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Abstract

Despitethe signi�cant advancesin rendering,we arefar from beingableto automaticallygeneraterealisticandpredictableimagesof organicmaterialssuchas
plant andhumantissues.Creatingconvincing picturesof thesematerialsis usuallyaccomplishedby carefully adjustingrenderingparameters.A key issuein this
context is thesimulationof subsurfacescattering.Currentalgorithmicmodelsusuallyrely on scatteringapproximationsbasedon theuseof phasefunctions,notably
theHenyey-Greensteinphasefunctionandits variations,which werenot derived from biophysicalprinciplesof any organicmaterial,andwhoseparametershave no
biological meaning. In this report,we challengethe validity of this approachfor organicmaterials.Initially, we presentan original chronologyof the useof these
phasefunctionsin tissueopticssimulations,which highlightsthe pitfalls of this approach.We thendemonstratethata signi�cant steptowardpredictive subsurface
scatteringsimulationscanbegivenby replacingit by a moreef�cient andaccuratedataorientedapproach.Our investigationis supportedby comparisonsinvolving
theoriginal measureddatathatmotivatedtheapplicationof phasefunctionsin tissuesubsurfacescatteringsimulations.We hopethat theresultsof our investigation
will helpstrengthenthebiophysicalbasisrequiredfor thepredictive renderingof organicmaterials.

CR Categories: I.3.7 [ComputingMethodologies]: ComputerGraphics—3DGraphics

Keywords: biophysically-basedrendering,subsurfacescattering,phasefunction,light transport,radiative transfer, algorithmicsimulations,
MonteCarlomethods.

1 Intr oduction

Sincethebeginning of computergraphicsin the late 1960's, researchershave beenmostlyconcernedwith theprocessof creatingrealistic
imagesof theworldaroundus.Oneof themostimportantstagesof thisprocessis thesimulationof light interactionwith matter. Effortsin this
arearesultedin predictableimagesof inorganicmaterials.More recently, organicmaterials,suchasplantandhumantissues[Hanrahanand
Krueger1993;Jensenetal. 2001;Ng andLi 2001;Stam2001],whosescatteringbehavior is characterizedby a highly signi�cant subsurface
component,have beencarefully renderedto generatebelievableimages.For thesematerials,however, onemay aska coupleof questions.
First, arethe modelsof light interactionwith organicmaterialsaccuratefrom a biophysicalpoint of view? Second,arethesesimulations
predictive?

In orderto answerthesequestions,oneneedsto performcomparisonsbetweenmodeledandmeasureddata.In generalsuchcomparisons
arenotperformed,andtheemployedvalidationapproachis basedsolelyonthevisualinspectionof thegeneratedimages.For applicationsin
severalareas(e.g., entertainmentandgamesindustries)believableimagesareusuallygoodenough.However, if themodelsweredescribed
by biophysicallymeaningfulparametersandthealgorithmsandresultingimageswereaccuraterepresentationsof light transportprocesses,
thesimulationscouldbeusedin a predictive manner[Greenberg etal. 1997].This wouldmake theprocessof realisticimagesynthesismore
intuitive [Arvo 1995a]. Furthermore,this biophysically-basedapproachhasa broaderrangeof applications,including not only believable
picturemaking,but alsoscienti�c andmedicalapplicationssuchasthenoninvasive diagnosisof skinphototraumasandtumors[Tuchin2000;
Cotton1997].

Accuracy andcomputationaltime areoften con�icting issuesin biophysically-basedrendering. Although the main goal in this areais
thedesignof accurateandef�cient models,sometimesit is dif�cult to obtainthis perfectcombination.In orderto achieve a higherlevel of
accuracy, it maybenecessaryto addcomplexity to amodel,whichin turnmaynegatively affect its computationalperformance.However, this
is not alwaysthecase.In fact,we aregoingto show in this reportthatonemaybeableto obtainmoreaccurateandef�cient representations
of biophysicalphenomenain many casesby removing unduecomplexity.

The coreof any renderingalgorithmis formedby the scatteringfunctions. Thesearealsocalledphasefunctionswhenappliedto vol-
umetricscattering[Glassner1995]. The purposeof this report is to revisit the foundationsof subsurfacescatteringsimulations,including
thewidespreadapplicationof theHenyey-Greensteinphasefunction(henceforthreferredto asHGPF)[Henyey andGreenstein1941]in the
modelingof light transportin tissue. We aregoing to show throughcomparisonswith actualmeasureddatathat it negatively affectsboth
accuracy andef�ciency of subsurfacescatteringsimulations.We hopethat the resultsof our investigationwill help to demonstratethat a
signi�cant steptowardpredictive tissueopticsmodelscanbegivenby usingexperimentaldatadirectly, insteadof functionswhich cameto
play just asanattemptto �t suchdata.

The remainderof this reportis organizedasfollows. Thenext sectionprovidesan overview of theHGPFformulationandterminology.
Section3 presentsan original chronologyof tissueoptics researchwhich resultedin the questionableapplicationof the HGPF in tissue
subsurfacescatteringsimulation. Section4 describesthe experimentalinvestigationset-upusedto demonstratethe pitfalls of the HGPF
approximationsand the advantagesof a dataorientedapproach.Section5 presentsthe resultsof thesecomparisonsanddiscussestheir
practicalimplications.Finally, Section6 concludesthereportemphasizingthetheneedof amulti-disciplinaryeffort to advancethisimportant
areaof research.

