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Abstract— The majority of image registration methods deal
with registering only two images at a time. Recently, a clustering
method that concurrently registers more than two multi-sensor
images was proposed, dubbed ensemble clustering. In this paper,
we apply the ensemble clustering method to a deformable
registration scenario for the first time. Non-rigid deformation
is implemented by a free-form deformation model based on
B-splines with a regularization term. However, the increased
degrees of freedom in the transformations caused the Newton-
type optimization process to become ill-conditioned. This made
the registration process unstable. We solved this problem by
using the matrix approximation afforded by the singular value
decomposition (SVD). Experiments show that the method is
successfully applied to non-rigid multi-sensor ensembles and
overall yields better registration results than methods that
register only two images at a time.

I. INTRODUCTION
Image registration is a common and fundamental step in

image analysis and is used in various areas such as remote
sensing, medical imaging, cartography, and computer vision,
to name a few. During the last decades, a broad range of
methods for image registration has been developed. However,
the majority of methods are designed to register only two
images at a time in a pairwise fashion.

Some researchers have worked on registering multiple
images at the same time – called groupwise registration or
ensemble registration. However, their methods are applied
only to mono-modality images for specific applications such
as creating an atlas in medical imaging. Recently, a clustering
method that simultaneously registers several multi-sensor
images was proposed [1]. We call this method the ensemble
clustering method. This ensemble clustering method success-
fully performed the multi-sensor ensemble registration, and
demonstrated that the registration results are more robust and
accurate than pairwise methods.

This method can be used for mono- and multi-sensor im-
age registration and it works in both pairwise and groupwise
modes. However, this method was demonstrated only for
rigid and affine transformations. Here, we consider adding
another challenging registration problem, non-linear regis-
tration, to the ensemble clustering method. Therefore, this
paper works on registering non-rigid multi-sensor ensembles
as an extension of the ensemble clustering method.

II. MULTI-SENSOR ENSEMBLE REGISTRATION BY
CLUSTERING

Consider two images of an object, one overlaid on top
of the other. A cloud of points is created by plotting each
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pixel in a 2-dimensional space, where each axis represents
intensity values from one of the images. We call this the
Joint Intensity Scatter Plot (JISP). In the JISP, the intensity
mapping between images is expressed as several coherent
clusters or swaths of scatter points. The coherence of clusters
in the JISP is disturbed as two images are moved out of
registration. As a result, pixels belonging to different clusters
are mixed and the coherence of clusters is broken. Therefore,
reducing the dispersion of scatter points in the JISP, or
increasing the coherence of clusters in the JISP, means that
two images are getting registered. The objective of most
multi-modal registration methods is to reduce the dispersion
in the JISP.

We assume that there exists several clusters in the JISP.
Then each cluster has its own distribution and it can be
expressed as a probability density function (pdf). We denote
these pdfs as φ, the density estimation of the scatter points
in the JISP. As the registration proceeds, the scatter points
move in the JISP as the images themselves undergo spatial
transformations. The motion parameters that specify these
transformations are stored in θ. If we assume that the pixels
in the JISP are spatially independent, a cost function can be
written as a function of φ and θ,

L (φ, θ) =
∏
x

p
(
Iθx | φ

)
, (1)

where p is a probability function and Iθx denotes the intensity
vector for pixel x after applying the spatial transformation
with parameters θ. The expression L (φ, θ) is the likelihood
of observing the set of intensity vectors, given the distri-
bution specified by φ. Thus, the goal of the method is to
maximize the likelihood cost function L (φ, θ) by appropriate
choice of φ and θ. To simplify the calculation, the method
uses the logarithm of L so that the product over x turns into
a sum.

