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A greedy s,t path can be long compared to d(s,t). 

A greedy drawing permits local greedy routing.

Any 3-connected planar graph has a greedy drawing [Leighton and Moitra, 2008; 
Angelini, Frati, and Grilli, 2009], with few bits [Goodrich and Strash, 2009].
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Greedy drawing

For every pair of vertices s and t, there is a greedy s,t path



Dilation and spanners

dilation:  maxvertices s,t {d(s ,t) / D(s ,t) }
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d(s,t)

 D(s ,t)

spanner: remove many edges while keeping dilation small

detour:  suppoints p,q {d ( p, q )  / D(p ,q) }    i.e. we care about points on edges too

crossing edges ⇒ detour is infinite



Background

Questions:

• Given a graph, find a drawing that is greedy or . . . 

• Given a set of points, connect them with a graph that is a spanner or . . . 

e Delaunay triangulation is greedy and is a spanner, but greedy paths  do 
not have good dilation.

Simon’s presentation: Competitive routing in the half-θ6-graph, 
Bose, Fagerberg, van Renssen, Verdonschot, 2012
Alternative triangulation that allows local routing with bounded dilation

http://dl.acm.org/citation.cfm?id=2095220
http://dl.acm.org/citation.cfm?id=2095220


Self-approaching curve

4 Self-Approaching Graphs

For results on computing the dilation or detour of a path or graph, see the
survey by Gudmundsson and Knauer [19] and the paper by Wulff-Nilsen [29].

The Delaunay triangulation has several good properties: it has dilation factor
below 2 [30], and is a greedy drawing [8], although greedy paths in a Delaunay
triangulation do not necessarily have bounded dilation. We show that the De-
launay triangulation is not necessarily self-approaching.

3 Preliminaries

We let D(u, v) denote the Euclidean distance between points u and v in Rd.
Formally, a curve is a continuous function f : [0, 1] → Rd, and an st-curve is a
curve f with f(0) = s and f(1) = t. The reverse curve is f(1− t), t ∈ [0, 1]. For
convenience, we will identify a curve with its image, and ignore the particular
parameterization. When we speak of points a and b in order along the curve,
or with b later than a on the curve, we mean that a = f(t1) and b = f(t2) for
some 0 ≤ t1 ≤ t2 ≤ 1. A curve is self-approaching if for any three points a, b, c
in order along the curve, we have D(a, c) ≥ D(b, c) (see Figure 2(a)). Note that
this definition is sensitive to the direction of the curve—it may happen that a
curve is self-approaching but its reverse is not.

A curve has increasing chords if for any four points a, b, c, d in order along
the curve we have D(a, d) ≥ D(b, c) (see Figure 2(b) for an example). Note that
if a curve has increasing chords then the reverse curve also has increasing chords,
and the curve and its reverse are both self-approaching. The converse also holds:
if a curve and its reverse are both self-approaching then the curve has increasing
chords, as we then have D(a, d) ≥ D(a, c) ≥ D(b, c) for any points a, b, c, d in
order along the curve.
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Fig. 2: (a) A self-approaching st-curve and (b) an increasing-chord curve in R2.

The following characterization of self-approaching curves is straightforward:

Lemma 1. ([22]) A piecewise-smooth curve is self-approaching iff for each point
a on the curve, the line perpendicular to the curve at a does not intersect the
curve at a later point.

Corollary 1. A piecewise-smooth curve has increasing chords iff each line per-
pendicular to the curve intersects the curve at no other point.

self-approaching s,t curve:  ∀ a,b,c (in order)    D(b,c) ≤ D(a,c)

Equivalently, perpendiculars to the curve do not intersect the curve later on.
[Icking, Klein, Langetepe, 1995] 
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self-approaching in both directions = increasing-chord:  ∀ a,b,c,d (in order)    
D(b,c) ≤ D(a,d)

4 Self-Approaching Graphs

For results on computing the dilation or detour of a path or graph, see the
survey by Gudmundsson and Knauer [19] and the paper by Wulff-Nilsen [29].

