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ABSTRACT

Mesh generation is an important, resource consuming part of finite element analysis and
should be carried out automatically as much as possible. For this purpose, we present a method
for producing a triangulation of a complex polygonal region of the plane. The method allows the
desired number of triangles and a mesh smoothness parameter to be specified along with the
polygonal curves of the region’s boundary. Computational geometry techniques are used to

decompose and triangulate the region.

The method proceeds in three stages. In the first stage, the region is decomposed into con-
vex polygons such that small interior angles are avoided. In the second stage, a mesh distribution
function is defined based on the boundary length seales and the region is further decomnposed into
convex polygons such that the variation of the function in each subregion is limited, since we aim
to produce a triangulation which is approximately equidistributing with respect to the function.
In the third stage, a Delaunay triangulation is constructed in each subregion using a quasi-uniform
grid whose spacing is determined from the mesh distribution function. The computational com-

plexity and correctness of algorithms in the three stages are discussed.

We have implemented an experimental prototype of the method in PASCAL and carried out
tests of triangulations for a variety of regions. We report on the performance of the method for

major computational experiments on two complex test regions.
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CHAPTER 1

INTRODUCTION

1.1. Overview

The finite element method is used to approximate the solution of a partial differential equa-
tion with boundary conditions defined on a domain. In the mesh generation step in two dimen-
sions, the domain or planar region is subdivided into finite eleinents, e.g. triangles or quadrila-
terals. This step is ar important, resource consuming part of finite element analysis and should
be carried out automatically by the computer as much as possible. A variety of mesh generation
techniques for partial differential equations have been proposed in the literature (cf. surveys by
Simpson (1979), Thacker (1980), Thompson (1983)). Meshes in this context have a fairly broad
interpretation including triangulations, coverings by convex quadrilaterals, and curvilinear coordi-
nate systems. Common general techniques include local mesh refinement (Babuska and Rhein-

boldt (1978), Bank and Sherman (1980}) and region mapping {Thompson (1982}).

For complex regions of the plane, triangles are better than quadrilaterals at approximating a
complicated boundary, so we concentrate on triangular meshes in this thesis. Triangulation to
produce a finite element mesh differs from the standard triangulation problems of computational
geometry in that the vertices of the triangulation are largely free to be selected by the method,
but the distribution of triangle sizes should be controlled. Other applications of triangulation of
planar regions include surface interpolation {Lawsen (1977)) and centour plotting (Lewis and

Robinson (1978)).

Approaches for triangulation of complex regions include the techuniques of boundary contrac-
tion (Bykat {1976)), modified quadtree representation (Yerry and Shephard (1983)}, and triangula-
tion of sets of vertices (Cavendish (1974)), this latter topic relating to the large literature on Voro-
noi diagrams and Delaunay triangulations. A survey of several triangulation methods is provided
in Section 1.2. Generally, these techniques have been described at the method level, with little or

no demonstration of algorithm correctness or complexity analysis, and no quantitative reporting of



experiments, so that comparisons are largely speculative. Many of these methods require a lot of
user input for complex regions, e.g. 2 partitionring of the region into simpler subregions. Few of
these metheds are available as generally distributed software; some are embedded in finite element
packages, e.g. subroutine TRIGEN of the PLTMG package (Bank (1982)}). In these methods there

seem to be difficulties in understanding how to handle general regions.

To overcome these difficulties, we have explored the application of computational geometry
ideas to finite element triangulation in this thesis, since compatational geometry is concerned with
efficient and correct algorithms for geometric problems. We have developed and implemented a
method for triangulating general polygonal regions of the plane which is based on recently
developed techriques for polygon decomposition and triangulation. It is our specufation that bas-
ing the method on computational geometry techaigues makes it robust and competitive. In Sec-

tion 1.3 we provide an outline of the thesis.

1.2. Survey of previous works on finite element triangulation

In this section we provide a brief survey of methods for triangulating a (complex) region, F2.

The goals of an automatic triangulation method are:
(a) minimal user input should be required,

{b) it should be capable of generating triangular meshes for general regions including mul-

tiply connected regions and regions with complicated boundary geometry,

(c) it should control the distribution of triangle sizes within the region so that the triangle
sizes adequately represent the region and the solution of the partial differential equa-
tion.

