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Abstract. Queries over temporal databases involve references to time.
We study differences between two approaches of including such references
into a first-order query language (e.g., relational calculus): explicit (using
typed variables and quantifiers) vs. implicit (using a finite set of modal
connectives). We also show that though the latter approach—a first-
order query language with implicit references to time—is appealing by
its simplicity and ease of use, it cannot express all queries expressible
using the first one in general. This result also settles a longstanding
open problem about the expressive power of first-order temporal logic. A
consequence of this result is that there is no first-order complete query
language subquery-closed with respect to a uniform database schema,
and thus we cannot use temporal relational algebra over uniform relations
to evaluate all first-order definable queries.

1 Introduction

In the last several years, various languages for querying temporal databases have
been proposed in the literature. The first-order query languages can be divided
into two main categories:

1. query languages based on a two-sorted version of relational calculus, e.g.,
TSQL2 [20] or TQUEL [19], and

2. query languages based on an extension of the relational calculus or algebra by
temporal operators, e.g, HRDM’s historical relational algebra [6], temporal
relational algebra [23], etc.

These two approaches have been often considered equivalent in expressive power,
e.g., in [23], where the temporal relational algebra based on an extension of the
relational calculus by temporal operators has been proposed as a basis for first-
order completeness of temporal query languages. This assumption was based on
a well-known property of propositional temporal logic:

* Preliminary version of the results has been presented at the Pre-PODS’95 Workshop
on Theory of Constraint Databases, TR UNL-CSE-95-08.

! Research conducted while this author was at the Dept. of Comp. and Info. Science,
Kansas State University, Manhattan, KS 66506, U.S.A., david@cis.ksu.edu.

! Supported by Polish KBN grant 2 P301 009 06.



Proposition 1.1 (Kamp’s Theorem) Propositional temporal logic has an ez-
presswely complete set of temporal connectives over linear orders.

This means that the propositional temporal logic has the same expressive power
as the monadic first-order logic over linear orders. This result has been estab-
lished by Kamp [15] for complete linear orders, later extended by Stavi [22] for
all linear orders, and reproven several times using various proof techniques, e.g,
[10, 14]. In this paper we show that this correspondence does not generalize
to the relationship between the First-order Temporal Logic (FOTL) and the
Two-sorted First-order Logic (2-FOL). The query languages based on 2-FOL
are strictly more expressive than the languages based on FOTL for any finite
set of temporal connectives defined over a (dense) linear order. We show that
FOTL cannot express a large class of queries that involve references to several
time instants, like equality of database relations at two different time instants.
The result can be interpreted as

Temporal query languages cannot be simultaneously
subquery-closed' and first-order complete.

Such a result has strong implications for the design of temporal query languages:
essentially all subquery-closed relational algebra-like languages are incomplete,
while all complete relational calculus-like languages do not preserve closure. This
is a problem from the implementation point of view: while the subquery-closed
query languages are easier to implement, essentially because all intermediate
results in a bottom-up query evaluation have the same structure as database re-
lations, there are first-order queries that cannot be formulated in such languages.
Despite this drawback, FOTL was used as a basis of temporal query languages
[23] or for specification of temporal integrity constraints [3, 4, 5, 17]. The main
reason for this choice is a simpler and more efficient implementation that does
not generalize to full FOTL. The design of an expressively complete Tempo-
ral Relational Algebra requires an unbounded number of temporal attributes in
the relations to guarantee completeness and preserve closure of products [21].
However, such solution does not allow to store the intermediate results needed
to evaluate the query in a uniform temporal database as auxiliary relations. In
addition to the separation of FOTL from 2-FOL we show several other results,
especially:

1. Expressive equivalence of the future temporal logic and the full temporal
logic, i.e., with both future and past temporal connectives [12] does not
generalize to the first-order case.

2. Expressive completeness cannot be achieved using more general temporal
logic, e.g., the many-dimensional first-order temporal logic [13].

Note also that we restrict our attention solely to the first-order languages. Thus
any higher-order properties (e.g., the even cardinality property of relations given
in [25]) are not expressible in either 2-FOL or FOTL.

! Assuming closure with respect to the database schema, where all the temporal rela-
tions, including derived ones, have exactly one temporal attribute or, in general, a
bounded number of such attributes. This is a natural restriction imposed on virtually
all practical temporal databases [21], e.g., on the timestamp relations in TSQL2 or
TQUEL.



The rest of the paper is organized as follows: Section 2 introduces the formal
definition of the temporal database and first-order temporal query languages
over such databases. Section 3 introduces a model-theoretic games that allow us
to study the expressive power of FOTL. In Section 4 we use these games to show
our main result: FOTLC2-FOL. Section 5 shows several other non-expressibility
results that can be established using games. In the last section of this paper
we summarize the obtained results and conclude with the directions of further
research.

2 Temporal Structures and Query Languages

In this section we define the precise notion of a temporal database as a temporal
structure. We also define two query languages based on extensions of the first-
order relational calculus.

2.1 Temporal Databases as Temporal Structures

The standard relational database can be viewed as a model-theoretic structure.
For any given database schema the structure contains a finite relation over the
database domain for every relational symbol in the database schema, together
with the relations defined on the domain itself such as equality (such relations
can be thought as built-in relations and their interpretation is fixed). It is also
well known that relational calculus queries over such database can be thought
of as formulas in a first-order language over the same set of symbols.

