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Structural Equivalence of EOL Grammars *

Thomas Ottmann! Derick Wood}

Abstract

We investigate the structural equivalence decision problem for EOL
grammars. While we are unable to solve it in its full generality, we
solve it for some restricted classes of grammars. Second, we establish
some reduction results that preserve structural equivalence that in the
context-free case are sufficient to solve the problem, but unfortunately
not in the EOL case. Third and finally, we illustrate with examples
why the problem is much more difficult for EOL grammars than it is
for context-free grammars.

1 Introduction

Context-free grammars and EOL grammars are two popular means of gen-
erating languages by iterative rewriting. In both cases the set of symbols is
divided into terminal and nonterminal symbols and words consisting of only
terminal symbols belong to the language generated by a grammar. The ma-
jor difference between the two generating devices is that rewriting is carried
out in parallel (and synchronously) for EOL grammars and sequentially (and
asynchronously) for context-free grammars. Two grammars are equivalent
if they generate the same language. The (language) equivalence problem is
undecidable for context-free and for EOL grammars. Even very restricted
cases of this problem turn out to be undecidable.

To each derivation in a context-free and EOL grammar we can associate
a syntax tree. It contains the sentence symbol at the root and each branch-
ing node is labeled with a terminal or nonterminal symbol. The labeling is
determined by the productions used in the derivation. Syntax trees of EOL
grammars are labeled trees of uniform depth; syntax trees of context-free
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grammars can have arbitrary shapes. Considering syntax trees leads to the
notion of structural equivalence between grammars. Two structurally equiv-
alent grammars not only generate the same terminal words (or language)
but also structure these words in the same manner. It has been shown by
McNaughton [1] in 1967 that structural equivalence is decidable for context-
free grammars. Surprisingly, the structural equivalence problem for EOL
grammars has not attracted much interest thus far. It is the purpose of this
paper to draw the reader’s attention to the structural equivalence problem
for EOL grammars, to illustrate a number of differences between the case of
context-free grammars and the case of EOL grammars, to solve some spe-
cial cases of the structural equivalence problem for EOL grammars, and to
prove some reduction results for EOL grammars which preserve structural
equivalence.

As we will see, parallel rewriting makes structural equivalence a challeng-
ing basic problem for EOL grammars which is considerably different from the
corresponding problem for context-free grammars.

We assume that the reader is familiar with the basic notions for context-
free grammars; for example, see [4] or [5]. In Section 2 we provide the
necessary definitions for EOL grammars and some special cases of the struc-
tural equivalence problem are solved in Section 3. Section 4 introduces the
notion of context equivalence and shows how to effectively reduce an EOL
grammar with respect to this equivalence relation and Section 5 provides
some concluding remarks.

2 Definitions and examples

An EOL grammar G is a quadruple (N, X, P, S), where N is an alphabet of
nonterminals, T is an alphabet of terminals, P C N x (Nt UZt) is a finite
set of productions, and S € N is the sentence symbol.

This definition differs from the classical one, see [3] for example, in two
respects. First, only nonterminals have productions; the grammar is syn-
chronized. Second, the right hand sides of productions cannot be the empty
word; the grammar is propagating. These modifications do not affect the lan-
guages generated by EOL grammars (apart from the loss of the empty word).
Throughout this paper we use upper case letters to denote nonterminals and
lower case letters to denote terminals.

Rewriting is defined in the usual way. Let a be a nonempty word over
N;thatis,a = A4;...A,, where 4;isin N1 <i<nandn = |a|. a can be
rewrittenas 8 = B1...0n, forsome 8; € NtUuZ+ 1 <i<n,if 4; — B;isin
P, 1 < i < n. We usually denote this by a => 3. We write a =9 3 to denote
that a yields B in d steps, ford > 0,if: d=0and a=f;d=1and a = §;
or d > 1 and there exists v in N* such that a = v and v =91 8. We write
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a =t B if a =9 B, for some d > 1, and we write a =* 8, if a =¢ g for
some d > 0. We say that a =% 8 and a =* 3 are derivations. A derivation
starting with the sentence symbol is called a sentential derivation.

Note that only purely nonterminal words can be rewritten. This is the
reason for only allowing right hand sides of productions to be either com-
pletely nonterminal or completely terminal.

The language generated by G is denoted by L(G) and is defined by
L(G)={z:2z e Xt and S =7 z}.

We say that an EOL grammar G = (N, %, P, S) is reduced if the sentence
symbol generates a terminal word and each nonterminal appears in at least
one sentential derivation of a terminal word. From now on we tacitly assume
that EOL grammars are reduced if not explicitly stated otherwise.