The ensemble clustering method uses a Gaussian Mixture
Model (GMM) [2] to model φ, the density of scatter points
in the JISP. The clusters in the JISP are modeled as a mixture
of K Gaussian components, each specified by a mean, µk,
and a covariance matrix, Σk. Therefore, for a single pixel
location x, the likelihood of observing the intensity vector
Iθx is

p
(
Iθx | φ

)
=

K∑
k=1

πkN
(
Iθx;µk,Σk

)
(2)

where πk are the component weights, with
∑
k πk = 1. The

function N denotes the normal (Gaussian) distribution.
When the scatter points migrate toward the cluster centres,

they move to a region of greater probability. The process of
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(b) Motion Adjustment

Fig. 1. The two main processes of the ensemble clustering method. In
density estimation, the motion parameters are held fixed while a better
density estimate is computed by moving and stretching the cluster density
components, as shown (a). In motion adjustment, the density estimate is
held fixed and the optimal motion is determined using least-squares. As
the images move, the corresponding scatter points move toward the cluster
centres (on average), as shown in (b). This figure is from [1].

registering the ensemble of images amounts to moving the
scatter points in an attempt to maximize their total probabil-
ity, or likelihood. To maximize the likelihood cost function,
the ensemble clustering method alternately performs two
optimization processes. The first process, density estima-
tion, attempts to find the GMM that maximizes the log-
likelihood using an estimation-maximization (EM) approach.
The second process, motion adjustment, moves images to
minimize the dispersion of the JISP by optimizing the same
cost function with respect to the motion parameters. This
step is formulated as a least-squares problem, and can be
represented as a linear system of equations, Aθ = b. The
details of these two steps can be found in [1]. Figure 1
describes the two processes pictorially. The ensemble clus-
tering method derives a density estimate of the JISP, and
the motion parameters, in tandem. These two separate, but
coupled, processes are iterated until convergence.

III. NON-RIGID MULTI-SENSOR ENSEMBLE
REGISTRATION BY CLUSTERING

For the transformation model, we chose a free-form de-
formation (FFD) model based on B-splines. We deform
our images by manipulating a mesh of control points, as
done in [3]. Our regularization term is based on the mean
elastic energy – computed using the 4-neighborhoods of each
control point. The energy Ep is defined by

Ep =
1
4

n∑
i=1

4∑
j=1

‖ci − cj‖2 , (3)

where n is the total number of control points and j indexes
the 4-neighborhood of a control point ci (right, left, top
and bottom). This regularization term is akin to the elastic
potential energy of each control point’s connections to its
four neighbors.

A. Cost Function

Our cost function consists of two terms; the first term is
log-likelihood (the logarithm of (1), as used in [1]), and the

second term is a regularization term used to constrain the
image deformation. The total cost function is defined as

Etotal = El − λEr, (4)

where El is the log-likelihood cost associated with the
dispersion in the JISP, and Er is the cost associated with
the severity of the deformation.

To define the first term of the cost function, we denote
a density estimation of the JISP as φ and a set of motion
parameters that specify the displacement of images as c.
Here, the set of motion parameters c corresponds to a set
of deformation parameters that defines the displacement of
control points on the control point grid (CPG). As the control
points on the CPG are moved, images are deformed and
the scatter points in the JISP are moved. Recall that, for an
ensemble of D images, the intensity vector for pixel x is
denoted Ix ∈ RD. The cost function can be written,

El = logL(φ, c) =
∑
x

log p(Icx | φ), (5)

where Icx denotes the intensity vector for pixel x after
applying the deformation parameterized by c.

For the second term of the cost function, we use the
regularization term defined in (3). Since the range of the
function El is (−∞, 0), we also take the logarithm of the
regularization term to keep the same range between the two
terms of the cost function. Thus, the second term of the cost
function is defined as

Er = logEp = log

1
4

n∑
i=1

4∑
j=1

‖ci − cj‖2
 , (6)

where n is the total number of control points and cj is the
four-neighborhood of ci.

B. Optimization

The goal of our registration method is to maximize the
total cost function (4) by appropriate choice of a density
estimation of the JISP, φ, and a set of deformation parameters
c. To do this, we alternate two optimization processes,
density estimation and motion adjustment, are alternated.

1) Density Estimation: While holding the deformation pa-
rameters c fixed, this process iteratively attempts to improve
the density estimate φ using the expectation-maximization
(EM) algorithm [2]. The expectation step finds the member-
ship of each intensity vector in the JISP among the various
Gaussian models. The maximization step re-estimates the
mass, mean and covariance of each Gaussian component.
This part is the same as in [1].