The Delaunay triangulation has several good properties: it has dilation factor
below 2 [30], and is a greedy drawing [8], although greedy paths in a Delaunay
triangulation do not necessarily have bounded dilation. We show that the De-
launay triangulation is not necessarily self-approaching.

3 Preliminaries

We let D(u, v) denote the Euclidean distance between points u and v in Rd.
Formally, a curve is a continuous function f : [0, 1] → Rd, and an st-curve is a
curve f with f(0) = s and f(1) = t. The reverse curve is f(1− t), t ∈ [0, 1]. For
convenience, we will identify a curve with its image, and ignore the particular
parameterization. When we speak of points a and b in order along the curve,
or with b later than a on the curve, we mean that a = f(t1) and b = f(t2) for
some 0 ≤ t1 ≤ t2 ≤ 1. A curve is self-approaching if for any three points a, b, c
in order along the curve, we have D(a, c) ≥ D(b, c) (see Figure 2(a)). Note that
this definition is sensitive to the direction of the curve—it may happen that a
curve is self-approaching but its reverse is not.

A curve has increasing chords if for any four points a, b, c, d in order along
the curve we have D(a, d) ≥ D(b, c) (see Figure 2(b) for an example). Note that
if a curve has increasing chords then the reverse curve also has increasing chords,
and the curve and its reverse are both self-approaching. The converse also holds:
if a curve and its reverse are both self-approaching then the curve has increasing
chords, as we then have D(a, d) ≥ D(a, c) ≥ D(b, c) for any points a, b, c, d in
order along the curve.

s

a
b

t c

(a)

a
b

d t

s c

(b)
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The following characterization of self-approaching curves is straightforward:

Lemma 1. ([22]) A piecewise-smooth curve is self-approaching iff for each point
a on the curve, the line perpendicular to the curve at a does not intersect the
curve at a later point.

Corollary 1. A piecewise-smooth curve has increasing chords iff each line per-
pendicular to the curve intersects the curve at no other point.

detour
5.3332

detour
2.094

[Rote 1994]



Self-approaching graph

For every pair of vertices s, t, there is a self-approaching s,t path.

increasing chord graph: For every pair of vertices s, t, there is an s,t path that 
is self-approaching in both directions.
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Self-approaching graph

For every pair of vertices s, t, there is a self-approaching s,t path.

increasing chord graph: For every pair of vertices s, t, there is an s,t path that 
is self-approaching in both directions.
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note that a greedy strategy fails
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Questions

1. given a graph drawing, is it self-approaching?

2. given a graph, does it have a self-approaching drawing?

3. given points in the plane, connect them with a self-approaching network



Questions  Results

1. given a graph drawing, is it self-approaching?

2. given a graph, does it have a self-approaching drawing?

3. given points in the plane, connect them with a self-approaching network

open, but some partial results  

open, but we can test trees

yes,  O(n)



1. Given a graph drawing, is it self-approaching?

A natural (harder) problem:

(✶) Given a graph and vertices s and t, is there a self-approaching s,t path?

Results:

• Can test a given 2D path in O(n) time.

• Can test a given 3D path in O(n polylog(n)) time.

• (✶) is NP-complete in 3D.



Testing if a path is self-approaching

Check each edge’s slab with the convex hull of the points ahead.
Use incremental convex hull algorithm: O(n).

 

 

NOT SEL
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2. Given a graph, does it have a self-approaching drawing?

eorem.  A tree has a self-approaching drawing iff it is 
              a subdivision of K1,4  
               a subdivision of a windmill (= crab-free) 
is can be testing in time O(n).

Self-Approaching Graphs 7

Lemma 2. In a self-approaching drawing of a tree T , for each edge (u, v), there
is no edge or vertex of T \ uv that intersects slab(uv).

Proof. Since there is a unique path connecting vertices s and t in any tree T ,
a drawing of T is self-approaching if and only if it has increasing chords. The
result then follows from Corollary 1. !"