The following eight methods are representative of the various approaches for finite element tri-
angulation (see the references of Simpson (1979) and Thacker (1980) for other methods). For each
method we brielly describe (i) the input required by the user, (ii) how the distribution of triangle

sizes is determined, and (iii) how the region R is triangulated.

A. Cavendish {1974) - modification of Fukuda and Suhara {1972)
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(i) The input includes mesh vertices on polygonal boundaries of R in counterclockwise order,
fixed interior mesh vertices, vertices of simply connected polygonal zones Z; which are disjoint

and cover R, density factor r; > O for each zone Z;, and shrinking distance parameter ¢ > 0.

(ii) The distribution of triangle sizes is determined by the different density factors r; in the

zones and the mesh vertices on the boundaries of R.

(iii) The boundary of R is shrunk by distance € to get subregion R. For each zone Z;, the
subregion R; = RN Z; is determined. A square grid of spacing r; is superimposed over R;. An
attempt is made to randomly generate one mesh vertex in each subsquare in R; such that there
are no mesh vertices in the circle of radius r; centred at this vertex. A heuristic procedure is used
to triangulate all the vertices so that triangles do not have a large deviation from being equila-
teral. Finally this triangulation is immproved by a smoothing technique: several passes are made in

which each interior vertex is moved to the centroid of the polygon formed from the triangles

incident on that vertex.
B. Shaw and Pitchen (1978) - modification of Fukuda and Suhara (1972)

(i) The input includes vertices of polygonal boundaries of simply connected subregions E; of

R and density factor r; > 0 for each subregion R;.

(i) The distribution of triangle sizes is determined by the different density factors r; in the
subregions.

(ifi) Mesh vertices are generated on the boundary of R; at spacing of approximately r;. If
subregions K; and R; share a boundary segment, then density factor ‘\/r_;;; is used to generate
equally spaced mesh vertices on the segment. Each sabregion R; is shrunk by distance r;/2 to get
é'-. A rectangular grid of spacing r; by \/gr.- is superimposed over 1%,-. At most two mesh ver-
tices are generated at fixed relative positions in each subrectangle in I-:t’,- so that equilateral trian-
gles can be formed from these vertices. Triangles in the strip between 8R; (the boundary of R;)
and &I%,- are then formed using a heuristic procedure. IMinally the smoothing technique of Cavend-

ish is applied to the triangulation in each subregion R;.



C. Bykat (1976)

(i) The input comnsists of mesh vertices on the polygonal boundary of R in counterclockwise

order. If R is multiply connected, then ‘cat’ lines are introduced to make it simply connected.

(ii} The distribution of triangle sizes is determined by the boundary geometry and the mesh
vertices on the boundary. Additional mesh vertices are inserted on the boundary so that two con-

secutive segments on the boundary do not differ in length by more than a factor of two.

(iii) Region R is subdivided into convex subregions using line segments which originate at
reflex vertices and do not create small angles at the boundary. Each convex subregion is triangu-
lated using boundary contraction, i.e. triangles are successively removed from the boundary of the
untriangulated part of the subregion, such that triangles with small angles are avoided.
Automatic grading is performed near ‘re-entrant corners’. In Bykat (1982}, each coavex subregion
is triangulated by recursive bisection of convex polygons such that triangles with small angles are

avoided.
D. Sadek (1980)

(i) The input includes vertices of polygonal subregions (whkich may be multiply connected) of
R and either the mesh vertices on each boundary edge or the number of triangles and gradient
along each boundary edge. In the latter case, mesh vertices are generated on the boundary edges

using the given information.

(i) The distribution of triangle sizes is determined by the boundary geometry and the mesh
vertices on the boundary of the subregions.

(iii) Each subregion is triangulated using boundary contraction such that triangles with small
angles are avoided. The boundary contraction technique is different from Bykat (1976) and can
be used to triangulate nonconvex and multiply connected subregions.

E. Reid (1974)

(i) The input includes a subroutine which gives each smooth section of boundary or internal

interface in parametric form and a local step-size function for the region R.



(ii} The distribution of triangle sizes is determined by the local step-size function and the

boundary geometry.