2) Motion Adjustment: While holding the density estima-
tion φ fixed, this process finds a motion increment that moves
all images toward maximizing the total cost function (4).
To optimize the total cost function (4) with respect to the
parameters c, we set its gradient vector to zero,

∂Etotal
∂c

=
∂El
∂c
− λ∂Er

∂c
= 0. (7)



For the first term in (7), El is replaced by its definition in (5),
and to compute a small increment of deformation parameters,
c̃ (called a nudge), Icx is replaced with a linear approximation
of a nudged version of the images, i.e. Ic+ec

x
∼= Icx + ∂Ic

x

∂c

T
c̃.

Similarly, we approximate the second term in (7) linearly as,

∂Er
∂c

=
∂ logEp
∂c

+
∂2 logEp
∂c2

c̃, (8)

where ∂2 logEp

∂c2 is the Hessian matrix. After combining the
two terms, and reorganizing the remaining terms, we get a
linear system. If we express it more concisely, it becomes

(A− λG) c̃ = b+ λ
∂Er
∂c

Wc̃ = q (9)

where G = ∂2 logEp

∂c2 , W = A − λG, and q = b + λ
∂ logEp

∂c
(see [1] for a description of how to compute A and b).
Solving the linear system for c̃ gives the optimal increment
of deformation parameters, according to the linear approxi-
mations. The increment is used to adjust the current estimate
for c.

C. Ill-Conditioning and Newton’s Method

For many situation, Newton’s method can converge to the
root of a function very rapidly. However, when the derivative
of the function is very small, the problem becomes ill-
conditioned resulting in extremely large Newton steps. We
encounter this problem when solving the linear system in (9).
The matrix W is largely composed of the derivatives of the
image intensities with respect to each deformation parameter.
Thus, when the derivatives of the image intensities are very
small, the matrix becomes ill-conditioned. For the case of
CT images, the intensity values inside the brain are nearly
homogeneous so that their derivatives are very small. As a
result, some nudge values become extremely large and the
control mesh is intensely distorted.

To resolve this problem, we reduce the matrix W in (9)
by using the singular value decomposition (SVD) [4]. We
can find the best rank-k approximation to W (denoted Wk)
by keeping only the k largest singular values and setting the
rest to zero. Namely, Instead of trying to solve Wc̃ = q
when W is ill-conditioned, we solve a better-conditioned
nearby system, Wk c̃ = q. To choose a proper value of k,
we seek a balance between accuracy and stability. Including
more singular values increases the accuracy, but at the risk
of decreased stability. Thus, we examine the change of this
difference for all singular values, and choose the singular
value at the moment when the difference becomes small.

Here, we look into the influence of the regularization and
the matrix approximation, and their relationship. While the
regularization maintains the topology and limits the severity
of the image deformations, the matrix approximation avoids
extreme deformations of the image caused by low-definition
regions of the image.

IV. EXPERIMENTS AND RESULTS

The purpose of these experiments is to demonstrate that
the ensemble clustering method can be used for non-rigid
registration, and to compare the registration results with one
of the pairwise methods.

For the pairwise method, we used a Nelder-Mead opti-
mization method [5] to maximize Normalized Mutual Infor-
mation (NMI) with 32 bins. The FFD model based on B-
splines was used for the image transformation, and the mean
elastic energy Ep in (3) was used as a regularization term.
Thus, the total cost function is defined as

Etotal = ENMI + λEp. (10)

To assess the quality of the registration, we compute the
average pixel displacement error, defined as

Err =
1
r

r∑
i=1

‖xi − tr(tf (xi))‖2 (11)

where r is the number of pixels within the region of
interest (ROI), and ‖·‖ is the standard Euclidean norm. The
forward transformation, tf , is a ground truth transformation
obtained when the test dataset is generated. The reverse
transformation, tr, is the estimated transformations obtained
through the registration and should (ideally) be the inverse
of tf . Thus, Err measures the difference between the gold
standard transformation and the estimated transformation.
A small displacement error means better registration, with
perfect registration indicated by Err = 0.