With each derivation S =% «, a € Nt UZ*, we can associate a deriva-
tion tree tr(S =% a). This is a uniform depth tree whose internal nodes
are labeled with nonterminal symbols and whose external nodes are labeled
with the symbols in « in left-to-right order. It also satisfies the following
condition: For all internal nodes wu, if u has » children wu,,...,u,, for some
r > 1, then L(u) — L(w)...L(u,) is in P, where L(v) denotes the label of
node v.

A syntax tree whose root is labeled with the sentence symbol and whose
leaves are labeled with terminal symbols is called a sentential syntaz tree.
Concatenating the labels at the frontier of a sentential syntax tree in left-to-
right order gives a terminal word z generated by the grammar. Note that
a derivation S =9 z for ¢ € &7, has a sentential syntax tree tr(S =< z) of
height d.

Two EOL grammars G and G' are (language) equivalentif L(G) = L(G').
Two EOL grammars G and G’ are structurally equivalent if they are equiv-
alent and, moreover, their sentential syntax trees are structurally identical;
that is, they differ only in the labels of their internal nodes. Because a termi-
nal word generated by an EOL grammar may have more than one derivation
the latter condition in the above definition of structural equivalence is to
be understood as follows: For each sentential syntax tree T generating a
terminal word ¢ € L(G) there is a structurally identical syntax tree T’ in
G' generating the same word z € L(G'), and vice versa. In Section 4 we
will reduce structural equivalence to equivalence by the use of parenthesized
versions of grammars.

An EOL grammar is unambiguous if each terminal word generated by the
grammar has exactly one derivation tree. An EOL grammar G =(N,Z,P,S)
is invertible if no two productions in P have the same right hand side.
An invertible grammar may be ambiguous; however, there cannot be two
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different syntax trees with the same structure for the same terminal word if
the grammar is invertible.

An EOL grammar G = (N, X, P, S) is called nonterminal complete, or
n-complete, for short, if for each nonterminal X € N there is at least one
production X — a in P, where a € Nt.

We will illustrate these notions by a number of examples. In each case
the given EOL grammar has no useless nonterminals; that is, it is reduced,
and the sentence symbol is always denoted by S.

Example 2.1 Let G; be given by

S—AA, A— AB, A-a, B—b.

Then, L(G;) = {aa,abab}. The EOL grammar G, is invertible and unam-
biguous.
Example 2.2 Let G, be given by

S — AS|a, A — AA|a.

Then, L(G;) = {a¥|i > 0}. G, is not invertible, because there are two
productions with right hand side a. However, it can easily be seen that each
z € L(G,) has exactly one syntax tree. Hence, G2 is unambiguous.
Example 2.3 The grammar G3 defined by

S — SS|a

is invertible, unambiguous, and structurally equivalent to Ga.
Example 2.4 The EOL grammar G4 defined by

S — AAla, A— S

is invertible and equivalent to both G, and G3. However, G4 is not struc-
turally equivalent to G or Gj.
Example 2.5 Let G5 be given by the productions

S — AA, A— Ala.

Then, L(Gs) = {aa}. Gs is invertible and ambiguous (there are infinitely
many syntax trees for aa).
Note that the grammar G is not n-complete, but G, ..., Gg are n-complete.

Theorem 2.1 Let G = (N,X,P,S) be an EOL grammar. Then, an n-
complete structurally equivalent EOL grammar G' = (N',Z, P',S) can be
effectively constructed from G such that invertibility is maintained, that is,
G' is invertible if G is invertible.
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Proof: N' and P’ are obtained from N and P, respectively, by adding “loop-
ing” nonterminals and productions as follows. For each nonterminal X € N
such that there is no production X — a in P with a € N1, choose a new
nonterminal X’, add X' to N/ and the productions X — X', X' —- X'X' to
P. Obviously, G' is n-complete. G' is structurally equivalent to G because
the derivations of terminal words are not affected by the new productions.
Finally, all new productions have pairwise distinct right hand sides which
are different from the right hand sides of the productions in P. Therefore,
G' is invertible if G is invertible. Observe that G’ is not reduced because the
looping nonterminals do not occur in any sentential derivation of a terminal
word. o

Invertibility allows us to reconstruct the labeling of a syntax tree of a
given structure bottom up: If the labels of the leaves are given we can
uniquely reconstruct the labels at all internal nodes. Requiring invertibility
does not affect the languages generated by EOL grammars as the following
theorem shows.

Theorem 2.2 Let G = (N,X,P,S) be an EOL grammar. Then, an in-
vertible structurally equivalent EOL grammar G' = (N', X, P',S') can be
effectively constructed from G.

Proof: This is a straightforward modification of the proof given in [2] for
the case where ¥ = {a} and a set of sentence symbols instead of a single
sentence symbol is allowed. Define N’ to be the set {X C N : X # 0}
and S’ the set {X : X C N and X N S # 0}. Given a word ' over N’/ we
say a word a over N corresponds to o' if | a |=| &' | and each nonterminal
symbol in a belongs to the set of nonterminal symbols appearing at the
same position in a'.
The set P’ of productions is defined as follows.

