Dave’s CPSC 121 Tutorial Notes — Week Five
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Formula Sheet Tips

* Floors and Ceilings

x| = largest integer < x
x| = smallest integer > x
=38
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onverting Real Numbers to Integers
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Ifxr € R,n € Zyou CANNOT say Letn =z
Instead, choose one of the following:

Letn = [z] Letn = |z|
nz>w Son<x

* Dealing with Inequalities

<y r<y
~ax<y+b (fb>0) Sox—=b<Zy (ifb>0)



Sample Problems

1. Back to The Oddity

Last day, we looked at the statement:
If z is odd then (z + 4) is odd.
We can represent this as:

VeeZ,(keZ,x=2k+1)— (3BmeZ,x+4=2m+1)
Is that the same as saying:
VeeZ,Fke€eZ,ImeZ, (v =2k+1) - (z+4=2m+1) 1?7

Even though both statements are true, they are NOT saying the same thing: The second is vacu-
ously true, because if we select say k = x, then the statement becomes:
(F') — (x +4 = 2m + 1) (which is always true)

This becomes more obvious when we consider:
If = is odd then (z + 5) is odd.

which is clearly false:

F=vVrelZ 3keZrx=2k+1)— (ImeZx+5=2m+1)
But,

T=VeeZ,3keZImeZ (x=2k+1)— (z+5=2m+1)
because of the same vacuously true argument we used before.

For better insight into this, recall that:
p—q=~pVyq

so if we re-write the original statement in or form,
VeeZ,(~3k eZ,xo=2k+1)V(3meZ,x+4=2m+1)

we can see that the ~ 3 cannot be brought to the left. However, we can re-write as:
VeeZ,(~3IkeZ,x=2k+1)V(ImeZ,x+4=2m+1)

=VeeZ, (Vk€Z,~(x=2k+1)V(EmeZrx+4=2m+1)
=VereZVkeZ,ImeZ ~(x=2k+1)V(r+4=2m+1)
=VereZVke€Z,ImeZ, (v =2k+1) - (z+4=2m+1)

which is valid.



2. Vavs. IV

As we have seen before, there is a big difference between J2Vy and Vydz and there is a big differ-
ence between proving JzVy, P(z,y) and Vy3z, P(x,y).

Whenever you have a proof in this form (Vydx) it can help to think of it as a game, where player 1
thinks of a y, and then player 2 has to think of an x that makes the predicate true. When given
a problem like this, play the game with yourself a few times to see how it works. To prove the
statement true, you have to show that player 2 can always win and come up with a solution (Direct
proof by generalization). To prove the statement false, you have to show that player 1 can stump
player 2 and come up with a value where player 2 has no solution (Direct proof by contradiction).

Example i) Vy € Z*,3x € ZT,y > (x — 3)*

In this case, the statement is true. Player 2 can just choose x = 3 every time to win the game,
regardless of what y is.

Exampleii) Vy e R, dr e Rjz <y

In this case, the statement is true: For any value y, we can choose z = (y — 1)

What if we reverse the order of the quantifiers?

For proofs in this form (dzVy) you may have to be more clever. Note that you are allowed to
pick a single value of x and show that it’s true. Depending on the problem it may be tricky to find
that value of x or it may be hard to show that no x can exist.

Examplei) dr € ZT,Vy € ZT,y > (z — 3)?

In this example again, the statement is also true. We can set x = 3 and show that (y > 0) for
ally € Z*.

Exampleii) dJr e R,Vy e R,z <y

In this case, the statement is false. Here it helps to show that the domain for y must include whatever
value was chosen for z: No matter what is selected for z, it is false when y = .

Just because Vy3z, P(x,y) is true, it does not mean 3zVy, P(z,y) is true (and vice-versa).



3. A V4 Example

Prove that no matter how we choose some positive integer c, there will be a positive real number x
for which ¢ > 1000z

Mathematically:
Ve e ZT,3x € RT, ¢ > 1000«

Direct Proof (Generalization):

. n e
For any arbitrary ¢ € Z™, choose = 5555.

Because c € Z1, x € RT.

Note: It’s important at this stage to start with what you know (v = 555) and then get to what
you are trying to prove (¢ > 1000x): Not the other way around (A common mistake)!