(iit) Starting with an equilateral triangle which circumseribes R, a mesh consisting of equila-
teral triangles and bisected equilateral triangles is created by local refinement based on the step-
size function, i.e. a triangle may be subdivided into four equilateral triangles or two bisected equi-
lateral triangles depending on the values of the step-size function in the triangle and any adjacent
triangles and this procedure is repeated for any new triangles. Then the mesh is distorted to fit
the boundary of R. This may cause more local refinement of triangles due to complicated boun-

dary sections.
F. Thacker, Gonzalez, and Putland (1980)

(i) The input includes vertices of polygonal boundaries of R, a discrete mesh density func-

tion, and a parameter for the spacing of the initial triangular grid.

(ii} The distribution of triangle sizes is determined by the initial spacing parameter and the

mesh density function.

(ili) An equilateral triangular grid of spacing given by the input parameter is superimposed
on R. A zigzag grid is obtained by eliminating points of the grid which are outside B. The zig-
zag grid is transformed into a curvilinear grid with a better representation of the boundary. Rows
of points are removed from the curvilinear grid so that the density of points conforms better to
the mesh density function. The remaining points of the grid are smoothed as in Cavendish's
method so that the triangles are as equilateral as possible. This process of removing rows of

points and smoothing the grid may be repeated several times.
G. Subroutine TRIGEN of PLTMG package (Bank (1982))

{i) The input includes vertices of the boundaries of simply connected subregions of R and a
parameter kb for the maximum triangle side length. The boundary of a subregion may consist of
straight edges and curved edges. A curved edge has two endpoints and a midpoint and is approxi-

mated by a circular arc passing through the three points.
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(ii) The distribution of triangle sizes is determined by the boundary geometry and the

parameter k.

{iii) Each subtegion (polygon, possibly with curved edges) is triangulated using three heuris-
tics such that triangles with small angles are avoided. The first strategy tries to ‘chop’ off trian-
gles from vertices of the boundary with small interior angles to reduce the order of the polygon.
If the remainisg polygon is convex with eight or fewer sides, the second strategy tries to triangu-
late the entire remaining subregion by adding the centroid as a mesh vertex and connecting it to
each boundary vertex. The third strategy tries to break the polygon into two smaller polygons by
connecting two nonadjacent vertices by a line segment which does not create small angles at the
boundary. If all three strategies fail, then TRIGEN sets an error flag and returns. If % is small
enough, TRIGEN should produce a triangulation. If two or more subregions are congruent, then
only one subregion is triangulated using the above process and the other subregions are triangu-

lated using an affine mapping.
H. Yerry and Shephard (1983)

(i) An interactive graphics front-end program is used to input the boundary curves and inter-
faces of region R (which do not have to be polygonal). Tolerances {or tree levels) for different
portions of the boundary may also be input. The tolerances allow the creation of a user-defined

graded mesh.

{ii} The distribution of triangle sizes is determined by the boundary geometry and the toler-

ances,

(iii) Starting with a square which contains R in an integer coordinate system, the region is
subdivided into complete quadrants (squares) or cut quadrants (squares with corners cut off) by
recursive subdivisions of quadrants into four subquadrants and is represented in a modified quad-
tree data structure. The creation of the modified quadtree begins with the discretization of the
boundary by complete and cut quadrants. Then the rest of the modified quadiree is generated
such that at most a one-level difference exists between any two neighbouring quadrants. Each

quadrant in the modified quadtree is triangulated using a transitional mesh of one to six triangles
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which deperds on the quadrant type and its neighbouring quadrants. Then the boundary vertices
of this mesh are pulled to the boundaries of the region and the triangulation is smoothed as in

Cavendish’s method.

Most of these methods are semi-automatic since a lot of user input is required for complex
regions. In all these methods, there is no time complexity analysis given and not enough algo-
rithmic details given for us to determine how parts of the method work. The capabilities and
effectiveness of these methods are demonstrated by pictures of triangulations of various regions.
There is no quantitative reporting of experiments to measure how ‘good’ the triangulations are or

the time required for the triangulations.