(i) P’ contains a production X — o/, for o' € (N')*, if and only if
X={A:A€ N,A— a€ P and a corresponds to a'}
(ii) P’ contains a production X — w, for w € T, if and only if
X={A:A—we P}

It is not difficult to prove that G’ is invertible and G and G’ are structurally
equivalent. O

Note that an EOL grammar with only one nonterminal is always invert-
ible.
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3 The one and two nonterminal cases

McNaughton’s proof of the decidability of the structural equivalence prob-
lem for context-free grammars (1] is based on the following idea. For each
context-free grammar a structurally equivalent and simplified grammar is
constructed; a simplified grammar is obtained by appropriately identifying
nonterminals which play the same role in all derivations. Simplifying dras-
tically reduces the class of structurally equivalent context-free grammars;
any two simplified structurally equivalent context-free grammars are iso-
morphic. This provides a basis for the decidability result. To test whether
two context-free grammars are structurally equivalent we simplify them and
test whether the resulting grammars are isomorphic.

An obvious approach to solving the structural equivalence problem for
EOL grammars is to proceed in a similar manner. This suggests impos-
ing additional requirements on EOL grammars which preserve structural
equivalence but restrict the variety of grammars having these properties.
Invertibility is an example of such a property. Restricting the number of
nonterminals is another obvious choice. In this section we show that both
restrictions can force an EOL grammar to be uniquely determined up to
isomorphism.

Theorem 3.1 Let G = (N,X, P, S) be an EOL grammar with N = {S}.
IfG' = (N',X, P, S') is structurally equivalent to G and invertible, then G
and G' are isomorphic.

Proof: Because G has only one nonterminal its productions must be of the
following forms . .

S — SH|...|S%,
where i; > 1,for1 < j <k, and

S_)w].'""wl)

where w; € T+, for 1 < j < I. Clearly, G' must also have productions
§' - wj, 1 < j <, and cannot have productions A — w;, where A € N’
and A # S', otherwise G’ would not be invertible. Now consider the syntax
tree of Figure 1. Because G and G' are structurally equivalent, there is a
syntax tree of the same structure in G’ which generates the same terminal
word. This is only possible if S’ — §% is in P'. Because of invertibility no
other nonterminal can generate S, Thus, the productions in P and P’ are
isomorphic. (]

Theorem 3.1 can be extended to the case where both EOL grammars
have exactly two nonterminals.
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N\
N/

S

w1

Figure 1: Syntax tree with one nonterminal

Theorem 3.2 Let G = ({S,A},Z,P,S) and G' = ({S',A'}, X, P, 5') be
two structurally equivalent invertible EOL grammars. Then, G and G' are
isomorphic.

Proof: Let us first consider productions with a terminal right hand side.
Clearly S — w , w € T*, is a production in P if and only if ' — w
is a production in P’. For, otherwise G and G’ would not be structurally
equivalent. If § — w is a production in P, we cannot have a production
A' — w in P’, because invertibility implies that w can be generated in one
step from S’. Similarly, if ' — w is in P’ we cannot have a production
A — w in P. Thus, the productions in P and P’ with terminal right hand
sides and the start symbol as left hand side are isomorphic.

Assume that A — wisin P, w € £+. Then, § — wisnotin P. Consider
a syntax tree in which this production is applied. Because a syntax tree of
the same structure can be generated in G’, A’ — w must be a production in
P'; §' — w cannot be a production in P/, because in this case, w would be
generated by a height one syntax tree in G', but not in G. This argument
shows that the productions with terminal right hand sides in G and G' are
isomorphic.

Let us now consider productions with nonterminal right hand sides. As-
sume S — X3... X, X; € {S,A},1<j < k is a production in P. Then,
there exist wy,..., wr € BT such that X; =¢ wj, for 1 < j < k and some
d > 1. Now reconstruct the labels of the syntax tree with frontier w; ... wpg
in G'. We obtain X} =9 w;, 1 <j <k, and X! = S5'if and only 1fX = S
and X} = A" if and only if X; = A, for 1 < j < k. For, otherwise a sen-
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tential syntax tree in G of height d would not have a structurally equivalent
counterpart in G’ and vice versa. Applying this argument once again we
conclude that §' — X{...X] is in P'. By symmetry, this shows that P and
P' must have isomorphic productions with the start symbol as left hand side
and nonterminals as right hand sides.