As it turns out, we can quickly determine whether a tree admits a self-
approaching drawing:

Theorem 5. Given a tree T , we can decide in linear time whether or not T
admits a self-approaching drawing.

Proof. To prove this theorem, we completely characterize trees that admit self-
approaching drawings. We require two definitions of special graphs.

A windmill having sweep length k is a tree constructed by subdividing the
edges of K1,3 k−1 times iteratively and then attaching a leaf to each subdivision
vertex. The term sweep shall denote one of the three new disjoint paths of
length k that replace edges of K1,3 during the subdivision process. A windmill
is depicted in Figure 4(a).
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Fig. 4: (a) A windmill with sweeps of length 2 and (b) an embedding of the crab.

The crab graph is the tree with vertices {a, b, a1, a2, b1, b2, a11, a12, a21, a22, b11,
b12, b21, b22} and edges {(a, b), (a, a1), (a, a2), (b, b1), (b, b2), (a1, a11), (a1, a12),
(a2, a21), (a2, a22), (b1, b11), (b1, b12), (b2, b21), (b2, b22)} as depicted in Figure 4(b).
A graph G is crab-free if it has no subgraph that is isomorphic to some subdivi-
sion of a crab.

We prove Theorem 5 in two steps. Write ∆T for the maximum degree of a
vertex in T .

1. First we show that a tree T with ∆T ≥ 4 admits a self-approaching drawing
if and only if T is a subdivision of K1,4.

2. Then we show that a tree T with ∆T ≤ 3 admits a self-approaching drawing
if and only if it is a subdivision of a windmill, which happens if and only if
T is crab-free.
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Fig. 4: (a) A windmill with sweeps of length 2 and (b) an embedding of the crab.

The crab graph is the tree with vertices {a, b, a1, a2, b1, b2, a11, a12, a21, a22, b11,
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A graph G is crab-free if it has no subgraph that is isomorphic to some subdivi-
sion of a crab.

We prove Theorem 5 in two steps. Write ∆T for the maximum degree of a
vertex in T .

1. First we show that a tree T with ∆T ≥ 4 admits a self-approaching drawing
if and only if T is a subdivision of K1,4.

2. Then we show that a tree T with ∆T ≤ 3 admits a self-approaching drawing
if and only if it is a subdivision of a windmill, which happens if and only if
T is crab-free.

a windmill the crab

Open.  Other graph classes, e.g. planar 3-connected.

OR



Newer Results

eorem.  Every triangulation has an increasing chord drawing.  If the 
triangulation is a planar 3-tree, the increasing chord drawing can be planar.

Ideas: 
• Draw a subgraph of a triangulation (skinny angles)
• for planar 3-trees use Schnyder drawings

On Self-Approaching and Increasing-Chord Drawings of 3-Connected Planar Graphs.  
Martin Nollenburg, Roman Prutkin, and Ignaz Rutter. 
Graph Drawing 2014.
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Fig. 2: Drawing a triangulated binary cactus with increasing chords inductively. The drawings �i,"0

of the subcactuses, "0 = "
4k , are contained inside the gray cones.

3.1 Increasing-chord drawings of triangulations1

We show that every downward-triangulated binary cactus has an increasing-chord draw-2

ing. The construction is similar to the greedy drawings of binary cactuses in the two3

proofs of the Papadimitriou-Ratajczak conjecture [5, 13]. Our proof is by induction on4

the height of the BC-tree. We show that G can be drawn such that all downward edges5

are almost vertical and the remaining edges are almost horizontal. Then, for vertices s, t6

of G, an st-path with increasing chords goes downwards to some block µ, then sideways7

to another cutvertex of µ and, finally, upwards to t. Let #»e
1

, #»e
2

be vectors (1, 0)>, (0, 1)>.8

Theorem 1. Let G = (V,E) be a downward-triangulated binary cactus. For any 0

� <9

" < 90

�, there exists an increasing-chord drawing �
"

of G, such that for each vertex v10

contained in some block µ, v 6= r(µ), the angle formed by
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r(µ)v and #»e