1.3. OQOutline of thesis

The purpose of this thesis is to study applications of computational geometry to triangular
mesh generation for the finite element method, and to develop and implement an efficient and
robust method for triangulating general polygonal regions of the plane which may contain holes
and/or internal interfaces. The research presented in this thesis is made up of the following com-

ponents:

(1) design of the method to take advantage of basic computational geometry algorithms
and to introduce the concept of boundary length scales and the related mesh distribu-

tion function,
(2) development and modification of algorithms for finite element triangulation,

{3) establishment of correctness and discussion of computational complexity of these algo-

rithms,
(4) implementation of a prototype version of the method and experimentation on test
regions.

The basic strategy of our method is to decompose the region into convex subregions in which
triangles of uniform size can be used. In Chapter 2 we discuss the objectives and the outline of

our method, the computational geometry problems encountered in developing the method, and the



data strueture for representing the subregions in the decomposition of the region. In Chapter 3
we describe our algorithm for decomposing a region into convex polygons such that small interior
angles are avoided, since we want to avoid triangles with small angles in the triangulation of the
region. Our approach is based on the method of Schachter (1978) with some features from Bykat

{1976).

Let T be a triangulation of a region R and {(z,y) be a positive weight function defined in

R. We define T to be equidistributing with respect to ¢ in R if ff dA is constant for all trian-
4

gles, A, in T. In our method we want the distribution of triangle sizes to conform to the distribu-
tion of length scales implied by the boundary. To accomplish this, we define a heuristic mesh dis-
tribution function, Y¢(z,y), based on the boundary length scales {see Chapter 4) and aim to pro-
duce a triangulation, T, of R which is approximately equidistributing with respect to {, i.e.

f I Y dA is approximately constant for all triangles, 4, in T,
Yy

There are no algorithms in the literature for constructing (approximately) equidistributing
trizngulations. The term ‘equidistributing’ is used to deseribe one-dimensional meshes for boun-
dary value problems in which an interval is partitioned into subintervals such that the integral of
a positive weight function is constant in each subinterval (Kautsky and Nichols (1980}). In two
dimensions, {)(z,y) is usually related to the error estimate in the finite element solution and an
equidistributing mesh is often called an optimal mesh. Shephard, Gallagher, and Abel (1980) con-
struct mear-optimal finite element meshes interactively. Ladeveze aud Leguillon {1983) also con-
struct near-optimal finite element meshes, but no algorithm is given in their paper. Our approach
for constructing an approximately equidistributing triangulation is described in Chapter 4.
Briefly, the region is decomposed into convex polygons of limited variation of Y and a uniform tri-

angle size is assigned to each subregion.

We construct a Delaunay triangulation in each subregion using a quasi-uniform grid. A
Delaunay triangulation satisfies a max-min angle criterion, i.e. it is the optimal triangulation of a

set of vertices for avoiding triangles with small angles. In Chapter 5, we use information about
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the [ocation of vertices to develop an algorithm for constructing a Delaunay triangulation in a
convex polygon in expected Ofn,) time where n, is the number of triangles. In the standard tri-
angulation problem of computational geometry in which the vertices are given as input and a
{Delaunay) triangulation is constructed to cover the convex hull of the vertices, the time required

to construct the triangulation is O(n,logn, ) (Shamos and Hoey (1975), Lee and Schachter (1979)).

We have implemented an experimertal prototype of the method in PASCAL and carried out
tests of triangulations for a variety of regions on a VAX 11/780 running the UNIX operating sys-
tem. Pictures of some triangulations are shown in Appendix A. In Chapter 6 we report in some
detail on the performance of the method and code for major experiments on two complex test
regions obtained from ‘real’ data; one arises in semiconductor device simulation and the other is a

geographical region.



CHAPTER 2

PRELIMINARIES

2.1. Objectives

The regions of the plane to be triangulated by our method are simply connected or multiply
connected polygonal regions, i.e. they are defined by piecewise linear simple closed boundary
curves. The regions may contain piecewise linear internal interfaces. Internal interfaces are used
to force triangle edges along particular polygonal curves inside the region (e.g. there are boundary
conditions defined on the interfaces in the partial differential equation problem). Interfaces can
also be used to force particular subregions in the decemposition of the region. There are three

types of interfaces (see Figure 2.1):

(a) A ‘separator’ interface is an open nonintersecting polygonal curve which connects two
different points on the same boundary curve and partitions a region into two subre-

gions.