By similar arguments we see that P and P’ must also have isomorphic
productions with the other nonterminal as left hand side and nonterminals
as right hand side. A production 4 — X;...X} of this form must occur in
a terminal derivation in G. Retracing this derivation in G’ shows that the
corresponding, isomorphic production must occur in G’ and vice versa. 0O

Theorems 3.1 and 3.2 cannot be extended. If we allow more nonterminals
we can have invertible, structurally equivalent EOL grammars which are not
isomorphic. First, we give an example where both EOL grammars have a
different number of nonterminals.

Example 3.1 Recall the EOL grammar G5 of Example 2.5 which is given
by the productions

S — AA, A > Ala.

A structurally equivalent but nonisomorphic grammar G¢ with three non-
terminals is given by the productions

S — AA|BB,A — Bla,B — A.

G is also an invertible EOL grammar which generates just one word aa by
syntax trees of even and odd heights as shown by Figure 2.

Note that G5 and Gg are not structurally equivalent if considered as
context-free grammars. For, when parallel rewriting is replaced by (asyn-
chronous) sequential rewriting, we can generate syntax trees of different
structures with both grammars. The terminal leaves of syntax trees gen-
erated by Gg always have an even depth difference whereas in G5 we can
generate a syntax tree where the terminal leaves have a depth difference of
one. For example, the following syntax tree in Gy

S

/\

A
|
a

p— —
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S S
/\ /\
A A B B
[ I
B B A A
I N
I
A A B B
[ I
a a A A
||
a a

Figure 2: Syntax trees of even and odd heights in Gg

has no structural equivalent counterpart in Gg, if both grammars are con-
sidered to be context-free grammars.
Example 3.2 The EOL grammar G7 with three nonterminals defined by

S — AA|BB, A—a, B— A|B

is structurally equivalent to Gg, but not isomorphic to Gg. It is easy to
obtain an overview of the sentential syntax trees generated by G7. The
sentential syntax tree

S

/\

A A
|
a a

is the only sentential syntax tree of height two in G7. A sentential syntax
tree of height h > 2 is of the form shown by Figure 3.

It is easy to see that there is no isomorphism between the productions
of Gg and G7. Thus, there exist structurally equivalent, nonisomorphic EOL
grammars with the same number of nonterminals. In Gg and G7 the roles
played by the nonterminals A and B are different. We cannot have an A
whenever we have a B and vice versa.
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s
/\
B B
||
B B
.
||
B B
||
A A
|
a a

Figure 3: Syntax tree of height greater than two in G~

Example 3.3 Let the invertible EOL grammar Gg be given by the produc-
tions
S — AA|BB|CC, B — A, C — B|C, A—a.

If we map both labels B and C to B, each syntax tree in Gg becomes a valid
syntax tree in G7. In this case, G7 can be considered as an homomorphic,
but not as an isomorphic, image of Gs. It is obvious how to extend the
sequence Gg, G7, Gg to obtain an infinite sequence of invertible, structurally
equivalent, pairwise nonisomorphic EOL grammars, namely, Hy for £k > 1 is
given by

S - XiX1|XeXa|.. | XXk,
Xe — Xe-1|Xk,
X1 = Xp-2, ..., X2 — Xy,
X, - a

Example 3.4 Consider the EOL grammars Gy and G defined as follows:

Gg : S— AA, A — Alald.

Gio : S — AA|AB|BA|BB



Structural Equivalence 11

A — Bla
B — Alb.

L(Gy) = L(G10) = {aa,ab,ba,bb}; moreover, Gy and G; are structurally
equivalent. Intuitively, in G19 4 and B play essentially the same roles. It is
possible to identify these nonterminals, yielding the simpler grammar Gy in
this case.

In the next section we define context equivalence and show how to effec-
tively reduce an EOL grammar according to this equivalence relation; Gy¢ is
not context reduced.

4 Context equivalence

The structure of syntax trees of grammars can be encoded via parentheses.
Introducing parenthesized versions of EOL grammars allows us to reduce
structural equivalence to equivalence.

Given an EOL grammar G = (N, I, P, §). The parenthesized version G()
of G is the EOL grammar G(y = (N U {L,R},Z U {(,)}, F(), §), where L
and R are two new nonterminals and “(” and “)” are new terminal symbols.
Matching nonterminal L-R pairs represent matching pairs of parentheses.
Fora € Nt, X — LaRis a production in Pyifand only if X — a € P and,
for w € %, X — (w) is in P if and only if X — w € P. Furthermore, F
contains the additional productions L — L|( and R — R|). Rewriting and
other related notions from Section 2 are extended to parenthesized versions
of grammars in the obvious way. Of course, if L(G) C £+, then L(Gg) <
(ZU{(,)})*. Observe that for a word z € L(G()) all terminal symbols from
¥ in 2 are surrounded by the same number of matching pairs of parentheses.
This number is equal to the length of the derivation of z in G() from the start
symbol. Obviously, two EOL grammars G and G’ are structurally equivalent
if and only if their corresponding parenthesized versions generate the same
language L C (Zu {(,)})*.

