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Syntax

ldea
We use only the structural parts of the language

=- parameter abstraction and application

Tou=x|(AXT) | (Ty T2)

e FV(T) free variables in T (not bound by )
e substitution [T /x] interm T’
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Reductions

Idea
Computation = substitution of actual parameters for formal parameters.J

Computation Rules:

a-rule: AX.T — Ay.[y/x]T fory ¢ FV(T)
S-rule: (AX.T) T — [T//X]T
n-rule: As.T x — T forx ¢ FV(T)
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Reduction Sequences and Normal Forms

(B-)redex (Ax.T) T’
one-step: E{(Ax.T) T’} — E{[T//X]T}

reduction sequence: E - E' - E” — ...

normal form: E with no redexes
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Coding Useful Things

e Booleans: true = Ax.\y.x  false = A\x.\y.y
= ifBthen T else Tofi =B T, T,

o Pairs: <T1,T2> =Xz.zT, Ty
= proj((T) =T true, proj,(T) =T false

e Natural Numbers (Church numerals): n = A\s.\z.s" z

= succ = An.As.\z.s(ns z)
= add = Am.An.m succ n
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Loops?

ldea
Terms that produce their own copies as contractum.

o Q= (AX.X X)(AX.X X)
=0-0-Q0Q-0Q— ...

o Y = M. (Ax.f(x x))(Ax.f(x X))
=Y f-f(Yf)-f(f(Yf)—...
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Properties

Theorem (Confluence/CR)

For every E —* E; and E —* E, there is E’ such that E; —* E’ and
E, —*E’.

Theorem (Uniqueness of NF)
For every E —* E/, if E’ is a normal form then E’ is unique.
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Rewriting Strategies

¢ leftmost-outermost (call-by-name)
o call-by-value

= values = identifiers (x) and abstractions (Ax.T)
= B-val: (A\.T) T — [T//x]T if T is a value.

Theorem (Standardization)
If E has a NF, then it is found by the leftmost-outermost rewriting.
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