(b} A ‘cut’ interface is an open nonintersecting polygonal curve which connects a point on
each of two different boundary curves (one is the houndary of a hole and the other is
the outer boundary of the region containing the hole} and reduces the number of holes

in the region by one.
(¢) A ‘hole’ interface is a simple closed polygonal curve inside a region. It partitions the

region into two subregions; one is the simple subregion inside the closed curve and the

other is the original region with one more hole in it.

The line segments on the boundary curves and internal interfaces of a region will be referred
to as boundary edges. What qualifies a region to be considered complex seems to be largely intui-
tive; however several properties of the boundary can probably be identified as contributing to
‘complexity’. One is a significant variation in the lengths of the boundary edges. We assume that
the lengths of these boundary edges represent relevant length scales which are to be reflected in

the sizes of the triangles in their vicinity; i.e. we assume that extraneously small boundary edges

-10-
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boundary
———— separator interface
_____ cut interface
—-——-— hole interface

Figure 2.1 Illustration of three types of interfaces;
shadings indicate different subregions

have been removed by a ‘preprocessing’ simplification step (e.g. Williams (1981)).

It is clear that convex regions are simpler than nonconvex regions. We call a boundary ver-
tex at which the region occupies an angle of more than 180° a reflex vertex. A non-reflex vertex
will also be referred to as a convex vertex. The proportion of reflex vertices to all vertices could
be considered a measure of the complexity of the region. A more specific type of complication
associated with nonconvexity occurs when a concave angle on the boundary cuts deeply into the
region, bringing its reflex vertex, v, close to another boundary edge. This introduces a small
length scale for triangulations that is not reflected in the boundary edge sizes, and we will say
that the region is narrow at v. Most of the aspects of complexity that multiply-connectedness
implies for a region from our perspective are covered by the measures discussed above, i.e. an

increase in the proportion of reflex vertices, and the occurrence of narrowing in parts of the
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region. In our method we use a common technique of adding ‘cuts’ to the boundary curves of
multiply connected regions to reduce them to simply connected regions. In summary we view
regions as increasingly complex as the proportion of reflex vertices rises, and the variation in

length scales pertinent to triangulation increases.
Our triangulation procedure has been designed to meet the following objectives:
{a) specification in advance of the number of triangles in the mesh,
(b) avoidance of triangles with small angles,

(¢) conformance of the distribution of triangle sizes to the distribution of

(21)

length scales implied by the boundary,
{d) control over the rate of change of the triangle sizes.

We will elaborate on these criteria. Objective (a) is motivated by the fact that the cost and
resource requirements of finite element computations are directly related to the number of trian-
gles in the mesh. Objective (b) is a conventional goal of finite element triangulation which
appears to have its roots in the error analysis of piecewise polynomial approximation on triangula-
tions, e.g. Strang and Fix (1973, p.138}. This role is unclear in view of the results of Babuska and
Aziz (1976), showing that the related avoidance of large angles is both necessary and sufficient for
error control. For our procedure the main role of (b} is to ensure that there is only one length

scale represented by a triangle.

As the above discussion of region complexity indicates, we view the boundary as defining a
series of length scales for the triangulation, in the vicinity of the boundary. The distribution of
triangle sizes near the boundary should follow this distribution of length scales, in 2 way made
more explicit in Chapter 4. It is natural to extend this idea to allow as input to the procedure 2
function describing a distribution of length scales for the interior of the region as well, i.e. a user
specified or adaptively determined mesh distribution function. We will discuss this extension in

Chapter 7.

The rate of change of the triangle sizes as one moves through the triangulated region must
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be limited if small angles in the triangles are to be avoided, ie. objectives (b) and (d) are not
independent. However, within this limitation, there is still considerable variation possible. Given
two triangulations with different rates of change of triangle sizes, we will regard the lower rate of
change as being the smoother triangulation. Our procedure allows as input, a parameter which

controls the smoothness of the resulting triangulation.

Of course, the four objectives may conflict. For example, one cannot expect gradual
changes in triangle sizes, with no small angle triangles, in a triangulation with only a few triangles
for a region with a large variation in boundary edge size. So objectives (b), (d) may conflict with
objective (a). In Chapter 6, we provide an empirical report on the degrees to which these objec-

tives are served by the method for two test regions.