2 HGPF: Fundamentals

In this sectionwe review thefundamentalaspectsof theHGPF. A detaileddiscussionof phasefunctionsis beyondthescopeof this report.
Adequatereviews areavailable in the booksby van de Hulst [van de Hulst 1980a;van de Hulst 1980b;van de Hulst 1981] andIshimaru
[Ishimaru1997a;Ishimaru1997b].
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2.1 Phase Functions

Whenlight hitsaparticlewith anindex of refractiondifferentfrom its environment(Figure1), thelight is scattered.Thedirectionof scattering
is characterizedby theangle� atwhich thelight is bentandanazimuthangle� . Let E 0 betheenergy �ux perunit areaof theincidentlight,
E theenergy �ux perunit areaof thescatteredlight in a pointat a distancer from theparticle,andk thewave numberde�ned by k = 2� � ,
where� is thewavelengthin thesurroundingmedium.SinceE mustbeproportionalto E 0 andr � 2 [vandeHulst1981],we maywrite:

E =
E0 �( � ; � )

k2r 2
, (1)

where�( � ; � ) is a dimensionlessfunction ( F
k 2 is anarea)of thedirectionbut not of r . The relative valuesof E maybeplottedin a polar

diagram,alsocalledscatteringdiagram, asa functionof � in a �x edplanethroughthedirectionof incidence.
Let the total energy scatteredin all directionsbe equalto theenergy of the incidentlight falling on an areaA sca (alsocalledscattering

crosssection[vandeHulst 1981],which is de�ned as:

A sca =
1
k2

Z

S
�( � ; � )d! , (2)

whered! = sin � d� d� is thedifferentialsolidangleandtheintegral is takenover theentiresphere,S.
When�( � ; � ) is dividedby k2A sca , anotherfunctionof direction,thephasefunction, heredenotedby � , is obtained.Thephasefunction

hasno physicaldimension.It representsthe amountof scattered�ux (power), i.e., the scatteringpro�le of a given particle. For example,
a phasefunction representedby � (~v; ~vs ) describesthe amountof light scatteredfrom the directiondenotedby the unit vector~v into the
direction ~vs . In astrophysicsthis functionis treatedasa probabilitydistribution,andits normalizationrequirestheintegral over all anglesto
equaltheunity: Z

S
� (~v; ~vs )d! = 1. (3)

This condition doesnot permit the phasefunction to describeabsorptionof light by the particle, only the scatteringdistribution. Thus
� (~v; ~vs )d! is theprobability thata photonincidentfrom thedirectiongivenby thevector~v will leave in thedifferentialunit of solid angle
in the directiongiven by thevector ~vs [Prahl 1988], i.e., it representsa singlescatteringevent. Theprobabilityof light scatteringthrough
an angle� after n scatteringeventsis given by a multiple-scatteredphasefunction,a conceptinitially usedby TessendorfandWasdonto
simulatemultiplescatteringin clouds,andrecentlyappliedby Premozeetal. [Premozeetal. 2003]in therenderingof objectswith subsurface
scattering.

Thename“phasefunction” hasno relationto thephaseof theelectromagneticwave (light). It hasits originsin astronomy, whereit refers
to lunarphases[Ishimaru1997a].Coincidentally, oneof themostwidely usedphasefunctionsin radiative transfertheory, andthefocusof
our investigation,the HGPF, wasdesignedaiming at astrophysicalapplications,namelythe studyof diffuseradiationin galaxies[Henyey
andGreenstein1941].
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Figure1: Sketch describingthescatteringangles.

2.2 HGPF: Form ulation and Terminology

TheHGPFwaspresentedby Henyey andGreensteinto approximateMie scatteringin their studyof diffuseradiationin galaxies[Henyey
andGreenstein1941]. It is importantto note,however, thata theoreticalderivationfor this phasefunctionwasnot providedby Henyey and
Greenstein[1941].

TheHGPFis givenby:

� (g; � ) =
1 � g2

(1 + g2 � 2g cos� )
3
2

, (4)

wherethe parameterg is de�ned asthe integral over all anglesof the phasefunction multiplied by the cosineof the angle� . The HGPF
is actuallya function of threeparameters:g, � and� . It just happensthat an azimuthalsymmetryof the phasefunction is assumed,i.e.,
the function is constantwith respectto � . By varying theparameterg, calledasymmetryfactor, in the range� 1 � g � 1, it is possibleto
characterizeHGPFsrangingfrom a completelybackward-throwing to a completelyforward-throwing form (Figure2).
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Figure2: Scatteringdiagramsillustratingdifferentscatteringpro�les providedby theHGPF.

TheHGPFasde�ned in Equation4 cannot,however, beusedto describesimultaneousforwardandbackward lobeswhich aretypical in
many casesof Mie scatteringaswell asRayleighscattering[Witt 1977]. For this reason,astrophysicistsproposedvariationsbasedon the
superpositionof two HGPFs[Uesugiet al. 1971;Kattawar 1975;Witt 1977]:

� (g1 ; g2 ; � ; u) = u� (g1 ; � ) + (1 � u)� (g2 ; � ), (5)

where� (g1 ; � ) and� (g2; � ) eachareof theform givenby Equation4, andu is a suitablychosenuniformly distributedrandomnumberon
theinterval [0; 1]. Figure3 illustratethreescatteringpro�les providedby thetwo-termHGPF.
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Figure3: Scatteringdiagramsillustratingdifferentscatteringpro�les providedby thetwo-termHGPFwith g1 = 0:5 andg2 = � 0:5.

Theasymmetryfactoris oftentimescalledanisotropy factor. We employ theformertermthroughoutthis reportsincewe considertheuse
of the term“anisotropy” inappropriate.Recallthat the functionhasno dependency on theazimuthalangle.Furthermore,thereis no direct
relationshipbetweenthis parameteranda macroscopicanisotropicbehavior of a givenmaterial,i.e., a dependenceon boththepolarandthe
azimuthalanglesmeasuredfrom thematerial'snormalandusedto de�ne thedirectionof incidenceof theincominglight.