This model can be naturally extended to a temporal relational database model
by augmenting every relation symbol in the database schema by an additional
attribute that holds the time instant at which the original tuple is true. This
extension is formally introduced in [2] and can serve as a unifying platform
for various alternative approaches to the definition of temporal databases [7].
Similarly to the standard relational case such temporal databases can be treated
as model-theoretic structures, in this case two-sorted.

The temporal structures considered in this section are built from the following
three basic building blocks:

1. a first-order signature (py, ..., p,) and a first-order structure (T p7 ..., pI)
to serve as the temporal domain.

2. a first-order signature (p1, ..., p;) and a first-order structure (D;p?, ... pP)
to serve as the data domain of the database.

3. a single-sorted set of predicate symbols (ry, ..., ry,); the arity of the symbol
r; 18 v;. This choice defines the database schema for our temporal database.

This arrangement abstracts from the particular choice of the data and temporal
domains and thus allows a wide range of applications of the proposed method.

In the rest of this section we use v to denote the signature {p1, ..., p,) of the
temporal domain, § for the signature (p1,...,p;) of the data domain, and o for
the signature (ry, ..., ry,) of the database schema.



Definition 2.1 (Uniform Temporal Database) Let (T,p? ... pI) be a tem-
poral domain (signature v), (D;p?,...,pP) a data domain (signature §), and

o =(r1,...,rm) a database schema. We define R; to be two-sorted relation sym-

bols of the sort T' x D¢ for each r; in the database schema o. We call R; the

uniform temporal extension of r;. A temporal signature

T:<p11~"1pn1p11"~7plaR11"~7Rm>

s a two-sorted signature composed of v, d, and the temporal extensions of all the
symbols in 0. We define a temporal database A to be a two-sorted T-structure

'A:<T’p¥17""pz]j;D’plD’"'JplD;Rfﬁ""R$>

such that the sets {(z1,...,2y;,) : A E Ri(t,z1,...,2y,)} are finite for every
t €T and 0 < 1 < m. The extensions RZA of R; in A define the interpretation
of the symbols r; in the database schema for every element of the time domain,
formally:

ri(c1,...,¢y,) holds at time ¢ iff A = R;(¢,¢1,...,¢y,)

forri€o,t €T, and ¢; € D.

Note that the interpretations of the predicate symbols, connected solely with
the temporal domain (e.g., <) or the data domain (e.g., =), is fixed, while the
interpretation of the symbols R; depends on the actual contents of the database.
Example 2.2 Let (@Q; <) be the temporal domain (dense linearly ordered ra-
tionals), (D;=) the data domain, and p the database schema consisting of a
single binary relation p = (salary) holding employee IDs and salaries. Then the
temporal structure representing such a temporal database is defined as

DB = (Q, <9; D,="; Salary)
where the fact x has salary y at time t is encoded by
salary(z,y) holds at time ¢ in DB <= DB = Salary(¢, z, y)

Note that the relations <9 and =" have fixed meanings for the given domains,
e.g., <9 is the linear order on @ and =" is the diagonal on D. On the other
hand the interpretation of the relation Salary depends on the actual contents
of the database. The relation Salary is infinite in general, but the sets {(z,y) :
Salary(t, z,y)} are finite for every fixed t € T

2.2 First-order Query Languages

The choice of a first-order query language over such extension is not as straight-
forward: obviously we can use the two-sorted relational calculus or equivalently
the two-sorted first-order logic (2-FOL) to express queries over such structures.
The disadvantage of such a solution is that it refers to the augmented database
schema rather than to the original schema. Moreover, all the references to time
are explicit—we use variables and quantification over the time domain.

A more elegant solution is to use the first-order temporal logic (FOTL)—the
single-sorted first-order logic augmented with a finite set of temporal connectives
like ‘sometime in the past’ or ‘always in the future’. This solution is preferable
for two reasons: first, it refers to the original database schema rather than to
the extended schema. However, the main advantage of this solution is that the



references to time and to all the properties of the underlying temporal domain
are encapsulated inside the temporal connectives added to the language—all the
references to time are implicit.

We define two query languages over the uniform temporal databases repre-
sented by the 7-structures from Definition 2.1:

1. the two-sorted first-order logic language M and
2. the first-order temporal logic language 7.

The definition of the first language is a straightforward extension of the definition
of standard Relational Calculus [24]. Let ¢; be variables of sort 7" and z; be
variables of sort D.

Definition 2.3 Let v be the signature of the temporal domain and § the signa-
ture of the data domain. A two-sorted FOL language M(7,d) over the database
schema o s defined by the BNF rule:

M =R, z1,...,2,) | p(t1, .- tw,) |

plz1,...,zy,) | MAM | =M | 3z; M |3, M

where R is the temporal extension of r forr € o, p € ~, and p € 4.
The semantics of the formulasin this language is the standard first-order Tarskian
semantics. Note that the database schema is monadic with respect to the sort
T, 1.e., the predicate symbols in the database schema have always exactly one
distinguished argument of sort 7. To preserve the closure of the query language
we restrict the set of the valid queries to M-formulas that have exactly one free
variable over sort 7', so the result of the query can be stored in the temporal
database itself. It is easy to see that the closure has been achieved artificially,
and that not all M formulas are valid queries. Moreover, subformulas of a valid
query in M may not be valid queries themselves.
Example 2.4 Consider the formula

Ty, b0t <t < tg /\V;L‘.P(tl,éb) < P(tQ,CL‘).