2.2, Outline of the method

In this section we provide an outline of our triangulation method. The input to our method
is minimal and consists of the polygonal boundary curves of the region, R, the desired number of
triangles, V,, and a mesh smoothness parameter, x. The input of piecewise linear internal inter-
faces in R is optional. The basic strategy of our method is to decompose R into convex polygons
such that each subregion can be triangulated using triamgles of uniform size. The method
proceeds in three stages. The first two stages decompose the region into convex subregions such
that the variation of triangle size in each subregion is limited, and a single length scale can be
assigned to each subregion. The first stage is a purely geometric decomposition taking account of
objective (2.1b) and the second stage further subdivides the convex subregions of the first stage to
try to isolate subregions of different length scale. In the third stage, a Delaunay triangulation is
constructed for each subregion using a quasi-uniform grid whose spacing is the length scale for
that subregion, and the resulting triangulations are merged across subregion boundaries. Details
of the decomposition stages are provided in Chapters 3 and 4 and of the triangulation stage in

Chapter 5.

In the first stage, the input consists of the vertices (vertex coordinates) of the polygonal

curves of the boundaries and interfaces of region R in counterclockwise order. If R contains any
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holes or hole interfaces then R is first decomposed into simply connected subregions by introduc-
ing a ‘cut’ line segment from the boundary of each hole or hole interface to the outer boundary of
the subregion containing the hole or hole interface. The simply connected subregions of R are
decomposed into convex polygonal subregions using an approach based on Schachter (1978) with
the additional constraints that small interior angles in the convex polygons and artificial parrow-
ings in the subregions are avoided so that objectives (2.1b) and (2.1c) are satisfied respectively (cf.
Bykat (1976)). To satisfy these constraints, points in addition to the boundary vertices are
allowed as endpoints of the edges of the decomposition. The outputs of the first stage are the
convex polygons P,P,, ... ’PNp in the decomposition of R as well as the adjacency relations
between the polygons (see Section 2.4 for the data structure used to represent the polygons and
their adjacency relations).

In the second stage, the input consists of the output of the first stage and the parameters,
N, and k. The length scales defined by the boundary and interface edges and the narrowings of
R are present in the lengths of the edges of the P;. We define a mesh distribution function,
Y(z,y), using the lengths of the edges of the F; which, in conjunction with the desired number of
triangles V; and the mesh smoothuness parameter «, indicates the triangle size to be used in a
neighbourhood of (z,y). We aim to produee 2 triangulation which is approximately equidistribut-

ing (see Section 1.3) of ¢ in R and contains approximately N, triangles, i.e.

Jfwaarffuda = 1N,

A R
for all triangles, 4, in the triangulation, so that objectives (2.1a) and {2.1c) are satisfied. To
accomplish this, the P; of the first stage are further subdivided into convex polygons such that the
variation in ¢ in each polygon is limited. Then a uniform triangle size is assigned to each convex
polygon based on NNV, and the mean of Ys(z,y) in the polygon, with the constraint that the triangle
sizes in adjacent polygons do not differ by a factor greater than two, so that a gradual change in

triangle sizes occurs between adjacent polygons and objective (2.1d) is satisfied. The ocutputs of

the second stage are the convex polygons Py,P,, ... ,PNS in the further decomposition of R
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(Vg =N, and the P; have been relabelled from the first stage) and the uniform triangle sizes, h,,

in the F;.

In the third stage, the input consists of the output of the second stage. For each polygon

P

;» mesh vertices are generated on a quasi-uniform grid of spacing %, in the interior of P;. For
each edge e of P;, mesh vertices are generated on it at an equal spacing of approximately E,
where ki, = h; if ¢ is an edge of 8R (the boundary of R) and h; =‘\/m if ¢ is 2 common edge
of P, and P]- 50 that a gradual change in triangle sizes occurs near e. The mesh vertices in the
interior of P; are triangulated to produce triangles of area h,—2!2. The mesh vertices on &F; and
the border of the interior triangulation are merged to produce triangles in the strip next to dF;.
Then the triangulation in this strip is modified to obtain a Delaunay triangulation in P; so that

objective (2.1b) is satisfied since a Delaunay triangulation satisfies the max-min angle criterion

(see Section 5.1). The output of the third stage is a triangulation of region R.