3 HGPF in Tissue Subsurface Scattering: Chronology and Problems

The HGPFis neitherbasedon a mechanistictheoryof scattering[Jacqueset al. 1987] nor doesits asymmetryfactorhave any biological
meaning. Two importantquestionsthen cometo mind. Why is the HGPF extensively usedin renderingof both inorganicand organic
materials?What problemsmay resultfrom its usage?In orderto answerthesequestionswe needto go backin time, andtrack down the
sequenceof eventsthatculminatedin its usein tissuesubsurfacescatteringsimulations.

In 1976,bioengineers[Petersenetal. 1976]attemptedto usetheHGPFto approximateMie scatteringin blood.Their investigationdid not
show agoodagreementbetweentheHGPFapproximationandtheexperimentaldata,however.

Lateron,BrulsandvanderLeun[1984]performedgoniometricmeasurementsof thescatteringpro�le of two typesof skintissues,namely
stratumcorneumand epidermis(Table 1). The resultingdatacorrespondto the amountof radiationtransmittedinto a solid angle� ! ,
centeredaroundthedirectiongivenby � , asa fractionof thetotal radiationtransmittedat perpendicularirradiation.Themeasuredscattering
distributionswerein therangegivenby 0� � � � 62:5� , andthecumulative fractionsof thetransmittedenergy wereexpressedas:

Ci (� ) =

R� i +2 :5�

0� E (� ) sin � d�
R62:5�

0� E (� ) sin � d�
� 100%, (6)
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whereE correspondsto theenergy �ux perunit areaof thescatteredradiation,and� i = 5i for i = 0; :::; 12.

angle StratumCorneum Epidermis
� 254 302 365 436 546 302 365 436 546

2:5� 9.3 11.6 14.8 17.6 20.6 1.3 1.7 2.6 4.0
7:5� 40.2 45.1 50.1 55.2 60.2 9.4 11.9 16.1 22.5

12:5� 59.2 63.0 66.8 70.9 75.2 20.8 24.8 30.8 39.7
17:5� 71.1 73.7 76.5 79.1 82.3 33.2 37.5 43.6 52.5
22:5� 79.2 80.6 82.3 84.1 86.5 45.5 49.0 54.5 62.4
27:5� 85.1 85.6 86.3 87.6 89.4 56.9 59.8 63.9 70.2
32:5� 89.3 89.3 89.4 90.3 91.5 66.9 69.2 71.9 76.7
37:5� 92.5 92.2 92.0 92.5 93.4 75.7 77.4 79.0 82.4
42:5� 95.0 94.5 94.1 94.4 95.0 83.2 84.2 85.0 87.2
47:5� 96.9 96.5 96.0 96.1 96.5 89.3 89.8 90.1 91.4
52:5� 98.4 98.0 97.6 97.6 97.8 94.1 94.3 94.3 94.9
57:5� 99.4 99.2 98.9 99.0 99.0 97.7 97.8 97.8 97.9
62:5� 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Table1: Scatteringpro�les of stratumcorneumandepidermistissuesmeasuredat 436nmand546nm,andpresentedin termsof thecumulative
fractions(%), C(� ), of radiation transmittedwithin a certainangle� with respectto the tissue's normal (redrawn fromBruls andvander
Leun[1984]).

In their paper, Bruls andvanderLeun[1984] suggestedthescatteringpro�le of organictissuescouldbeapproximatedby singleparticle
phasefunctions:

Wecomparedepidermalpro�les with resultsfrommultiplescatteringtheory. VandeHuslt (1980)provideselaboratecomputations
of scatteringpro�les of layers �lled with particles,on the basisof a singleparticle scatteringphasefunctionthat ranges from
diffuseto veryforward oriented.Our epidermalpro�les are compatiblewith pro�les fromhis Table35.

Thetablefrom vandeHulst [1980a]mentionedabove, correspondsto theHGPF. In 1987,Jacqueset al. [1987] followedBruls andvan
der Leun's suggestion,and tried to approximatethe measuredscatteringpro�le of anotherskin tissue,namelydermis,usingHGPFwith
g = 0:81. Yoonet al. [1987] usedsimilar g valuesfor humanaorta. The experimentson dermisandaortatissueswereaimedat speci�c
medicalapplicationsandconductedwith a HeNelaser(632.8nm).Motivatedby theseworks,Prahl[1988] proposeda MonteCarlobased
algorithmto modellight transportin tissueduringlaserirradiation.AlthoughthisMonteCarlobasedapproachwasusedbeforeto studylight
propagationin tissue[Wilson andAdam1983],Prahl's algorithmicformulation,to thebestof our knowledge,wasthe �rst proposedto use
theHGPFto computethescatteringof photonsin organictissues.In orderto computethetrajectoriesof thescatteredphotons,Prahl[1988]
usedawarpingfunctionprovidedby Witt [1977],whichwasobtainedby setting:

� 1 = 2�
Z cos �

� 1
� (cos� 0; g)d� 0, (7)

and�nding uponintegrationthat

cos� =
1
2g

(

1 + g2 �
�

1 � g2

1 � g + 2g� 1

� 2
)

, (8)

where� 1 is an uniformly distributedrandomnumberon the interval [0; 1]. An alternative detailedderivation of this warping function is
available in AppendixA. For symmetricscattering(g=0) the expressioncos� = 2� 1 � 1 shouldbe used[Prahl et al. 1989]. Sincean
azimuthalsymmetryof thephasefunctionis assumed,theazimuthalanglecanbegeneratedusing� = 2� � 2 , where� 2 is a randomnumber
uniformly distributedon theinterval [0; 1].