A parenthesized nonterminal contezt of an EOL Grammar G = (N, X, P, §)
is a sentential form of the parenthesized version G() in which one occurrence
of a nonterminal symbol from N is replaced by an underscore. We call such
aword @ € (NU{L,R}u{})* simply a context. Given a context a and a
nonterminal A, a[A] denotes the word obtained by replacing the underscore
in a with A.

Let S = a[A]in G(). a[A] can be identified with a sentential syntax tree
of height d in G from which all labels except for the labels at its frontier have
been removed. The sequence of labels at the frontier of this tree is denoted by
frontier(a[A]). Clearly, S =¢ frontier(a[A]) in G if and only if § =4 o A]
in G(). Given an EOL grammar G = (N, X, P,S) and two nonterminals A
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and B, we say that A and B are d-context equivalent, denoted by A =9 B,
if for all contexts a, we have in the parenthesized version G() of G

S =% o[ A] if and only if S =¢ oB).

This definition in particular implies that A =% B is equivalent to (4 =
S if and only if B = S). A and B are said to be contezt equivalent, denoted
by A = B, if A =? B, for all integers d > 0. Observe that A = S for some
nonterminal A implies A = §. This reflects the fact that at the root of each
syntax tree in G we can have only one nonterminal, the sentence symbol
S, but no other nonterminal. We say an EOL grammar is contezt reduced if
whenever two nonterminals are context equivalent they are equal.
Example 4.1 Grammar G;¢ of Example 3.4 is not context reduced. It is
easy to prove by induction on d that A and B are d-context equivalent, for
all integers d > 0.

Given an EOL grammar G = (N, I, P, §), context equivalence of nonter-
minals can also be characterized in a different manner (cf. [1] for the case
of context-free grammars). For each context a and integer d > 0, we define

Ng ={X:5=%a[X]in Gy}

to be the set of nonterminals d-distinguishable in context a. The definition
implies that N§& = {S}, for all a, that is, {S} is 0-distinguishable, for all a.
A set M of nonterminals is said to be d-distinguishable if there is a context a
such that M = N§. M is strictly d-distinguishable if M is d-distinguishable
but not d’-distinguishable for any d' < d. M is distinguishable if there is a
d > 0 such that M is d-distinguishable.

Theorem 4.1 Let G = (N,X,P,S) be an EOL grammar and A,B € N.
Then, A = B if and only if for all distinguishable sets M C N, A isin M
if and only if B is in M.

Proof: if: If V = {S}, then (4 € V ifand only if B € V) immediately
implies (A = S if and only if B = S). Therefore, we have A =° B. Now
consider an arbitrary context a and an integer d > 1. We have to show

S =% a[A] if and only if § = afB].
Consider the set N2 of nonterminals d-distinguishable in context a, namely,
{X:5=%o[X]}.

By definition N¢ is d-distinguishable, therefore distinguishable. By assump-
tion this set contains A if and only if it contains B. This immediately gives
the hypothesis.
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only if: Let A = B. This implies by definition (A = S if and only if B = S)
and, for all contexts a, and for all d > 1, (S =% a[A] if and only if § =9
a[B]). ¥ M = {S}, then we immediately have A € M if and only if B € M.
Hence, let M be a distinguishable subset of N and M # {S}. Then,
there exists a context a and an integer d > 1 such that M = NJ. In
particular A = B implies (S =¢ a[A] if and only if S =% a[B]); hence,
(A € M if and only if B € M). o

It is clear that there exist only finitely many different distinguishable
subsets of nonterminals for a given grammar. If the distinguishable sets can
be effectively determined the equivalence relation = can also be computed
effectively. The question is whether or not we have to consider arbitrary
long derivations in order to find all distinguishable sets of nonterminals.
The following lemmas show that this is not necessary.

Lemma 4.2 LetG = (N, X, P, S) be an invertible n-complete EOL grammar
and M C N strictly d-distinguishable. Then, there ezxists an M' # M,
M' C N, which is strictly (d — 1)-distinguishable.

Proof: Let M = N§ = {X : S =% a[X]}, for some d > 1 and for some
context a such that, for each d’ < d and each context 8, M # N A Consider
a syntax tree for frontier(a[X]) in G of height d > 1, for some X € M; see
Figure 4.