2

is at most "

2

.11

Proof. Let G be rooted at block ⌫. As our base case, let ⌫ = G be a triangular fan12

with vertices v
0

, v
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, . . . , v
k
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k

) has increasing chords.15

Now let G have multiple blocks. We draw the root block ⌫, v
0

= r(⌫), as in the16

previous case, but with ↵ =

"
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4k

and17

draw the subcactus G
i

rooted at v
i

inductively, such that the corresponding drawing �
i,"

018

is aligned at #     »v
0

v
i

instead of #»e
2

; see Fig 2b. Obviously, all downward edges form angles19

at most "

2

with #»e
2

.20

We must be able to reach any t in any G
j

from any s in any G
i

via an increasing-chord21

path ⇢. To achieve this, we make sure that no normal on a downward edge of G
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the resulting drawing of G is an increasing-chord drawing.30

5



3. Given points, construct a self-approaching network

eorem. Given a set P of n points in the plane, there exists an increasing-
chord Steiner network with O(n) vertices and edges.

Such a network will be a spanner.

Natural candidates:
• Delaunay triangulation    no
•  Manhattan network    yes (an x-y monotone path is self-approaching)   

size Θ(n log n) [Gudmundsson, Klein, Knauer, and Smid, 2007]

[Benkert et al.]



3. Given points, construct a self-approaching network

eorem. Given a set P of n points in the plane, there exists an increasing-
chord Steiner network with O(n) vertices and edges, and we can construct it 
in O(n log n) time.

ingredients: compressed quad tree, well-separated pair decomposition
construct union of two networks for pairs s,t depending on angle to x-axis.

s
ts

t

final network 
is octilinear



3. Given points, construct a self-approaching network

compressed quad tree

a b

c d

n leaves
O(n) nodes

a

b

c

d

Every point can get to every corner of every enclosing square via an 
x-y monotone path. 



3. Given points, construct a self-approaching network

Given ε > 0, a well-separated pair decomposition of P is a collection of pairs of 
sets {A1, B1}, . . . , {As, Bs}, such that

1. ∀ p,q ∈ P  ∃ unique i with (p,q) or (q,p) ∈ Ai×Bi

2. Ai and Bi are well-separated: the diameters of Ai and Bi are ≤  εd(Ai,Bi)

ere is a well-separated pair decomposition with s in O(n/ε2), and the Ai’s 
and Bi’s are squares of the compressed quad tree or points of P.

Ai

Bi

Final part of construction:



3. Given points, construct a self-approaching network

well-separated pair decomposition
               {a, b}, {c, d}, {a, c,d }, {b, c,d }

a

b

c

d



3. Given points, construct a self-approaching network

Why does this work?

Ai

Bi

p

qcase 1

Ai p

Biq

slope(p,q) < O(ε)
so p,q handled by other network

case 2



Newer Results

eorem 1. Given a set P of n points in the plane, there exists a planar 
increasing-chord Steiner network with O(n) vertices and edges.

eorem 2. Given a set P of n points in convex position in the plane, there 
exists an increasing-chord network without Steiner points with O(n log n) 
vertices and edges.

(ideas on blackboard)

Increasing-Chord Graphs On Point Sets.  
Hooman Reisi Dehkordi, Fabrizio Frati, Joachim Gudmundsson. 
Graph Drawing 2014.
 



Open Problems

1. given a graph drawing, is it self-approaching?  

• in P?  NP-complete?

• in 2D, given s,t, is there a self-approaching s,t path?  

2. given a graph, does it have a self-approaching drawing?

• in P? 

• 3-connected planar graphs? (traingulations always do)

• drawing where local routing finds a self-approaching path?

3. given points in the plane, connect them with a self-approaching network

• planar without Steiner points (open even for points in convex position)