In 1989,biomedicalresearchers[vanGemertetal. 1989]attemptedto �t theHGPFto thegoniometricmeasurementsof Brulsandvander
Leun [1984], anduseda leastsquaresmethodto determinesuitablevaluesfor g. After that, it wasassumedthat theHGPFcouldbe used
to approximatethescatteringpro�le of organictissuesregardlessof wavelength.This assumptionhasnot beenquestionedup to thepresent
time. In fact, the useof HGPFin analyticalandalgorithmicsubsurfacescatteringsimulationbecamewidespreadin many areasinvolving
tissueoptics[Tuchin2000],andnew comprehensive goniometricmeasurementsfor tissuesubsurfacescatteringwerenotperformed.

In 1993,graphicsresearchers[HanrahanandKrueger1993]introducedthealgorithmicformulationfor thesimulationof tissuesubsurface
scatteringproposedbyPrahl[1988]to thegraphicsliterature.Thisincludedtheuseof theHGPFdescribedabove. In theirexamples,Hanrahan
andKruegerusedg = 0:81 for dermisandg = 0:79 for epidermis.They did not includestratumcorneumin their skin representation.Since
then,theHGPFhasalsobeenusedin computergraphicsapplicationsinvolving subsurfacescatteringsimulations[Jensenet al. 1999;Jensen
et al. 2001;PharrandHanrahan2000;Premozeet al. 2003;Ng andLi 2001;Stam2001].

Are thereindeedany problemswith this useof HGPFin tissuesubsurfacescatteringsimulations?First, recall the asymmetryfactorg
hasno directconnectionwith theunderlyingbiophysicalphenomena.Second,asdescribedabove, theHGPFwasinitially meantto beused
in tissueoptics just asa function to �t multiple scatteringdataof skin measuredat speci�c wavelengths.As we aregoing to show in the
following sections,theHGPFapproximationsdeviatefrom themeasureddata.

Theaccuracy level of theHGPFapproximationsdecreasesevenmorewhenthey areusedto describethesubsurfacebehavior of materials
characterizedby a dominantre�ective-refractive scattering(causedby internalstructuresmuchlarger thanthewavelengthof light) suchas
planttissues[Govaertset al. 1996]. In theseapplicationstheselectionof valuesfor g is madeon a trial anderrorbasis,andit hasneitheran
empiricalnora theoreticalfoundation.
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In short,we believe that theHGPFapproximationscannotbesimply generalizedandappliedto any tissueandany wavelength.Further-
more,we maintainthat the useof this function addsunduecomplexity to algorithmicsubsurfacescatteringsimulations. In the following
sectionswe will demonstratethatthesesimulationscanbeperformedwith a higheraccuracy/time ratio usingmeasureddatadirectly.

4 Experimental Investigation Set-up

In orderto determinetheaccuracy of scatteringpro�les obtainedusingtheHGPF, we comparedthesepro�les with theexperimentalgonio-
metric data(Table1) provided by Bruls andvan der Leun [1984]. For the HGPFasymmetryfactorswe consideredthevaluesdetermined
by van Gemertet al. [1989], which have beencommonlyusedin algorithmicsubsurfacescatteringsimulations.Onemight arguethat the
�tting approachusedby vanGemertet al. [1989] to determinetheg valuescouldbereplacedby anotherone,which couldresultinto better
approximationsfor thepro�les. For this reason,we alsousedg valuesobtainedby applyingtheRMS error metric [Glassner1995] to the
measureddata. We have experimentedwith othererror metric approaches,namelyabsoluteandrelative error metrics(AppendixB). We
selectedtheresultsobtainedusingtheRMS errormetricfor presentationsincetheRMS g valuesprovide a closervisualmatchto theresults
obtainedusingthemeasureddata.

Theasymmetryfactorsusedin our comparisonsarepresentedin Table1. They correspondto themeasureddatafor thevisible rangeof
thelight spectrum(436nmand546nm)providedby Bruls andvanderLeun[1984]. Thecompletesetof asymmetryfactorsobtainedusing
theRMS,absoluteandrelativeerrormetrics,for measureddatafor boththeultraviolet andvisible ranges[Bruls andvanderLeun1984],are
presentedin Tables4 and5 (AppendixB).

To determinetheasymmetryfactors,we initially subtractedtheconsecutive cumulative fractionsof thetransmittedradiation(Equation6)
to getF ( i )

� = Ci � Ci � 1 , for i = 1; : : : ; 12, andF (0)
� = C0 . Thus,

F ( i )
� =

R� i +2 :5�

max (0 � ;� i � 2:5� ) E (� ) d!
R62:5�

0� E (� ) d!
, (9)

where� i = 5i , for i = 0; : : : ; 12.
Next, to obtaintheHGPFdatato becomparedto thedatafrom Equation9, we computedthefollowing cumulative densityfunction:

P (� < � 0) =
Z � 0

0
� g (! ) d! , (10)

andweobtained

Cg;i =
P(� < � i + 2:5� )

P (� < 62:5� )
, (11)

where� i = 5i , for i = 0; : : : ; 12. We thenperformedtheoperationF ( g;i )
� = Cg;i � Cg;i � 1 for i � 1 andF ( g;0)

� = Cg;0 .
TheRMSerrormetric� RM S (g) usedto comparetheF ( i )

� andtheF ( g;i )
� , for i = 0; : : : ; 12, is givenby:

� RM S (g) =

vu
u
t 1

m

m � 1X

i =0

�
F i

� � F ( g;i )
�

� 2
, (12)

wherem = 13. We appliedthe Nelder-Meadsimplex searchalgorithm[Lagariaset al. 1998] to minimize � RM S (g) over g 2 [� 1; 1] to
obtainthemostsuitableasymmetryfactor.

asymmetryfactors StratumCorneum Epidermis
source 436 546 436 546

RMS errormetric 0.935 0.943 0.761 0.821
vanGemertetal. [1989] 0.900 0.917 0.748 0.781

Table2: Asymmetryfactorsobtainedby �tting theHGPFto scatteringpro�les of stratumcorneumandepidermistissuesmeasuredat 436nm
and546nm.