This formula defines the query “find all the intervals such that P contains exactly
the same values on both the ends of each of the intervals”. Clearly, this is a valid
M query. However, the subformula

VI.P(tl,l‘) f— P(tg,l‘)
is not a valid query as it contains two free variables of sort T": 1 and t5. Moreover,
in Section 4 we show that there is no M formula with the property that all its
subformulas are valid queries and that expresses the original query.
In the definition of the second query language we need to be more careful. The
language is defined in two steps: first the temporal connectives are defined. Note
that the definition of the temporal connectives i1s independent of both the data
domain and the database schema. The definition of the temporal connectives
is purely syntactical and depends only on the chosen temporal domain. The
semantics of the connectives is defined by a translation to 2-FOL (cf. Definition
2.10). This approach differs from the usual definition of such connectives given
in [10] or [11], that is based on the intended semantics and uses truth tables.

Definition 2.5 (Temporal Connective) Let v be the signature of the tempo-
ral domain and

O :=p(t1,...,tw,) |OANO | =0 | 3;.0 | X;



where X; are predicate variables and p € v. A (k-ary) temporal connective (over
v) is an O-formula with exactly one free variable ty and k free predicate variables
X1,...,Xk. We denote such connective by w(Xy,..., Xy). Let £2(y) denote a
finite set of (names for) temporal connectives over .

The superscripts ¢; denote explicitly the temporal contexts of the appropriate
subformulas that the temporal connective glues together.

Definition 2.6 If every quantification in a temporal connective w € 2(7) is of
the form 3t;.(p(to, t;) A O) then w is a p-restricted temporal connective.

Example 2.7 We can express the usual temporal connectives given in [13] in
the temporal signature (<) of linear orders as follows:

Xiuntil X, é Tty .ty <tog A Xo /\th(to <t <ty —> Xl)
oX, é Tt tg <t A Xy
0x, é Vi1 tg <t1 — X3

Similarly we can express the past temporal connectives since, ¢, and l. Note
that the connectives until, &, and [0 are >-restricted while the connectives
since, ¢, and B are <-restricted. We call the temporal logics that use only the
>-restricted (the <-restricted) temporal connectives the Future FOTL (the Past
FOTL), respectively.

The second step in the definition of the temporal extension to the language
of first-order logic is straightforward: we augment the syntax of the FOL over
the signatures of the data domain and the database schema by a finite set of
temporal connectives:

Definition 2.8 Let £2(vy) be a finite set of temporal connectives over v and §

be the signature of the data domain. A First-order Temporal Logic Language

T (82(%),d) over the database schema o is defined by the BNF rule:
Fiu=r(z,. . zy) | p(er,. . 2y,) |w(F, .., FR) | FAF | -F | 32.F

forreo, ped andw € 2(5).

In the rest of the section we use M and 7 in place of M(v,d) and T (£2(%),9),

respectively.

Definition 2.9 We say that T is a Propositional Temporal Logic (PTL) if all

the relations in the database schema o are O-ary.

It is easy to see that all the 7-formulas can be naturally embedded into the
language of M-formulas. This embedding also defines the semantics of the 7-
formulas relatively to the semantics of M:

Definition 2.10 (Embedding of 7 into M) Let Embed be a mapping of for-
mulas in the language T (£2(7),0) to the language M(v,0) defined as follows:

Embed(r;(z1,...,2y,)) = Ri(to, %1, ..., 2y,;)
Embed (p; (21, ..., 2,)) = pi(21,. .., 2y,)

Embed(Fy A Fs) = Embed(F1) A Embed(F3)

Embed(—F) = = Embed(F)

Embed(3z.F) = Jz. Embed(F)

Embed(w(Fy, ..., Fx)) = w*(Embed(F1)[to/t1], ..., Embed(Fy)[to/tx])

where w* is the (O-)formula denoted by w in () and Fty/t;] is a substitution
of t; fortg in F.



In the following development we assume that all the 7-formulas are merely
restricted M-formulas, i.e., 7 C M. The translation of all 7-formulas yields a
valid 2-FOL query as Embed(y) has only one free variable of sort T, namely #q.
Thus, the translation of 7-formulas preserves the closure of the query language.
Note that the translation of every subformula of the original formula has this
property as well. This is obviously not true for subformulas of an arbitrary M-
formula even if the original formula is a valid query (cf. Example 2.4).

Example 2.11 Using the temporal database from Example 2.2 we can formu-
late the following queries in both FOTL and 2-FOL:

personal ID of everyone whose salary was negative

®3Jysalary(z,y) Ay <0
Ft1.41 < tg Ady.Salary(ti, z,y) Ay <0

personal ID of everyone whose salary has decreased

Jy1, yo @ (salary(z, y1) A ®salary(z,y2)) Ayr < y2

Jyr, y23t1 (11 < to A Salary(ty, z, y1) A Fta.ta < t1 ASalary(tz, z,y2)) Ayp < y2
This example also illustrates why the use of FOTL is easier than the use of 2-
FOL: in FOTL we do not have to introduce any of the variables ¢;—the references
to time are encapsulated in the temporal connectives, e.g. ®.