All nonterminals in M which may occur instead of X at the same position
on level d in frontier(a[X]) are generated by nonterminals which occur at
the same position on level d — 1. Because G is invertible, all elements of
frontier(a[X]) on level d have a uniquely determined predecessor on level
d — 1. Thus, the context a uniquely determines a context 3. Replace each
innermost L — R pair surrounding a right hand side of a production in P by
its left hand side and, moreover, replace the innermost L — R pair containing
the underscore in a by an underscore in 3. Let us assume that the innermost
L — R pair in a containing the underscore is of the form Loj_a,R. Then, it
is clear that

M=N§={X:Y - LoyX, R is a production in Py and Y € N5-1}-

We claim that N, 5_1 is strictly (d — 1)-distinguishable. Assume that this is
not true. This implies that there is a context 8’ and a d’ < d — 1 such that

NB = NE ={v:5=7@Y]in Gy}

Because G is n-complete, we can add one parallel derivation step to the
derivation of length d’ in G() of the context §’. Each nonterminal in B is
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S ——
d-1
B[Y]) Y 4
/ /\ \ -
aXa,

d+1

Figure 4: Syntax tree of height d > 0 for frontier(a[X])

dl

L | g
X,
Xz
L o
ap a,

Figure 5: Definition of context o
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replaced by the right hand side of a corresponding production in Py and
the underscore is replaced by Lal_a,.R This yields a context a'; see Fig-
ure 5. We obtain M = N§ = Nd'+1’ where d' + 1 < d; this contradicts the
assumption that M is strictly d-distinguishable. Hence we have proved our
claim that N? 41 18 stnctly (d — 1)-distinguishable. Therefore, the lemma

holds with M’ = N a

As an immediate consequence of Lemma 4.2 we infer that in G(y only
derivations of length d = 2™, n = |N|, have to be considered in order to
determine all distinguishable sets of nonterminals. The argument used in the
proof of Lemma 4.2, however, requires that each derivation of a nonterminal
word in the n-complete EOL grammar G can be extended by one parallel
derivation step. The following lemma shows that it is not necessary to
assume that an EOL grammar is n-complete in order to infer that only
finitely many derivations have to be considered in order to determine the
distinguishable sets of nonterminals.

Lemma 4.3 Let G = (N, X, P, S) be an invertible EOL grammar with n =
|N| and let M C N, |M| = m, be a strictly d-distinguishable set of nonter-
minals. Then, d < (n™ + 1)(2™" + 1).

Proof: Assume the contrary, that is, M = N§J, for some context a and
some minimal d > (n™ + 1)(2™" + 1), and

M=N§={X:5=%aX] in Gy} = {41,...,Am}.

Because G is invertible we can uniquely associate a labeled tree of height
d and structure a to each 4; € M, 1 < j < m. Reconstruct the labels
at all internal nodes in a[A;] bottom up to obtain a sentential syntax tree
for frontier(a[A;]) in G, 1 < j < m. All associated syntax trees in G for
frontier(a[X]), X € M, of height d have the same structure. They all have
the label S at the root and the same labels at the frontier with only one
exception, the position of the underscore in a. There A4,..., A, appear.
However, the labels of internal nodes may be different. We call the root-to-
leaf path connecting the root and the position of the underscore in a the
designated path. With each internal node in a we can associate an m-tuple
(X1,-..,Xm) of nonterminals as follows. (Xi,...,Xm) is associated to a
node p if and only if X; occurs in the syntax tree for frontier(a[A;]) of
height d and structure a at node p, 1 < j < m. Because there are only n™

different m- tuples of nonterminals and d > (n™ +1)(2"" + 1) there must be
at least 2" 41 different levels in a such that the same m-tuple is associated
to the nodes on the designated path on these levels. Because there are at
most 2" different subsets of m-tuples of nonterminals there must be at
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least two levels in a such that not only the same m-tuple of nonterminals is
associated to the nodes on the designated path on these levels but also the
sets of m-tuples of nonterminals associated to the other nodes on these two
levels are identical. This implies that there are integers d;, d;, and d3 such
that d; + dz2 + d3 = d and (i), (ii), and (iii) hold.

(i) For each j, 1 < j < m, the labels of the nodes on the designated
path on levels d; and d; + d; below the root in the syntax tree of
frontier(a[A;]) of height d and structure o are identical.

(ii) For each j, 1 < j < m, there are nonterminal words w; and wj such
that
S =% y; =% w} =% frontier(a[A;]),

where w; and wj are words over the same set N; of nonterminals.
N; is obtained by taking the set of j-th components in the set of all
m-tuples of nonterminals on levels d; or d; + d; in a.

(iii) Let p and ¢ be nodes on levels d; and d; + d; in «, respectively, to
which the same m-tuple of nonterminals is associated. Then for all
j, 1 < j < m, the syntax tree of frontier(a[A;]) of height d and
structure a has identical nonterminals at the nodes p and gq.