We believe that a dataorientedapproachprovidesapproximationswith a higheraccuracy/time ratio. In orderto con�rm this assertion
we implementeda randomizedtablelook-upalgorithm. Thescatteringanglesarestoredin a table,whoseaccessindicescorrespondto the
measuredfractionsof scatteredradiation.For eachphotonwegenerateauniformly distributedrandomnumberontheinterval [0; 1]. Wethen
multiply thisnumberby thetablesize.Theintegerpartof theresultingvalueis usedto accessthecorrespondingscatteringanglestoredin the
table.Thetablesizeis limited by thegranularityof themeasuredgoniometricdata,whichconsistsof valueswith onedecimaldigit accuracy.
Thus,for eachwavelengthconsidered,we useda tablewith 1000entries.Theintermediatedatavalueswereobtainedthroughinterpolation,
anotherdesignchoicebasedonthegranularityof themeasuredgoniometricdata.For thesakeof simplicity anddueto thelackof information
aboutthescatteringbehavior betweendatapointsweusedlinearinterpolation.

We performedtwo setsof experiments.In both setswe generateN samples(photons)representedby randomnumbersuniformly dis-
tributedon theinterval [0; 1].

In the �rst set(with N = 105 ), for eachphoton,we determinedthescatteringanglegivenby Equation8 with theg valuespresentedin
Table2, andthescatteringanglegivenby therandomizedtablelook-uptechnique.Thenumberof samplespermeasuredscatteringanglefor
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Figure4: Comparisonbetweenreconstructedtransmittedradiation curvesand goniometricmeasured data for the stratumcorneumand
epidermistissues.

StratumCorneum Epidermis
ApproximationApproach 436 546 436 546

max avg max avg max avg max avg
HGPF, with g providedby vanGemertetal. [1989] 51.96 27.08 47.71 27.76 42.40 14.04 51.24 16.09
HGPF, with g providedby RMS errormetric 53.03 23.08 52.79 21.90 35.24 14.57 30.02 18.43
randomizedtablelook-up 7.22 3.32 8.48 4.17 3.45 1.56 3.25 1.70

Table3: Relativeerror �gures,namelymaximumandaverage values(%), for theapproximationmethods(with N = 105) with respectto the
goniometricdatafor thestratumcorneumandepidermismeasuredat 436nmand546nm.

eachapproachwasrecordedandthecomparisonsperformed.Sincetheexperimentaldatawaslimited to 62:5� , thescatteringanglesgiven
by theHGPFbeyondthisvaluewerediscardedandnot takeninto accountinto thesamplesummations.

The secondsetof experiments(with N = 106 ) followed a similar protocol. It wasperformedthroughthe implementationof a virtual
goniometer, which wasusedto computetheBTDF (bidirectionaltransmittancedistribution function)associatedwith thescatteringpro�les
obtainedusingtheHGPFandtherandomizedtablelook-uptechnique.Sinceanazimuthalsymmetryof thephasefunctionis assumed(Sec-
tion 2.2), theBTDF valueswerecomputedon theplanegivenby theincidentlight andthetissue's normal.TheBTDF valuescorresponding
to themeasureddata,denotedby f i

� , for i = 0; : : : ; 12, werecalculatedusing:

f t ( ~! i ; ~! t ) =
F ( i )

�

~! t cos�
, (13)

where~! i and ~! t correspondto theindicenceandtransmissivesolidangles.Similarly, to computetheBTDF correspondingto HGPFdatawe
replacedF ( i )

� by F ( g;i )
� in theequationabove.

Organictissues,suchasthestratumcorneumandepidermis,areusuallyconsideredaspartof awholematerial,i.e., humanskin. Moreover,
thereare other factorsaffecting subsurfacescatteringsuchas the absorptionof light by pigments[Krishnaswamy andBaranoski2004].
However, onemay usesimpleabstractions,called“phantommaterials”,to expandthe scopeof visual observations. Suchabstractionsare
extensively usedin biomedicalresearch[Cotton1997;Shimadaet al. 2001a;Shimadaet al. 2001b],andsimilar abstractionshave alsobeing
usedin computergraphics[Arvo 1995a;Arvo 1995b].In our investigationthesephantommaterialsarerepresentedby thin translucentsheets
with a forwardscatteringbehavior simulatedusingtheHGPF(with thevaluesgivenin Table2) andtherandomizedtablelook-uptechnique.
Theresultingimageswereobtainedusinga standardpathtracingalgorithmwithoutpost-processingsignalsmoothing[Glassner1995].

5 Results and Discussion

Theresultsof the�rst setof experimentsconsideringthestratumcorneumdataareshown in Figure4 (toprow). As expected,therandomized
tablelook-uptechniqueprovidestheclosestmatchto themeasureddata,whichcanalsobeobservedin Table3. It is worthnotingthattheuse
of asymmetryfactorsgivenby theRMS errormetricprovidesa closerapproximationthanthevaluesprovidedby vanGemertet al. [1989],
whichhave beenusedin computergraphicssimulations.