It is easy to see the essential difference between the full 2-FOL language M
and the temporal extension to the first-order logic 7: each of the subformulas
of a T-formula is associated with exactly one temporal context represented by
the variable ¢g in the translation to M. Moreover the context can be changed
only using a temporal connective. This distinction comes into the play when
the temporal connectives, which are merely quantifiers over sort 7', and the
quantifiers over sort D are interleaved in a single formula.

It is quite clear that any two 7-structures distinguishable by a 7T-formula
¢ are also distinguishable by a M-formula, namely Embed(y). However, two
T-structures distinguishable by a M-formula may not be distinguishable by any
T-formula. In Section 4 we find concrete examples of structures that are distin-
guishable by a M-formula but not distinguishable by any 7 -formula.

3 Ehrenfeucht-Fraissé Game for Temporal Logic

Our situation is slightly more complicated, as we try to separate FOTL from
first-order logic, i.e., we try to show that there are 2-FOL formulas that define
properties not definable in FOTL.

The rules of the game are modified to match exactly the syntactic restrictions
placed on the temporal formulas by Definitions 2.5 and 2.8. The modification
captures precisely the expressive power of FOTL. An easy way of thinking about
the compatibility of variables is by considering the scopes? of variables defined
by the expansion of the temporal connectives: The restrictions imposed on the
scopes of the individual variable names in the formula Embed(¢) for ¢ € T can
be depicted as follows:

2 The parts of the syntactic tree of the formula, where the variable in question can
legally appear.



The diagram is a graphical representation of
the scopes of the individual variables of the
sort T. We can easily see that the scope of
the variable ¢ is not the whole subformula
rooted by Jt; : T (as it would be in a 2-FOL
formula). The scope of t; extends only to
the point where other temporal connective
(e.g., <, represented by the shaded area) is
t1 < t2 P(ta,y) P(t1,z) encountered. While #; can still be used in the
body of this connective (i.e., in the expansion
of its definition—¢#; < tg), it cannot be used
in the subformula rooted by this connective,
e.g., in P(t2,y).

Scope of y

Translation of <
Scope of t;

Fig. 1. Restriction on the scopes of the individual temporal variables.

Example 3.1 Figure 1 shows the restrictions on the scopes of the individual
variables in the translation Embed(¢) for an FOTL formula ¢.

In general the variables z and y can appear together as arguments of an atomic
formula only if their scopes intersect. Note that this restriction does not have any
impact on pairs of variables of sort . This i1s very natural as the restrictions
are connected solely with the sort 7. The following definitions give a precise
definition of a combinatorial game, that captures the expressive power of FOTL
(similarly to the game for First-order logic in [8, 9]):

Definition 3.2 (Game for Temporal Logic) Let A and B be two T-structu-
res, a = (a1,...,ax) and b = (by,...,by) sequences of A-elements and B-
elements (respectively), and n € N. A round of the game T, ((A, a), (B, b)) con-
sists of an ordered sequence of n moves (ag41,b5+41), - -, (@k+4n,brtn) of the form
“PLAYER I chooses an element in the carrier of either A or B and PLAYER 11
chooses an element in the carrier of the other structure”. Both the players must
obey the following rules:

1. the corresponding elements a; and b; must be of the same sort, and
2. the pair (a1,b1) must be of sort T.

We say that i (i.e., i-th move) is a data move if both a; and b; are of sort D,
and that 1 s a temporal move if both elements are of sort T'.

We call the pair (a1,b1) the initial temporal context, and the vectors a and b
the initial assignment.

The vectors a = (ay,...,ax) and b = (b1,...,b;) are used to handle the open
formulas of M (cf. Theorem 3.10). Except for the additional rules, the game for
temporal logic is the same as the Ehrenfeucht-Fraissé game for first-order logic
[18]. The first rule enforces the sort compatibility of the individual moves in
the game—this is a natural requirement for the many-sorted structures (we can
assume that the relations are empty if the arguments do not match the required
sorts). The second rule is needed to define the initial temporal context, the
subsequent moves are then relative to this context. Note that a closed temporal



Round of the game: Aty ay as tstsas agtyag ... ¢ ... a,
BSQ b1 b2 S3 84b5 b6 87bg . I bn
Compatible moves: (0 >—m——
I ————o
4
7

Fig. 2. A round of the game and the scopes of the temporal moves.

logic formula still has one free variable of sort 7T that represents the initial
temporal context (cf. the semantic definition of the temporal logic in section 2
or [13]).

Besides the rules of the game itself we need to define the winning condition
for the game for temporal logic. Here we use the observation from Example 3.1:
Definition 3.3 (Compatible Moves) Let T, ((A, a), (B, b)) be a round of the
game for temporal logic and i and j two moves in the game, such that i precedes
JinT, (i< j). If at least one of:

1 and j are data moves,
1 1s a data move and j ts a temporal move,

1 15 the last temporal move preceding the data move j,

T Lo o~

1 and j are both temporal moves, and all the moves between i and j are
temporal moves,

5. 1 and j are both temporal moves, and i is the last temporal move preceding j
such that there 1s a data move between i and j

holds, then we say that the moves i and j are compatible. A set of moves S is
self-compatible if every two elements in S are compatible.

