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Abstract

The sum of squared differences (SSD) cost function has generally been overlooked for multimodal registration
problems. More recently, methods that employ SSD have been developed to efficiently evaluate the global optimal
shift and intensity remapping. However, these methods estimate translations and not rotations. In this paper we
propose a method to extend the efficiency of the Least Squares Method to multimodal registration. By modeling
rotation as linear approximation we are successful at finding the global optimal translation and intensity remapping,
and local optimal angle.

I. INTRODUCTION

Until recently, least squares optimization was not used for multimodal image registration because of its underlying
assumption that the two images being registered must have corresponding intensities. Because of this limitation,
the usefulness of least-squares registration has been largely restricted to alignment of serial volumes in applications
such as functional MRI. In FMRI, least-squares registration has enjoyed terrific success [1]–[5]. In this paper, we
hope to extend the efficiency of the Least Squares Method to multimodal registration.

As far as multimodal registration goes, the current state-of-the-art is in entropy-based cost functions such as
mutual information [6]–[8], and various forms of normalized mutual information [9], [10]. The advantage of these
methods is that they make no assumption about the form of the intensity mapping from one image to the other;
merely that pixels with matching intensities in one image are likely to have similar intensities in the other image.

Mutual information has its share of issues. There is no known closed-form solution to find the optimum, so global
optimization must be attempted with only local information of the cost function. Also, the process of estimating
the joint probability density function requires binning of pixels into discrete categories, giving the cost function
discontinuities. There are interpolation methods to combat this problem, including parzen-windowing and trilinear
partial volume distribution [6].

More recently, methods have been developed to efficiently evaluate the least squares cost function for all integer
shifts [11]–[14]. These methods take advantage of the Fast Fourier Transform (FFT) to evaluate the most time-
consuming terms in the cost function. Speedups of up to 500× have been reported in the literature [13]. These
methods, however, have focussed on estimating translations, and not rotations. Rigid-body motion is a common
form of misregistration in medical imaging.

One of the main advantages of the method proposed here is that it includes a weighting function (sometimes
called an alpha channel), allowing one to include or exclude pixels (even on a fractional basis) from the cost
function. This is a capability that other Fourier methods, such as phase correlation, lack.

In this paper, we propose an efficient framework for multimodal rigid-body registration using a weighted least-
squares cost function that is invariant under linear intensity remappings.
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II. THEORY

We begin with a brief outline of how the FFT factors into optimizing the least squares cost function. To register
an image (or volume1) f with an image (or volume) g, we seek a rigid-body transformation T , that depends on
motion parameters m, that minimizes

L(m) =
∑
i,j

(
f̃i,j − gi,j

)2
wi,j (1)

where f̃ = T (f ,m) is a transformed version of f , wi,j is the weighting function containing values between 0 and
1. By expanding the brackets, (1) can be written

L(m) =
∑
i,j

f̃2
i,jwi,j − 2

∑
i,j

f̃i,jgi,jwi,j +
∑
i,j

g2
i,jwi,j . (2)

If our rigid-body transformation is limited to only translations, then f̃i,j can be written fi−m,j−n, and the cost
function is

L(m) =
∑
i,j

f2
i−m,j−nwi,j − 2

∑
i,j

fi−m,j−ngi,jwi,j +
∑
i,j

g2
i,jwi,j . (3)

The first and second summations can be written as convolutions, and it is these convolution terms that make this
cost function expensive to evaluate. For example, when aligning two N × N images, a global search over all
possible integer shifts would require O(N4) operations. However, it is well known that such convolution can be
implemented using the Fast Fourier Transform (FFT) in O(N2 log N) operations. The method stems from the
fact that convolution of two signals is equivalent to performing an element-wise multiplication of their Fourier
coefficients, and taking the inverse Fourier transform of the result.

In [14], this method was expanded to handle a linear combination of regressors. For example, the FFT could
still be used to drastically speed up the computation of a cost function like∑

i,j

[
s0 + s1fi−m,j−n + s2f2

i−m,j−n + s3 cos(fi−m,j−n) + s4 sin(fi−m,j−n)− gi,j

]2 wi,j . (4)

However, this method was still only for translation, and was not being used to determine rotation.
Consider the linear approximation to the motion transform,

T (f ,m) ≈ f + Jm (5)

where J holds the derivatives of f with respect to the motion parameters. Since we already know that the optimal
translation can be found globally, we model only the rotation using the linear approximation: R(f , θ) ≈ f + Jθ.
Also including a linear intensity remapping, our cost function is∑

i,j

[s0 + s1 (fi−m,j−n + Ji−m,j−nθ)− gi,j ]
2 wi,j (6)

=
∑
i,j

[s0 + s1fi−m,j−n + s2Ji−m,j−n − gi,j ]
2 wi,j (7)

where s2 = s1θ. Using the method outlined in [14], the optimal shift, s0, s1 and s2 can be found efficiently. Once
found, we compute θ using θ = s2/s1.

III. METHODS

We implemented our method in MATLAB (MathWorks Inc., Natick, Massachusetts) that computes the optimal
rotation, translation and intensity remapping required to register two images over the specific ROI. The method
takes two images, denoted f and g, and an alpha map for g, denoted w, and computes the angle, translational and
linear intensity remapping coefficients that produce the lowest weighted SSD cost for the given alpha map. The
solution of the linear 3x3 system was hard-coded in order to optimize the execution time.