Therefore, we can cut out the part in between levels d; and d; + d; in a
as follows. Replace each subtree of height d2 + d3 with root on level d; by
the subtree of height d3 with root on level d; + d; with the same m-tuple of
nonterminals associated to its root. Because the sets of m-tuples of nonter-
minals associated to the nodes on these two levels are identical we will find
for each node on level d; an appropriate node on level d; + dy. In particular,
the subtree with root node on the designated path on level d; is replaced
by the subtree with root node on the designated path on level dy + dz. This
situation is illustrated by Figure 6. In this way we obtain a context a' such
that N§ = N:;’+d2 = M. Because dy + ds < d we have a contradiction. O

Let G = (N, X, P, S) be an invertible EOL grammar. We will now show
how to reduce G according to the equivalence relation “=".

Theorem 4.4 Let G = (N, Z, P, S) be an invertible EOL grammar. We can
effectively construct a contezxt reduced EOL grammar G = (N,3,P,S) which
is structurally equivalent to G. The construction maintains invertibility, if
the given EOL grammar G is n-complete.

Proof: For each X € N the equivalence class of X with respect to = will
be denoted by X. Define G = (N, %, P, 5), where

N={X:XeN},P={A—-a:A—-a€ P},
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p (X1, \ Xm)

“ / Jx\w
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Aj

Figure 6: Levels with identical sets of m-tuples

and & denotes the word over the alphabet N U ¥ which is obtained by
replacing each nonterminal by its equivalence class with respect to =; we
say & corresponds to a. Because of Lemmas 4.2 and 4.3, G can be effectively
constructed from G. Note that & = S and a # B is possible, if a and 8
contain different but context equivalent nonterminals. In other words, the
same word in G may correspond to different words in G. However, a = 8 if
a = 8 and both a and B are terminal words.

It is clear that each derivation S =* a in G can be transformed into a
derivation of the same length and with a syntax tree of the same structure
in G. Each derivation step in G becomes a derivation step in G by taking
corresponding words. This yields a derivation § =* & in G. We will now
show that conversely for each derivation in G there is a derivation of the
same length and structure in G. More precisely, we will show by induction
on d, d > 0, that the following claim holds.

Claim Let $ =% a in G, a € (Nt uXt), and let v be an arbitrary word
such that ¥ = &. Then, S =% v in G and both syntaz trees are structurally
identical.

Proof of Claim: The proof is by induction on the length of derivations.
We consider first a derivation of length 0. Let § =0 @ in G and 7 such that
5 = & Then, & = S and v = A, where A = S. By the definition of = this
implies A = S. Hence, we have S =° v in G.

Consider a derivation § =% 8 = & of length d + 1 in G. We first show
that there is a 4 that satisfies the claim and, then, in the next paragraph
we show that the claim holds for all v such that ¥ = &. Let 3 = B; ... By,
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for some k and By,...,Br € N. Then, & is obtained by parallel rewriting
all B accord.mg to productxons B — @; in P; that is @ = &, ...a, for
some ay,...,a. By the deﬁmtlon of P, B; — &; are productlons in P
only if B_,- — a; are productions in P. J¢] corresponds to B;...DB; hence,
by the inductive assumption, Bj ... B can be derived in G by a derivation
of length d with a syntax tree of the same structure as the syntax tree of
S =9 B in G. Rewriting By,..., By in parallel by ay,. .., o yields a word
4 such that ¥ = & and v can be derived in (d + 1) steps in G with a syntax
tree which is of the same structure as the syntax tree for @ in G. Thus, we
know that § =>9*1 & in G implies that there ezists a word v such that ¥ = a
and S =9t 4 in G and the two syntax trees have the same structure.

Now assume that 4’ is a word which also corresponds to &; that is,
7' = @. We have to show that S =9+1 4/ in G and the syntax tree is of the
same structure as the one in the derivation of § =>9*! 4. We may assume
that both 4 and v’ are nonterminal words. (For, otherw1se, they must be
1dent1ca.1) Let y = X;...X; ; then 4 = 5’ implies v’ = X1 X,, where
X; X for 1 < j < I. By the definition of the relation = we infer that
w1th ¥ a.lso the following sequence of words is derivable in (d + 1) steps in
G by syntax trees of identical structure:

¥ = X]_Xz . .X[,
XiX,... Xy,

X{ . X X X

X;... X =
This completes the induction and the proof of the claim. a

The claim in particular implies that the same terminal words are deriv-
able in G and G with sentential syntax trees of identical structures. There-
fore, G and G are structurally equivalent.

Next, we show that G is context reduced. Assume that M, M 'C N are
two nonterminals in G and M = M'. Choose X € M and X' € M'. Let
a be an arbitrary context for G. & corresponds to a and is a context for
G. Moreover a|M] corresponds to a[X] and a[M'] corresponds to alX .
As we have shown above, corresponding words are derivable in G and G by
derivations of the same length and with syntax trees of the same structure.
Therefore, we have, for all d,

S =% a[X] in Gy if and only if § =¢ &[M] in G),
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and
S =% a[X'] in G() if and only if § =% a[M'] in Gyy.