This definition is related to the definition of the temporal connectives and Ex-
ample 3.1. The blocks of consecutive temporal moves in 7, correspond to a
temporal connective or several subsequent temporal connectives with the same
number of nested quantifiers over 7. The compatibility criterion exactly matches
the compatibility of the scopes of the corresponding variables in a formula of 7
Example 3.4 Figure 2 shows a round of the game T,((A, o), (B, sg)) on the
structures A and B. The lower part of the figure shows moves compatible with
the individual temporal moves in this particular round of the game. It is easy
to see that compatibility of moves in the game exactly corresponds to scopes
of variables in 7-formulas. Note that in the case of 2-FOL, the scopes of the
individual variables would extend to the rightmost edge of the figure—the n-th
column.

Definition 3.3 implies the following restrictions on the winning condition of the
game for temporal logic:



Definition 3.5 Let a = (a1,...,a) for a; € A, b = (b1,...,bg) for b; € B,
and T,,((A, a), (B, b)) be a round of the game for FOTL of length n. We say that
PLAYER IT wins the round of the game for FOTL if the following conditions
hold:

1. for any p; € § and any ki, ..., ky, such that 0 < k; < n+ k where all k; are
data moves such that {ki,... ky,} is self~compatible

AEptak,, ..., a,) < BEP (b, ... bk,

2. for any p; € v and any ki,...  ky, 5.t. 0 < k; < n + k where all k; are
temporal moves such that {ki, ..., ky,} is self-compatible

A':p?(akla'“aakwl) <~ B ':piB(bkla'”;bkw,)

3. for any temporal extension R; of r; € 0 and any ko, ... ky, s.£. 0 < k; < n+k
such that ko s a temporal move where all k; such that 0 < j < v; are data
moves and {kq, ..., ky,} is self-compatible

A R ak,,. .. a5, ) < B E Rl (bgy, .. bx,)

Otherwise we say that PLAYER I wins the round of the game for temporal logic.
If PLAYER 11 can always win the game T, ((A, a), (B,b)) we say that PLAYER 11
has a winning strategy for T, ((A, a), (B, b)).
It is easy to verify that a winning strategy for PLAYER II defines an equivalence
relation ~y , on the class of 7-structures, where k is the length of the initial
assignment and n is the number of moves in the game T, .

The connection between the games and formulas of FOTL is established as
follows:

Definition 3.6 (Quantifier Depth) We define function qd : M — N

If ¢ is atomic then qd(¢) = 0.

If ¢ is =¢ then qd(p) = qd(4).

If ¢ 15 1 A @2 then qd(p) = max{qd(¢1), qd(d2)}.
If ¢ is Jz.¢ or 3t.¢ then qd(¢) = aqd(é) + 1.

Definition 3.7 Let L , be set of all formulas ¢ of M such that ¢ is a subfor-
mula of Embed(y)) for some € T, |FV(¢| = n, and qd(¢) = n.

In general the sets Ly , are countably infinite, but we can always find a finite
subset of this set that “represents” all the formulas in Ly »:

Lemma 3.8 For each k,n € N there is a finite subset @y, of Ly n such that
every formula ¢ € Ly, is equivalent to a formula ¢ € @ . Moreover, all free
variables in ¢ are {vy,...,vg}.

T Lo v~

Notation 3.9 Let ¢ € Py, be a formula and a = (a1,...,ax) a vector of
elements from the carrier of a first-order structure A. Then we write

Aja = for A = plvi/ay,. .. v /ak].
Note that the variables v; are the only free variables of .



Theorem 3.10 Let A and B be T-structures, a = (a1, ...,ax), b = (b1,...,bg)
sequences of A-elements and B-elements (respectively) such that a; € T# and
by € TB, and n € N. Then

(Aya) ~pn (Bib) <= Vo el AjalEp <= BibEy

Note also that if (A,a) ~1, (B,b) then the 7-structures A and B are indis-
tinguishable by any closed 7-formulas of quantifier depth at most n over an
arbitrary set of temporal connectives built using Definition 2.5 for a given initial
temporal context a,b.

4 Structures indistinguishable by FOTL formulas

We prepared all the necessary techniques to show our main result: the language
T is strictly less expressive than the language M. We show that for a standard
choice of the data domain being the set of uninterpreted constants with equality
and a standard choice of a linearly ordered temporal domain:

— the propositional temporal logic has an expressively complete set of temporal
connectives [10, 14, 15, 22], but

— there is no finite set of temporal connectives expressively complete in the
first-order case.

This result implies that the choice of FOTL with arbitrary finite set of connec-
tives as a basis of a first-order complete query language for temporal databases
is not adequate, as there are first-order queries not expressible in this language.
We prove this result in two steps:

1. First we show that the FOTL language L is strictly less expressive than the
2-FOL language M for a degenerate choice of the temporal domain: a set
of elements without any structure on the elements, even equality (i.e., the
signature of the temporal domain is empty) and the standard data domain
of uninterpreted constants with equality.

2. In the second step we extend this result to all dense linear orders.

4.1 Time Domain: a Set

The first claim is proven as follows: Let € be an empty signature, . X7 = 3t.X,
be a temporal connective, and 7 (£2(¢),=) be an FOTL language.