The resultsof the �rst setof experimentsconsideringthe epidermisdataaregiven in Figure4 (bottomrow). In this case,thedisparity
betweenthe HGPFapproximationsandthe measureddata,which increasesfor datameasuredat 546nm,canbe observed. Again, a more
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Figure5: ReconstructedBTDF valuesfor thestratumcorneumtissueat 436nm.Left: table look-up. Middle: HGPF (with RMSg). Right:
HGPF (with g providedby van Gemertet al. [1989]). Top row: Cartesianplot. Bottomrow: orthographic projectionof the scattering
diagram.

Figure6: ReconstructedBTDF valuesfor thestratumcorneumtissueat 546nm.Left: table look-up. Middle: HGPF (with RMSg). Right:
HGPF (with g providedby van Gemertet al. [1989]). Top row: Cartesianplot. Bottomrow: orthographic projectionof the scattering
diagram.

accurateapproximationis providedby therandomizedtablelook-uptechnique.It introducesevensmallererrorswith respectto theepidermis
dataset,whichcanalsobeobservedin Table3.

Figures5 and6 presenttheresultsof thesecondsetof experimentswith stratumcorneumdata.They show that thequantitative discrep-
anciesbetweenBTDF valuesobtainedusingtherandomizedtablelook-upandthereconstructedBTDF valuesobtainedusingtheHGPFare
small,with closerapproximationsbeingobtainedusingasymmetryfactorsprovidedby theRMS errormetric.

Theresultsof thesecondsetof experimentswith epidermisdata,whicharepresentedin Figures7 and8, show noticeablequantitative and
qualitative discrepanciesbetweenthe BTDF valuesobtainedusingthe randomizedtablelook-up andthe BTDF valuesobtainedusingthe
HGPF. For theseexperiments,closerapproximationswerealsoobtainedusingasymmetryfactorsprovidedby theRMS errormetric.

In short,our experimentsindicatethat the randomizedtablelook-up providesa moreaccurateagreementwith the measureddata. The
magnitudeof thediscrepanciesbetweenthis approachandtheHGPFapproachmay, however, have a differentsigni�cancedependingon the
application.For renderingframeworksaimedatscienti�c andmedicalapplications,it is clearlyrelevant.For example,theepidermiscontains
animportantskinpigment,melanin.Theamountof light absorbedby thispigmentaffectsnotonly theskinappearance[Tsumuraetal. 2003],
but alsothevisualdiagnosisof medicalconditionssuchasmelanomasatearlystages[Cotton1997].Thisamountdependsonthepath-length
of theincomingphotons,which is in turn affectedby thetissue's scatteringproperties.

For renderingframeworks aimedat believable picture makingapplications,the visual effectscausedby the different approachesmay
becomemorepronouncedor negligible dependingon the illumination conditions(e.g., collimatedor diffuseincidentbeams),thestructural
characteristicsof the materials(e.g., thickness)and perceptionissuesassociatedwith the humanvisual system[Greenberg et al. 1997].
Figures9 and11 illustrate this aspectthroughimagesof phantommaterialsgeneratedusing the stratumcorneumandthe epidermisdata
respectively. For example,althoughtheexperimentspresentedearlierindicatedsmalldiscrepanciesbetweentheapproximationapproaches
with respectto thestratumcorneumdata,the imagesshown in Figure9 presentremarkabledifferencesin termsof thephantommaterial's
translucency. Suchdifferencescanvary depending,for instanceon thedistancebetweenthematerials'interfacesasillustratedin Figure10.
On theotherhand,despitetheevidentquantitative andqualitative discrepanciesbetweentheapproximationapproacheswith respectto the
epidermisdataveri�ed in theexperimentspresentedearlier, theimagespresentin Figure11 (top row) do not noticeabledifferencesin terms
of thephantommaterial's translucency.

Regardingthecomputationalcostsof eachapproach,recall that the HGPFformulationincludesan expensive fractionalexponentiation.
For example,for theSGIMIPSR14000processorsusedin ourexperiments,thisoperationis performed� ve timesslower thanarandomized
table look-up operation.On the otherhand,the dataorientedapproachrequiresadditionalstoragespace.For instance,the tablesusedin
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Figure7: ReconstructedBTDF valuesfor theepidermistissueat 436nm.Left: table look-up. Middle: HGPF (with RMSg). Right: HGPF
(with g providedby vanGemertet al. [1989]). Top row: Cartesianplot. Bottomrow: orthographicprojectionof thescatteringdiagram.

Figure8: ReconstructedBTDF valuesfor theepidermistissueat 546nm.Left: table look-up. Middle: HGPF (with RMSg). Right: HGPF
(with g providedby vanGemertet al. [1989]). Top row: Cartesianplot. Bottomrow: orthographicprojectionof thescatteringdiagram.

our experimentsoccupy 36Kb of memory. Takinginto accountthesizeof thememoriesavailablenowadaysandtheir decreasingprice,ony
mayconsiderthis �gure quiteacceptable.Hence,webelieve thatthedataorientedapproachprovidesamoreadvantageoustrade-off between
computationalcostsandaccuracy, while avoiding theintroductionof unduecomplexity in algorithmicsubsurfacescatteringsimulations.

A legitimatecriticism of our investigationis that our comparisonsare limited to few wavelengths. This limitation is imposedby the
lack of measuredspectralsubsurfacedata.We shouldnote,however, that this aspecthighlightsthepitfalls of thegeneralizeduseof HGPF
in algorithmicsubsurfacescatteringsimulations. Consideringwavelengthsfor which thereis no measuredataavailable, the selectionof
asymmetryfactors,whichhave nobiophysicalmeaning,is purelyadhoc.

Onecouldarguethat the asymmetryfactorsfor thesewavelengthscanbe computedby interpolatingHGPFvaluesobtainedfrom avail-
abledata. Recall that the randomizedtable look-up technique,besidesthe introductionof smallererrors,hasthe importantadvantageof
avoiding theexpensive fractionalexponentiationin theHGPFformulation.Hence,wecanobtainvalueswith a higheraccuracy/time ratioby
interpolatingvaluesgivenby therandomizedtablelook-uptechnique.