_ C
T = 2000

c
1000

or =

N[ —=

T < 1555 (This is true because ¢ € Z* . c>0).
. ¢ > 1000z

S VYeeZT, 3r € RT, e > 1000«



4. An Indirect Proof by Contradiction I

For any integer n, prove that n> — 2 is not divisible by 4.

Note that there are several equivalent ways of writing this mathematically:
a)Vn € Z,41 (n* — 2)

b)Vn € Z,~ (4] (n* —2))

c)Vn € Z,~3Im € Z,4m = n? — 2

d)Vn € Z,Pm € Z,4m = n? — 2

e)Vn € Z,Ym € Z,4m # n? — 2

Indirect Proof (Contradiction):

Assume that the statement 1s false:
There exists an integer n where n? — 2 is divisible by 4. Using form ¢) from above,

~Vn € Z,~3Im € Z,4m = n? — 2
=3dne€Z,ImEZ,4m=n?—2

Let n,m be two integers where 4m = n* — 2

because n is either odd or even, n can be written in the form n = 2k + b where £ is an integer
and bis eitherOor 1. Vn € Z,3k € Z,3b € {0,1},n =2k + b

dm =n? -2

4m = (2k + b)? — 2

dm = 4k> + 4bk + b* — 2

4m — 4k? — 4bk = b? — 2

4(m — k? —bk) = b* — 2

4p:2()2—2,wherep:(m—k:2+bkz)
b —

p="7

but we know that b is either O or 1, so

_ 1 _ 1
p=—30p=—yg

.. pisnot an integer

because m,k and b are all integers and p = (m — k? + bk)
.. p1is an integer

We have reached a contradiction. Therefore our original assumption was false.
.. For any integer n, n? — 2 is not divisible by 4.



5. An Indirect Proof by Contradiction II

Show that for any positive integers a and b if @ + b = 11 then only one of a or b is greater than 5.

Mathematically:
Va e ZTVbe Zt, (a+b=11) —,(a > 5) & (b > 5)

Indirect Proof (Contradiction)

Sometimes it can help to abstract the problem:
~(p—(¢@T))

~(~pV(g®T))

(~~pA~ (gD 1))

(pA ~(g&T))

(pA(g=T))

or in our case:
~Ya e ZY Vb e ZT (a+b=11) — [(a > 5) ® (b > 5)]
=JdacZ,eZ (a+b=11) A[(a >5) < (b > 5)]

In English: There exists positive integers a and b where a + b = 11 and either a and b are both
greater than 5 or a and b are both less than or equal to 5.

Let a and b be positive integers where a + b = 11.

Case One: a and b are both greater than 5
(a>5)N(b>Dh)

“ (@a>6)A(b>6)

La+b>12

. a + b # 11 which is a contradiction

Case Two: a and b are both less than or equal to 5
(a <5) A (b<5)

a+b<10

. a + b # 11 which is a contradiction

We have reached a contradiction in all cases. Therefore our original assumption was false.
.. for any positive integers a and b if a + b = 11 then only one of a or b is greater than 5.



6. An Indirect Proof by Contraposition

Prove that if 22 + 22 + 1 is even then z is odd.

Mathematically (several equivalent variants):

Vo € Z, (23 + 2z + liseven ) — (xis odd )

Ve € Z,E(x®+2x+1) >~ E(z)

Ve €Z,(3meZ2m=2*+2x+1)— (Fk€Z,2k+1=1x)

Indirect Proof (Contraposition):
We must show that if z is even then 22 + 2z + 1 is odd.

Vo € Z,~(zisodd ) —~ (x® + 2x + 1 is even )
=Vz €Z,(xiseven) — (23 + 2z + 1is odd )

Let x be any arbitrary even integer where x = 2k and k is an integer.

x =2k

st 2+ 1= (2k)% +2(2k) + 1

St 2+ 1 =8k + 4k + 1

S+ 2+ 1 =204k 4+ 2k) + 1

o3+ 2x +1=2m+ 1, where m = (4k3 + 2k)
234 2x + 1is odd

Since = Vx € Z, (v is even) — (2° + 2z + 1is odd )
S Vo €Z,(2®+2x + 1iseven ) — (xisodd)