1From this point on, unless otherwise stated, we will use the word “image” to include higher-dimensional datasets as well.
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The method was tested on the set of images obtained from the Visible Human Project (National Library of
Medicine). From the Visible Male dataset, 3 axial slice images of the head, PD-, T1- and T2-weighted MRI were
obtained. Originally, PD-, T1- and T2-weighted MRIs were all registered. Three alpha maps of different sizes were
used: small alpha map that covered approximately one quarter of the head, medium alpha map that covered half
of the head, and a large alpha map that covered almost the entire head. The background was not included in the
selection of the region of interest (ROI).

In order to objectively test the registration, small, medium and large alpha masks, as well as PD-, T1- and
T2-weighted MRIs, were all rotated and translated 50 times, and the angle and the translational coefficients were
recorded. The angle, x- and y- direction displacement were all randomly determined with the limit of [-50,50] for
translation and [-5,5] degrees for rotation. The method registered the original PD-, T1- and T2-weighted MRI’s with
the 50 instances of randomly displaced versions. Both intra-modality and inter-modality registration was tested. The
goal was to obtain the original coefficients (motion parameters) used to perform the displacement.

For intra-modality testing, PD-, T1- and T2- were registered with their corresponding displaced versions for
a total of 150 image pairings. Since 3 different alpha masks were used, there was a total of 450 intra-modality
registration scenarios. For the inter-modality testing, from the 3 images, there was a total of 6 pairings since the
registration is not symmetric. Once again, 50 displaced versions and 3 different alpha masks were used, for a total
of 900 registration scenarios. A total of 1350 image pairs were registered using our method.

As an error measure, average pixel displacement was calculated for all of the pixels inside the ROI. Since we
recorded the original motion parameters, the true shift was known and thus compared to the estimated shift obtained
by our method. Smaller average pixel displacement indicated successful registration.

IV. RESULTS

Table I shows the average pixel displacement for intra-modality registration over small, medium and large ROI.
The average pixel displacement for intra-modality tests was negligible: for small alpha map = 0.1746, medium
alpha map = 0.0086 and large alpha map = 0.0072.

pair Small ROI Medium ROI Large ROI
PDtoPD 0.0077 0.0107 0.1604
T1toT1 0.0058 0.0079 0.2146
T2toT2 0.0081 0.0074 0.1483

Avg 0.0072 0.0086 0.1746

TABLE I
INTRA-MODALITY AVERAGE PIXEL DISPLACEMENT

Our method’s performance in registering inter-modality images is displayed in Figure 1 as histograms of the
average pixel displacements of the method’s estimated coefficients from the true values used to perform the
displacement. The distribution is displayed for the small, medium and large alpha map applied to the dataset
of 300 images.Figure 2 displays histograms showing the average pixel displacement distribution for the mutual
information method for the same dataset. Table II provides the comparison of the two methods.

ROI Our Method Mutual Information
Small 6.79 79.76

Medium 8.46 118.88
Large 7.53 112.32
Avg 7.59 103.65

TABLE II
INTER-MODALITY AVERAGE PIXEL DISPLACEMENT

V. DISCUSSION AND CONCLUSION

Our method efficiently evaluated SSD cost functions for all possible integer shifts and rotations. It can be seen
from our results that for intra-modality tests the registration was near perfect with the overall average displacement
of 0.063 pixels.
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(a) Small Alpha Map (b) Medium Alpha Map (c) Large Alpha Map

Fig. 1. Inter-Modality Average Pixel Displacement Histograms for a Small, Medium and Large Alpha Map.

(a) Small Alpha Map (b) Medium Alpha Map (c) Large Alpha Map

Fig. 2. Mutual Information Inter-Modality Average Pixel Displacement Histograms for a Small, Medium and Large Alpha Map.

The results listed in Table II show that our method considerably outperforms mutual information method. The
difference between the average pixel displacements of the two methods is substantial. Using the linear approximation
of rotation, our method produced and average error of 7.59 pixels. The average error for the mutual information
method was 103.65 pixels. As depicted in Figure 1 and Figure 2, finding the optimal linear intensity remapping when
registering two images produced smaller registration errors than mutual information method. However, intensity
mapping between different modalities typically is not linear. Future work involves incorporating rotation and
translation with higher order intensity remappings. We expect that the estimated rotation and translation parameters
obtained with the higher order intensity remapping would result in better registration and even smaller average
pixel displacement.

For mutual information test runs, parameter choices were not necessarily optimized. We did not endeavor to find
optimal parameters but rather made reasonable parameter choices for the test bed of images used. The success of
the mutual information method is hampered by the problems with local minima in the cost function as well as the
lack of an efficient way to compute and optimize the cost function. Unlike our method, mutual information does
not perform well when the small ROI is used.

Unlike other iterative Least Squares methods that use local information for gradient descent, our method finds the
globally optimal translation. It is local in terms of determining an optimal angle, but global in terms of determining
optimal translation.

Since the rotation was approximated, our method currently works successfully on small rotation angles in the
range of [-15,15] degrees. Future work involves enabling registration with images rotated by a greater degree angle.
Furthermore, spatial scaling is not part of the transformation we are considering. Incorporating scaling into the
SSD cost function is the next logical step. We are investigating the possibility of integrating scaling into the cost
function using a similar approach (linear approximation).

Currently we are working on using this method to match dental x-rays for forensic human identification purposes.
Given a postmortem dental x-ray with an alpha map (ROI), we compare it to set of antemortem dental x-rays in
order to retrieve a closest match. Initial experimental results indicate that matching dental records using our method
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is viable.
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