Lemma 4.1 The propositional TL T ({Cc}) is expressively complete with respect
to the monadic 2-FOL M(e).

P roof: By induction on the structure of ¢ € M(e).

Note that in the propositional case the signature of the data domain is irrelevant.

Notation 4.2 Let SI* = {S1,..., Sk} be the set of all n-element subsets of the
m-element set {1,...,m}.

We prove that Lemma 4.1 does not generalize to the first-order case: the logic
T (£2(e); =) is strictly less expressive than the logic M(e; =):



Theorem 4.3 Let m,n € N such that n < m. We define P" = {(t,z) : z €
St €8} and R ={(—t,z):x € S, € S"}. Let

An=(Z;{1,...,2n},=; P, R?™) and B,=(Z;{1,...,2n},=; P" R?")
be two temporal structures (with the signature (e;=;p/1,7/1)). Then

1. A, and B, can be distinguished by a M formula (of quantifier depth 3), but

2. Ay, and B, cannot be distinguished by any T formula of quantifier depth less
or equal ton — 1.

Proof: (1) Let
@ = 3t1.3t.((Fz.P(t1, ) A (3z.R(t2, 2)) A (Vz.P(t1,2) <= R(t2,2)))

Clearly ¢ € M(e,=), ¢ = An, and ¢ = By,. To prove (2) we define a winning
strategy for PLAYER II: Let (a1,b1), (az,b2), ..., (ak, bg) be all the data moves
and (¢, s) the last temporal move in a prefix of a round of the game T, that
satisfies the winning condition. We show that every sequence of moves, shorter
than n can be extended by one move. By case analysis (assuming PLAYER I picks
an element from the carrier of the structure A,):

1. PLAYER I plays a data move a € {1,...,2n} and a = a; for some 0 < i < k.
Then PLAYER II responds by b = b;.

2. PLAYER I plays a data move @ € {1,...,2n} and a # a; for all 0 < ¢ < k.
Then PLAYER IT plays b € {1,...,2n} such that b # b; for 0 < i < k
and if (t,a) € P¥™, then (s,b) € P", otherwise (s,b) ¢ P2". Similarly, if

(t,a) € R?™ then (s,b) € R2", otherwise (s,b) ¢ P?". In all cases PLAYER 11
can find such a b as there are only k£ < n elements chosen so far.

3. PLAYER I plays a temporal movet’ € {1,...,|82",|}. Then PLAYER II plays
s’ € {1,...,|82"|} such that (#',a;) € P>, if and only if (s, b;) € P?" for
all 0 < i < k. Again, such a s’ exists because 82" contains all n-element
subsets of {1,...,2n} and the number of data moves played so far is less
than n. The choice may not be unique—in that case PLAYER II can choose
arbitrarily as all the elements of T are indistinguishable in the signature e.

4. PLAYER I plays a temporal move t' € {—1,...,—|S?"|}. Then PLAYER II
plays s’ € {—1,...,—|SZ"|} such that (#,a;) € R2" if and only if (s, b;) €
RZ for all 0 < i < k. Similarly to the previous case, such a s’ always exists.

Similarly, if PLAYER I chooses an element from the carrier of the structure B,
PLAYER II replies with an element from A, using symmetric strategy. In all
cases the new move does not violate the winning condition. The conclusion of
this theorem follows from Theorem 3.10.

Corollary 4.4 FOTL T (£2(¢),=) s strictly less expressive than 2-FOL M (e, =)
for an arbitrary finite set of connectives £2(¢).

Theorem 4.3 and Corollary 4.4 also provide an example of when expressive com-
pleteness in the propositional case does not imply the existence of a complete
set of connectives in the first-order case.



4.2 Time Domain: Dense Linear Order

To show a similar result for temporal logic over linear orders is more complicated.
We need to account for the structure of the temporal domain. Consider the
following definition:

Definition 4.5 Let (Q, <) be a linear order, S a finite set, I C @) a non-trivial
wnterval, and f : I — S a function. We say that f is dense over S if for every
s,t € I such that s <1t and for every x € S there 1s r € I such that s < r <t
and z = f(r).

Clearly, for any dense linear order we can define functions dense over any finite
codomain.

Lemma 4.6 Let (Q,<) be a dense linear order and I C () an open interval
such that |I| > 1. Then for every finite set S there is a f : [ — S that is dense
over S.

Theorem 4.7 Let (Q, <) be a dense linear order, f} . : 1 — ST U {0} dense
over 8™ U {0} for every non-trivial interval I C @Q, and let J, and Jy be two
nontrivial, open, and disjoint intervals in Q. We define P* = {(t,z) : © €
f,‘,]l{n(t)} and R ={(t,z) :z € f;,]ﬁn ()}, Let

-An:<Qa <; {1a sy 271}, = Pr%fla R?Ln> and Bn:<Qa <a {1: .. .,271}, =; Pr%na erzn>

be two temporal databases. Then

1. A, and By, can be distinguished by a M formula (of quantifier depth 3), but

2. A, and B, cannot be distinguished by any T formula of quantifier depth less
than or equal to n — 1.

Corollary 4.8 FOTL T (£2(<),=) over a dense linear order < is strictly less
expressive than 2-FOL M(<,=) for an arbitrary finite set of connectives £2(<).