A. RIRE Data

The first dataset is the Retrospective Image Registration
Evaluation (RIRE) project’s training set [6] having five
different modality volumes. This experiment was performed
in 2D, with a corresponding slice taken from each volume
(the ensemble clustering method can be applied to higher-
dimensional data, but we limit ourselves to 2D for this
study). A T1-weighted MR image was chosen as a reference
and the other four images were deformed using a FFD
model based on B-splines. Deformation parameters were
randomly generated by a normal distribution with a standard
deviation of 12 pixels and a 4 × 3 control point grid with
64-pixel spacing. These deformation parameters were chosen
to span the range of expected deformations in a medical
imaging scenario. Ten trial sets of images were generated
and registered to get reliable results.

We provide the registration results of the RIRE ensemble
in Table I and in Fig. 2. In Table I, the mean errors
indicate that the ensemble clustering method performed the
registration better than two pairwise methods overall. For
the MR-T2 and MR-PD images, the ensemble clustering
method clearly gives better performance compared with the
pairwise methods. However, the results are inconclusive for
the CT and PET images. We think this is because of the ill-
conditioning problems due to the small derivatives of image
intensities, as explained before. This problem is not perfectly
remedied for CT and PET images. Figures 2(b) and 2(c)



TABLE I
DISPLACEMENT ERRORS FOR RIRE DATA

T1-T2 T1-PD T1-CT T1-PET Mean
Initial Error 7.43 6.65 13.1 6.82 8.50

NMI 5.81 5.29 12.3 5.58 7.25
Ensemble Cluster 3.40 2.28 11.3 5.87 5.71

TABLE II
DISPLACEMENT ERRORS FOR BRAINWEB DATA

T1-T2 T1-PD Mean
Initial Error 6.21 6.09 6.15

NMI 4.41 4.13 4.27
Ensemble Cluster 1.88 2.00 1.94

show a deformed image set and its registration result from
the ensemble clustering method.

B. BrainWeb Data

The second dataset is taken from the BrainWeb project at
the Montreal Neurological Institute [7]. A T1-weighed MR
image was used for a reference and the other images were
deformed using our deformation model. To generate ten trial
cases, deformation parameters were randomly generated by
a normal distribution with a standard deviation of 12 pixels
and a 4× 3 control point grid with 64-pixel spacing.

The registration results for the BrainWeb dataset are shown
in Table II and in Fig. 3. The ensemble clustering method
shows the best performance results in the entire set of im-
ages. Since the BrainWeb data consists of three MR images
(T1, T2, and PD) and these MR images tend not to have large
homogeneous regions, the ill-conditioning problem seems to
have less of an impact in this case. Figure 3 shows the
registration results of the ensemble clustering method for
MR-T2 and MR-PD.

V. CONCLUSION

This paper applied the ensemble clustering method to
simultaneously register multi-sensor ensembles that include
non-rigid deformations. We reformulated the cost function
and the optimization processes of the ensemble clustering
method with a regularization term based on mean elastic
energy of B-spline deformed images. During the imple-
mentation process, we faced an ill-conditioning problem in
the Newton-type optimization process. The instability was
largely overcome using a matrix approximation and the
SVD. We demonstrated that the ensemble clustering method
performs better than pairwise methods through two datasets.
Despite the fact that the ill-conditioning problem still had an
influence on some images, the experiments showed that the
ensemble clustering method was successfully applied to non-
rigid registration of multi-sensor ensembles. Moreover, our
experiments showed that the ensemble clustering registration
method leveraged the concordance of all the given images
and yielded improved accuracy over pairwise methods.

(a) Source Images: MR-T1, MR-T2, MR-PD, CT, PET

(b) Deformed Images: MR-T1, MR-T2, MR-PD, CT, PET

(c) Registered Images: MR-T1, MR-T2, MR-PD, CT, PET

Fig. 2. Registration Results of Ensemble Clustering Method for RIRE Data

(a) MR-T2

(b) MR-PD

Fig. 3. Registration Results of Ensemble Clustering Method for BrainWeb
Data. (a) and (b) show the source images (left), deformed images (middle),
and registered images (right).
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