered Back
Projection algorithm is used to reconstruct the image.

The Filtered Back Projection algorithm begins by filtering the Radon transform data. There are many filters that
can be used. In our experiments, we used the Shepp-Logan filter. We also used a linear interpolation scheme for the
reconstruction portion. The Shepp-Logan filter is simply the Ram-Lak filter multiplied by a sinc function, thereby
removing some of the high-frequency components that are often fraught with noise. This is preferable to using the
Ram-Lak filter on its own, since the Ram-Lak filter emphasizes high frequencies, making it sensitive to noise [9].

III. METHODS

We implemented a method in MATLAB (MathWorks Inc., Natick, Massachusetts) that reconstructs an image
from a set of ray sums. For the purpose of simulation, a circular emitter-detector geometry is created as a baseline.
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In this baseline geometry, the emitters are spaced 1 (pixel) arclength apart, and between each two emitters is a
detector. These emitter and detector positions are perturbed varying amounts in our experiments. As a test image,
we used the Shepp-Logan phantom, a widely used test image in tomography.

In its simplest terms, the Radon Transform is just a collection of line integrals through the object. We use a
ray-casting method [10] with linear interpolation to generate the simulated line integrals. For each ray, we step
along the ray from the emitter to the detector, taking steps of size δs. For each step, we sample the image at that
location using bilinear interpolation. These values are summed up to arrive at the value for the line integral. This
process is repeated for each ray, and the values are stored in a matrix with the rows representing emitters and
columns representing detectors. This structure allows for easy access to the raw data needed for reconstruction.

From the definition of the Radon Transform used in (1), the intensity data has to be parameterized in terms of p,
the distance of a ray from the origin, and θ, its angle from the vertical y-axis. In this case, the origin is the center
of the image. Having the Radon Transform in this form allows us to use the standard reconstruction algorithm for
tomogrpahy, Filtered Back Projection.

Therefore, our first task was to resample our ray-sum data into a form equivalent to that which would be acquired
on a parallel-beam CT scanner. Such a scanner would generate a regular rectangular sampling of the pθ-space.
Our ray sums populate the pθ-space, but not on a rectangular grid. In order to take advantage of the Filtered Back
Projection reconstruction method, we must re-sample our points onto a rectangular grid. We chose our grid such
that sample spacing was 1◦ along the θ direction, and 1 pixel along the p direction. The regridding process follows
the very simple paradigm of merely averaging the sample points that are inside a grid unit. Finally the matrix
is zero padded by a factor of N/2, that is half the size of the image, and the resampling is complete. We then
apply the standard Filtered Back Projection algorithm used in parallel beam CT-scan machines; for this, we used
MATLAB’s iradon function.

So far the geometry used has been regular. Our premise is that this algorithm will also work on highly irregular
geometry. Imagine the case where the device is wrapped around a leg, under very pressing circumstances such as a
battlefield situation. The medic will not have the luxury of wrapping the material uniformly around the appendage.
In such a case, it is quite reasonable that kinks in the material will form. To include such scenarios in our simulated
data, the positions of the emitters and detectors are perturbed by a zero-mean Gaussian distributed random variable
– the standard deviation was varied for different experiments to get a sense for how geometry irregularity affects
the reconstruction. In our most brazen case, we used a standard deviation factor of 1, resulting in the equivalent of
a fold in the material (i.e. ray lines crossed and changed order).

Using this technique, we ran several tests with standard deviation values of 0.1, 0.3, 0.5, 0.7 and 1. The root-
mean-squared error in the reconstructed images was computed. As a reference, we also used MATLAB’s fanbeam
function to create a comparable Radon transform to that which our methods produce. We then used ifanbeam to
reconstruct the image, and computed the root-mean-squared error of that result.

IV. RESULTS

Figure 2 shows the results of our reconstruction method under various degrees of perturbation. A comparison is
also made with MATLAB’s ifanbeam reconstruction under conditions similar to those in our simulation. Table I
gives the root-mean-squared error of the the reconstructed image to the original phantom as well as the running
time of our algorithm. From these results, as well as visual examination, we see that our reconstruction method,
even in cases with large perturbations the emitter and detector positions, produces images that are qualitatively
good. Furthermore, the reconstruction time is very small. Increasing the number of emitters and detectors will
result in even sharper images without increasing the reconstuction time significantly. This is shown in the last entry
in Table I. In this case, the number of emitters and detectors were doubled thereby obtaining a larger data set from
which to reconstruct the image. As is shown, this much larger data set did not significantly affect the run time of
our method.

V. CONCLUSION

We have introduced a method of CT reconstruction. Our method is not constrained to any particular geometry;
no matter what the positions of the emitters and detectors, the ray sums populate the pθ-space. However, certain
geometries might leave large portions of the object unsampled by any ray sums. In such cases, one can expect
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Perturbation Factor RMSE Time seconds
0.0 0.404 5.000
0.1 0.514 5.328
0.3 0.516 5.422
0.5 0.491 5.469
0.7 0.503 5.547
1.0 0.626 5.860

MATLAB ifanbeam 0.400 4.000
double number of emitters-detectors (0.5) 0.4813 5.762

TABLE I
TABLE SHOWING THE ROOT-MEAN-SQUARED ERRORS OF OUR RECONSTRUCTED IMAGES.

Fig. 2. (a) The original Shepp-Logan Phantom. (b) The reconstructed Shepp-Logan Phantom using MATLAB’s ifanbeam function with
parameters of 0.8◦ for both the seperation of detector position and rotation angle of each projection. (c) reconstruction after a perturbation
of 0.1. (e) perturbation of 0.5 (d) perturbation of 0.7, and (f) perturbation of 1.0.

the reconstruction to be unpredictable. This method is designed to perform the reconstruction for a new type of
CT-scanner, where a flexible band is embedded with small emitters and detectors. We have shown that our method
is as good, and in some cases better, as current reconstruction techniques with very small error in the final image.
There is, however, more work to be done. Some of our future work includes using a triangular mesh to resample
our points onto a rectangular grid in the pθ-space. Also, our current method reconstructs just one slice, but the
same principles should also work when acquiring ray sums of a volume. Therefore, future work includes extending
our method for the case of reconstructing a 3D view.
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