5 Additional Results

Using our technique we can prove several additional results about FOTL. Among
other results, we show that the gap between FOTL and 2-FOL cannot be bridged
using a more powerful version of FOTL—the weakness is inherent to the restric-
tion on the maximal temporal arity (dimension) of the logic FOTL.

5.1 Separation of Future FOTL from FOTL

Using a similar technique as in Theorem 4.7 we can separate the Future FOTL
with arbitrary future temporal connectives from the full FOTL T (since, until).
These two logics are expressively equivalent in the propositional case [12].

Lemma 5.1 Let (Q%;<,0) be a dense linear order with a left endpoint (0). Let
J C QT be a non-trivial open interval and f,{%n : I — 8™ U {0} be dense over

ST, We define P = {(t,z) :z € fr{%,n(t)} and R, = {(0,z) : 0 <z <n}. Let
An=(Q,<;{1,...,2n},=; P2, R,) and B,=(Q, <;{1,...,2n},=; P2" R,)

be two temporal structures. Then



1. The structures A, and By, can be distinguished by a T (since, until) formula
of quantifier depth 3, but

2. A, and B, cannot be distinguished by any future T formula of quantifier
depth less or equal to n — 1.

Proof: (1) Let ¢ = (OVa.(p(z) <= ®r(z))) € T (since,until). Clearly,
0,0 £ A, and ¢,0 | B,.

(2) follows from observation that f; , is dense over S7' (and thus PLAYER II
can find an appropriate answer to every temporal move of the PLAYER I), and
the fact, that the quantifiers in future FOTL formulas are restricted (this means
that PLAYER I cannot return to tzme 0 once he played any other temporal move,
as the sequence of temporal moves in a game for Future FOTL has to be non-
decreasing sequence of elements of T).

5.2 Expressive Incompleteness for Many-dimensional FOTL

When using FOTL as a query language, we cannot express queries that refer-
ence two distinct time instants (in an essential way, cf. Section 4). This is due
to the limitation on the number of temporal contexts passed to the individual
subformulas of a FOTL formula. In [13] many-dimensional propositional tempo-
ral logics are studied. These logics can be easily modified to many-dimensional
first-order temporal logics (k-FOTL, where k is the dimension of the logic). The
main idea behind this approach is to allow k temporal contexts in all the tempo-
ral (sub-)formulas. Clearly, 2-FOTL can express the query from Theorem 4.3 (2)
as exactly two temporal contexts are needed in this query. However, using our
technique we can show that k-FOTL is strictly less expressive than (k+1)-FOTL
and thus is also less expressive than 2-FOL for any & > 1.

Definition 5.2 (Many-dimensional Temporal Connective) Let v be a sig-
nature of the temporal domain, k > 0, and t; be variables ranging over k-tuples
of elements of T' (time instants). Then

O = p(ti[j1], - tw le]) |OAO | =0 | 3t:.0 | X;

where X; are predicate variables, p € =, and t;[j] is the j-th component of
the tuple variable t;. A (n-ary) k-dimensional temporal connective (over v) is
an O-formula with exactly one free variable ty and n free predicate variables
X1,...,Xn. We denote it by w(X1,...,X,) Let £2(y) denote a finite set of
(names for) temporal connectives over .

Now we can define the language of k-FOTL exactly the same way as in the case
of FOTL (cf. Definition 2.8). The semantics is also defined in the same way as
in Definition 2.10 with a small “fix” to the base case:

Embed(r;(z1,...,2zy,)) = Ri(to[1], 21, ..., 2y,).

The game for k-dimensional temporal logic is similar to the game for FOTL.
The only difference is that for every temporal move we always pick k-tuples of
elements of sort T instead of a single element. We have to guarantee that the
winning condition is met for all components of every tuple move.

Note that we are still using the uniform temporal databases with relations
monadic in the sort T'. Clearly, a higher dimension of the base relations in the



temporal sort leads to the separation result immediately. However, even with the
restriction on the database relations we can prove the separation of the k-FOTL
from (k + 1)-FOTL.
Theorem 5.3 Let
pi=3t3t, ..t Vr(R(t,z) < \/ Pt 2))
0<i<k

Then ¢ is expressible in (k+ 1)-FOTL but not in k-FOTL.
Proof: That ¢ is not expressible by k-FOTL follows from a modification of
Theorems 4.3 or 4.7. To show that ¢ is expressible in (k + 1)-FOTL, consider
following (k + 1)-dimensional connectives:

S =34.X,

T\leatl(tl[l]zto[l]/\Xl) fOI'0<Z§]i7

Note that the variables ¢; range over (k 4+ 1)-tuples of temporal elements. Then

© is equivalent to OVa(r(z) <— \/ s p(z))
0<i<k
which is a (k+ 1)-FOTL formula.
Thus the many-dimensional FOTL logics form a proper hierarchy with respect
to their relative expressive power:
FOTL C 2-FOTL C ... C (k —1)-FOTL C k&-FOTL C ... C 2-FOL

Note that for an arbitrary finite set of connectives we can find a k-FOTL that
can express all the connectives for any £ € N. Also, from the previous results
and [16], we know that

Future-FOTL C FOTL C FOTL(now) C 2-FOTL

On the other hand, the hierarchy of k-FOTL approzimates 2-FOL:
Theorem 5.4 Let ) be a 2-FOL formula. Then there is a natural number k and
a k-FOTL formula ¢ such that ¢ = ¢.