Hence, we can infer from M = M’ that X = X’. This, in turn, implies that
X = M = M' = X'. Thus, we see that context equivalent nonterminals in
G must be identical; that is, G is context reduced.

Finally, we show that the construction maintains invertibility, if the given
EOL grammar is n-complete; that is we show that G is invertible if G is in-
vertible and n-complete. Let X — w, and ¥ — w0, be two productions in G
with equal right hand sides; that is @, = W3, and let these productions corre-
spond to two productions X — w; and Y — w, in G. If w; and w, are both
terminal words, they must be identical and, moreover, X = Y because G is
invertible. Hence, we may assume that w, and w; are nonterminal words.
Consider an arbitrary context a such that § =9 o[X] in G. Because G is
n-complete we can extend this derivation by one parallel derivation step. We
replace X by w; and rewrite all other nonterminals by nonterminal words
arbitrarily. We obtain some B[w;] such that § =¢ o[X] = B[wi] in Gy.
Consider 71 = frontier(B[w;]). Then, we know that § =%+ y; and B[w,]
describes the structure of this syntax tree in G. As we have just shown, v,
can be derived in G if and only if 7; can be derived in G with syntax trees
of identical structure if they exist. Replacing w; by w, in B[w,] gives a word
Blwz] in Gy such that, for 7, = frontier(B[w.]), we have 7, = 71, because
w,; = Wy and all other letters in 4; and v, are identical. Hence, v; can be
derived in G if and only if 4, can be derived in G and both syntax trees
have the same structure if they exist. Because G is invertible, we can infer
that in G(y S =¢ a[Y] holds. Thus, we see that for each context a and for
each d, S =¢ a[X] if and only if S =¢ a[Y] in G(). This implies X =Y
and, therefore, X = Y. This shows that there cannot be two different pro-
ductions in G with equal right hand sides. a

Remark: The proof of Theorem 4.4 can easily be carried over to the case
of EOL grammars with more than one sentence symbol. It is in this form
that the theorem is used in [2].

Eliminating context equivalent nonterminals by reducing a grammar ac-
cording to the relation = does not uniquely determine an EOL grammar up
to isomorphism. There exist structurally equivalent invertible context re-
duced EOL grammars which are not isomorphic. Consider the grammar G¢
of Examples 3.1 given by the productions

S — AA|BB,A — Bla,B — A.

Clearly, A # S and B # S. Consider the context a = L.AR; then, we
have S =>! a[A] in Gg,) but § =! a[B] does not hold; hence, A # B. This
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Figure 7: Syntax tree of height dk + r + 1 in G(k)

shows that Gg is context reduced. The structurally equivalent grammar G
of Example 2.5 given by the productions

S — AA, A— Ala

is also context reduced but not isomorphic to G¢. We can even have struc-
turally equivalent invertible, context reduced grammars with the same num-
ber of nonterminals. Consider the EOL grammar G7 of Example 3.2. It is
easy to see that G7 is context reduced. As we already know, G7 is invert-
ible and structurally equivalent to Gg. This example can be generalized to
provide an infinite sequence of grammars. Consider the EOL grammar G(k)
with k& 4 1 nonterminals given by the productions

S — X1 Xh|X2Xo] - - | Xk Xk,
Xp = Xgk-1,...,X2 — X3,
(*) Xk — Xk,

X; — a.

Now, G(k) is structurally equivalent to the grammar G’(k), which has the
same productions except for the production marked by (*). Instead of this
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Figure 8: Syntax tree of height dk + r + 1 in G'(k)
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production G'(k) contains X; — Xp. It is easy to check that both grammars
are invertible, context reduced, structurally equivalent but not isomorphic.

The syntax trees of height dk + 7+ 1 in G(k),d > 1,0 < r < k, are
displayed in Figure 7. Figure 8 shows the syntax trees of the same height
dk + 7+ 1in G'(k).

5 Conclusions

As we have demonstrated in the preceding sections, structural equivalence
of EOL grammars is decidable in some special cases. However, we have been
unable to obtain a general decidability result in contradistinction to the case
of context-free grammars. We have imposed additional properties on EQL
grammars which preserve structural equivalence in order to achieve a new
normal form. In the case of context-free grammars reducing an invertible
grammar according to context equivalence has the effect that the resulting
grammar is uniquely determined up to isomorphism. We have seen that
this does not hold for EOL grammars. The reason is, of course, that the
superficially similar notions of context equivalence for context-free and EGL
grammars are, in fact, completely different. This difference results from the
different rewriting mechanisms.

Thus, the basic open question resulting from our investigations is: Is
there an effectively decidable equivalence relation between the nonterminals
of an EOL grammar such that reducing the grammar according to this rela-
tion preserves structural equivalence and yields a grammar which is uniguely
determined up to isomorphism?
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