Usually picturemakingapplications,suchthosefound in entertainmentandgamesindustries,do not requirehigh �delity . The major
disadvantageof usingtheHGPFin theseapplicationsis the introductionof unduecomplexity in the renderingframeworks andthe lack of
predictability. However, scienti�c applications,suchasnoninvasive optical-tissuediagnostics[Mourantet al. 1998],demanda high level of
accuracy. In orderto increasetheaccuracy in theseapplications,onecouldselectanotherphasefunction to �t thescatteringdata,e.g., the
Reynolds-McCormick[1980; 1988] or the Dunn andRichards-Kortum [1996] phasefunctions. Thesefunctions,however, have the same
drawbacksastheHGPF, namelyadhocparameters,expensive formulationsandanaccuracy arguablysmallerthana dataorientedapproach.

Besidesthedirecteffect on thepredictabilityof algorithmicsimulations,theselectionof asymmetryfactorsmayhave further theoretical
implicationsin subsurfacescattering. For example,JensenandBuhler [2002] useda diffusion approximationto improve the ef�ciency
of their subsurface scatteringsimulations. They statethat this approximationhasbeenshown by Furutso[1980] to be accuratewhen

� a
� a + � s

<< 1 � g2, where� a and� s correspondto the material's absorptionandscatteringcoef�cients respectively. Clearly, in order to
applythis relationship,oneneedsto know thevaluesof its terms,which in turncomefrom measureddata,especiallytheasymmetryfactorg.
As shown by ourexperiments,thevalueof g mayresultfrom a �tting approachthatdoesnotmatchthemeasureddataaccurately, i.e., it may
beitself anapproximation.

Incidentally, therearetwo additionalaccuracy issuesrelatedto theapplicationof thediffusion approximation[JensenandBuhler2002]
to describethesubsurfacescatteringof organicmaterials,in particularhumanskin tissues.First, thediffusionapproximationis not suitable
whenthescatteringis mostlyin theforwarddirection[Furutso1980;Flocketal. 1989;Yoonetal. 1989].As wehaveshown in thisreport,the
measurementsperformedby Bruls andvanderLeun[1984] demonstratethatboththestratumcorneumandtheepidermistissuesarehighly
forwardscatteringmedia.Second,thediffusiontheoryis not applicablewhentheabsorptioncoef�cient is not signi�cantly smallerthanthe
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Figure9: Imagesof a phantommaterial with a scatteringbehaviorsimulatedusingdata correspondingto the scatteringbehaviorof the
stratumcorneumtissuemeasuredat 436nm(toprow)and546nm(bottomrow). Leftcolumn:applyingtherandomizedtablelook-up.Middle
column: applyingthe HGPF with the asymmetryfactors providedby the RMSerror metric. Right column: applyingthe HGPF with the
asymmetryfactors providedbyvanGemertetal. [1989]. Surfacesare separatedby 0.9 lengthunits.

scatteringcoef�cient for turbidmedia[SardarandLevy 1998;SteinkeandShepherd1988;Yoonetal. 1989].Humanskin is characterizedby
relatively high light absorption[KrishnaswamyandBaranoski2004;Parsadet al. 2003;Thodyet al. 1991],dueto pigmentssuchasmelanin
particleswhichhave a signi�cant absorptioncrosssection[Chedekel 1995]. It is worthnotingthatthediffusionapproximationis well suited
for mediasuchasthick fogsandclouds[Furutso1980],sincethey presentascatteringbehavior thatit is dominatedby forwardscatteringand
theirabsorptionof light in thevisiblerange(dueto thepresenceof water)is negligible. It is alsoworthnotingthatthediffusionapproximation
for largeabsorptionhasbeeninvestigatedby MeadorandWeaver [1979]. However, their approachis restrictedto diffuseincidence[Yoon
et al. 1989].

6 Conc lusion and Future Work

Phasefunctions,suchastheHGPFandits variations,wereoriginally usedin tissuesubsurfacescatteringsimulationsto �t datameasuredat
speci�c wavelengths.Sincethen,their applicationhasbeenextendedto differentorganicmaterialsdespitethe lack of supportingmeasured
dataand the fact that their parametershave no biological meaning. The investigationdescribedin this report demonstratesthat a data
orientedapproachnotonly increasestheaccuracy andef�ciency of algorithmicsubsurfacescatteringsimulations,but alsocontributesto their
predictabilitysincethesimulationsareno longercontrolledby arcaneparameters.

Our investigationalsohighlightsa key issuein biophysically-basedrendering:dataavailability. Many graphicsresearchershave been
working to minimize this problem,anda substantialamountof goniometricsurfacedatahasbeencollectedandanalyzed.Besidesbeing
scarcer, goniometricsubsurfacedatamayalsocontainsomedegreeof randomnoise,which is usuallynot �ltered out by theapproximation
methods.Therefore,in orderto develop predictive subsurfacescatteringalgorithms,we believe that efforts shouldalsobe focusedon the
reliablemeasurementof multispectralsubsurfacedata.

As multispectraldatabasesbecomeavailable,memoryspacemaybecomean issue,speciallyfor a �eld researcheror a forensicscientist
with a hand-heldcomputingdevice of limited storage. In thesesituations,numericaltechniques,suchasPrincipalComponentAnalysis
(PCA) [Jollif fe 2002],canbeusedto reducethedimensionalityof suchdatabasesasit hasbeendonein colorimetryfor many years[Vrhel
et al. 1994;Imai et al. 1996].Thesetechniquesnotonly providecompactdatabases,but alsosupportfastadditionof new spectraldata.