5.3 Temporal Relational Algebras

Previous results also show that every temporal relational algebra is strictly
weaker the temporal relational calculus:

Theorem 5.5 Let I' be a first-order definable relational algebra over uniform
relational types. Then the relational algebra queries over I' cannot express all
first-order queries.

5.4 Ordered Data Domain

Theorems 4.3 and 4.7 hold even in the presence of the linear order on the data
domain (which is a usual assumption in relational databases). The only difference
is in the choice of the cardinality of the subsets of elements that are in the
relations P and R. The subsets are chosen similarly to proof of Theorem 4.7.
We choose the data domain to be {1,...,27+1} and define the 7-structures by

2+l o+l

An=(Q,<; D, =PRI RS and Ba=(Q,<;D,= P3RS



The strategy for PLAYER 11 is essentially the same, as two linear orders with car-
dinalities 2”7 and 2" — 1 cannot be distinguished by n data moves, and PLAYER 1
cannot pick more than n — 1 data moves in a round of the game for temporal
logic of length n.

5.5 Fixed Data Domain

Corollary 4.8 may suggest that the logic FOTL is always strictly less expressive
than 2-FOL in the first-order case. This is not true either:

Example 5.6 Consider the situation where D is a finite set of fixed size. In this
case the proof of Lemma 4.7 will not work as we cannot build the structures
A, and B,, of arbitrary size. If, moreover, every element of D is denotable by a
constant we can replace quantifiers over D as follows:

Voo = Neep #le/e] Fep=Voep elz/d]
It is easy to see that this case is essentially the same as the case of propositional
temporal logic. Note that the fixed size of the domain is a first-order property
(i.e., it can be defined by a first-order theory of D). However, the size of the
resulting formula depends on the size of D.

6 Conclusion

In this paper we have defined a model-theoretical game that captures the expres-
sive power of k-FOTL in a very general setting—the definition is independent
of the underlying signatures and theories. We have used this game to resolve
several open questions about temporal logics. Our main result is the separation
of FOTL from 2-FOL: 2-FOL 1is strictly more expressive than any variant of
temporal logic over dense orders. Thus k-FOTL cannot be used as a basis for
the design of a first-order complete temporal query language. We conjecture that
the same results hold for the expressive power over all (sufficiently large) linear
orders—the proof of Theorem 4.7 for discrete orders needs to be modified using
a restricted density property that allows one to maintain the winning strategy
for PLAYER II, but makes the order isomorphic to the standard linear order on
integers. We can prove Theorem 4.7 for FOTL with unary temporal connec-
tives over discrete linear orders. However, substantiating this claim in its full
generality is the goal of ongoing research.

Future research in this area will concentrate on the following topics:

1. In the case of complete first-order query languages, new and more general
implementation techniques need to be developed for handling the temporal in-
formation. The intermediate results of the query evaluation algorithms may be
more complicated than allowed by the uniform database schema. Thus, such
intermediate results cannot be stored in a uniform temporal database itself as
auxiliary relations.

2. In the area of incomplete but subquery-closed temporal query languages the
relationships between the different sets of temporal connectives need to be in-
vestigated. For many applications a limited number of simultaneous temporal
contexts may be sufficient. This would allow the use of a sufficiently large set of
temporal connectives tailored for the specific application.



3. The temporal databases are infinite structures in general. However, all the data
stored in the database must be finitely representable. This restriction disallows
the use of arbitrarily complex temporal databases (cf. Definition 2.1)3. Sufficient
restriction on the class of allowed temporal databases may be sufficient to guar-
antee both the closure and completeness. We have seen that bounded number of
elements in the data domain is such a restriction. Are there other (nontrivial)
restrictions (especially on the temporal domain) that also guarantee both the
closure and completeness?

7 Related Work

The separation is proven using a modification of the Ehrenfeucht-Fraissé Games
to capture the properties of Temporal Logic. In [14] pebble games have been used
to show expressivity results for the monadic logic over linear orders. However,
our results and techniques are different, as we are interested in the first-order
temporal logics (and the corresponding 2-FOL). The method introduced in [14]
is no longer sufficient as it cannot handle unrestricted quantification over the
data sort. In [16] a restricted version of 2-FOTL was presented introducing the
now connective that allows one to reset the temporal context of a subformula to
the original evaluation point. This logic was also shown to be strictly stronger
than FOTL. However, the technique used in [16] does not apply to temporal
databases—the proof of the fact is carried out over first-order structures that
cannot be finitely encoded as the contents of the database relation(s)} is an infi-
nite and coinfinite* at every time instant. Such sets cannot be represented over
the data domain (as the theory of equality can finitely encode only finite and
cofinite sets. A recent result [1] that separates FOTL with the since and until
connectives from 2-FOL in the case of finite (sufficiently large) linear orders sup-
ports our conjecture. However [1] uses a counting argument in the proof and thus
it does not generalize to arbitrary linear orders. Also, the relationship between
this work and various sets of temporal connectives defined in [13] is not clear.
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