As futurework weintendto explorethebiophysicalcharacteristicsof organicmaterialsto increasetheef�ciency of PCAtechniqueswithin
subsurfacescatteringsimulationframeworks.Wealsointendto extendour investigationto ultra-violetspectra,andtakeadvantageof graphics
hardwareto increasetheef�ciency of thesubsurfacescatteringalgorithms.
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Figure10: Imagesof a phantommaterialwith a scatteringbehaviorsimulatedusingdata correspondingto the scatteringbehaviorof the
stratumcorneumtissuemeasured at 546nm. Top row: applyingthe randomizedtable look-up. Bottomrow: applyingthe HGPF with the
asymmetryfactor providedby the RMSerror metric. Thesurfacesare separatedby 0.2 (left column),1.2 (middlecolumn)and 1.8 (right
column)lengthunits.
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Appendix A: HGPF Warping Function

TheHGPF, � , is a functionof two angles:� and� . That is, �=
R

S � is theprobabilitydensityfunctionover theentiresphere,S. Note that
�=

R�
0 � (� )d� is not theprobabilitydensityfunctionfor � over [0; � ]. Sinceanazimuthalsymmetryof thephasefunctionis assumed,i.e., the

functionis constantwith respectto � , theazimuthalanglecanbegeneratedusing2� � 2 , where� 2 is a randomnumberuniformly distributed
on theinterval [0; 1]. To generate� , we needto invert thecumulative densityfunctionfor � : P (� < � 0). This canbeexpressedas

P(� < � 0) =
1
K

Z

� <� 0
� (� ; � )d! , (14)

whereK =
R

S � (� ; � )d! is theconstantthatenforcesunit areafor probabilitydensity.
Expanding(14) yields:

P (� < � 0) =
1
K

Z 2�

0
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0
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(1 + g2 � 2g cos� )3=2
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.

Let u = 1 + g2 � 2g cos� . Thendu = 2g sin � d� andu rangesfrom 1 + g2 � 2g = (1 � g)2 to 1 + g2 � 2g cos� 0 as� rangesfrom 0
to � 0.

Now, we have:
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which resultsin:
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Noting thatP (� < � ) = 1, we canderive K asfollows:
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Substitutingbackinto (15)yields
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To generate� 0, we let P (� < � 0) = � 1 , where� 1 is anuniformly distributedrandomnumberon theinterval [0; 1], andsolve for � 0. Thus:

� 1 =
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In summary, to generatea randomdirectiondistributedaccordingto the HGPFandrepresentedby the pair (� ; � ), we usethe warping
function:

(� ; � ) =
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Appendix B: Error Metrics Used to Compute the Asymmetr y Factor s

BesidestheRMSerrormetric(Equation12),wehaveexperimentedwith two othererrormetricapproaches,namelytheabsoluteerrormetric:

� AB S (g) =
1
m

m � 1X

i =0

�
�
�F i

� � F ( g;i )
�

�
�
� , (18)

andtherelativeerrormetric
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i =0

�
�
�
�
�
F i

� � F ( g;i )
�

F i
�

�
�
�
�
�

� 100%. (19)

The completeset of asymmetryfactorsobtainedusing the RMS, absoluteand relative error metrics, for measureddatafor both the
ultraviolet andvisible ranges[Bruls andvanderLeun1984],arepresentedin Tables4 and5.

ErrorMetrics 254 302 365 436 546
RMSerror 0.89558 0.90965 0.92293 0.93445 0.94257
Absoluteerror 0.89154 0.90206 0.92417 0.93589 0.94237
Relativeerror 0.88925 0.89858 0.91074 0.92172 0.94059

Table4: Asymmetryfactors obtainedby �tting the HGPF to scatteringpro�les of the stratumcorneuntissuemeasured at 254nm,302nm,
365nm,436nmand546nmbyBrulsandvanderLeun[1984].

ErrorMetrics 302 365 436 546
RMSerror 0.68071 0.71297 0.76079 0.82053
Absoluteerror 0.67503 0.70637 0.73890 0.82780
Relative error 0.68932 0.70637 0.73890 0.78818

Table5: Asymmetryfactors obtainedby �tting theHGPF to scatteringpro�les of theepidermistissuemeasured at 302nm,365nm,436nm
and546nmbyBruls andvanderLeun[1984].

Figures12 to 20 show comparisonsbetweenreconstructedcumulative transmittedradiationcurves (obtainedusingasymmetryfactors
computedapplyingtheerrormetricsdescribedabove) andgoniometricmeasureddata[Bruls andvanderLeun1984].
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Figure12: Asymmetryfactorcomputedusing: absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure13: Asymmetryfactorcomputedusing:absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure14: Asymmetryfactorcomputedusing: absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure15: Asymmetryfactorcomputedusing:absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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0 10 20 30 40 50 60
0

10

20

30

40

50

60

70

80

90

100

scattering angle q (degrees)

 C
 (

q)

Stratum Corneum (546nm)

HGPF, g = 0.94059
measured data

0 10 20 30 40 50 60
0

10

20

30

40

50

60

70

80

90

100

scattering angle q (degrees)

 C
 (

q)

Stratum Corneum (546nm)

HGPF, g = 0.94257
measured data

Figure16: Asymmetryfactorcomputedusing: absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure17: Asymmetryfactorcomputedusing:absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure18: Asymmetryfactorcomputedusing: absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure19: Asymmetryfactorcomputedusing:absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).
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Figure20: Asymmetryfactorcomputedusing: absoluteerror (top),
relativeerror (middle)andRMSerror metric(bottom).