We use a common data structure for representing the triangulation, a vertex coordinate list
and a triangle {element) incidence list (Simpson {1979)). The vertex coordinate list consists of two
one-dimensional real arrays, X and Y, for storing the coordinates of the vertices of the iriangufa-
tion, i.e. {X (i), Y(i)) are the coordinates of the vertex of index ¢. The triangle incidence list con-
sists of a two-dimensional integer array with three columns, VERT, for storing the vertices of the
triangles. The triangle of index { is represented by (VERT(i1),VERT(:,2),VERT(i 3)) where
VERT({,j), 1= 7=<3, is the index of a vertex in the vertex coordinate list, i.e. the coordinates of
the jth vertex of the 7th triangle are (X (VERT(:,7)), Y(VERT(:,7))). The vertices of a triangle

are ordered so that they are in the counterclockwise direction.

2.3. Computational geometry problems

In this section we discuss the computational geometry problems encountered in developing
our method. In Appendix B we define the geometric terms used below. In the first stage, a polyg-
onal regien which may contain holes is decomposed into convex polygons. A common computa-

tional geometry problem is the decompositicn of a simple polygon into convex polygons. There
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are various methods for solving this problem with different requirements. Some methods restrict
the endpoints of the edges of the decomposition to be vertices of the simple polygon, i.e. a res-
tricted decomposition is produced; other methods allow additional points to be introduced as end-
points of decomposition edges, i.e. an unrestricted decomposition is produced. The decomposition

produced may or may not contain a minimum number of convex polygons,

Pavlidis (1968) describes a method for the unique unrestricted decomposition of a simple
polygon into a minimum number of convex primary sets, where the convex sets may overlap.
Chazelle and Dobkin (1979) give an algorithm for producing an unrestricted decomposition of a
simple pelygon into a minimum number of (pairwise disjoint) convex polygons. Keil (1983)
presents dynamic programming algorithms for producing restricted decompositions of a simple
polygon into a minimum number of convex polygons and into convex polygons in which the length

of the internal edges used to form the decomposition is minimized.

Feng and Pavlidis (1975) give an algorithm for decomposing a simple polygon into convex
polygons, in which the decompeosition is restricted, not minimal, and depends on the ordering of
the vertices of the polygon. In the algorithm of Bykat (1976), the endpoints of decomposition
edges may also be mesh vertices on the boundary of the polygon (see C in Section 1.2). His algo-
rithm produces a mon-minimal decomposition of a simple polygon into convex polygons where

small interior angles are avoided in creating the convex polygons.

Schachter (1978) presents an algorithm for a non-minimal restricted decomposition of a sim-
ple polygon into convex polygons. His algorithm is based on a Delaunay triangulation of the
polygon; only those Delaunay edges originating at reflex vertices are needed in the decomposition.
Garey, Johnson, Preparata, and Tarjan (1978) present an algorithm for triangulating a simple
polygon. By removing internal edges whichk join two convex vertices, their algorithm can be used

to produce a non-minimal restricted decomposition inte convex polygons.
Let m and n be the number of reflex vertices and vertices, respectively, of a simple polygon,
Schachier’s algorithm requires a worst case time of O{mn). The algorithm of Garey et al.

requires Ofnlogn ) time. The other algorithms have time complexity greater than O(mn).
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In our method, we do not require a minimal decomposition and we allow additional points in
the decomposition so that small interior angles in the convex polygons and artificial narrowings in
the subregions are avoided. We have based our first stage decomposition algorithm on
Schachter’s method since it is more efficient than all the other algorithms except for the algorithm
of Garey et al; it provides a way to avoid creating artificial narrowings; it can be modified to
avoid creating small interior angles in the convex polygons; and it can be extended to decompose a

multiply connected polygonal region (simple polygon with polygonal holes) iuto convex polygons.

In our decomposition algorithm, there are two computational geometry subproblems. We
need to construct the visibility pelygon from a point in a simple polygon and construct the Vore-
noi polygon around a vertex, v, in a set of vertices which are in increasing polar angle order about
v. Linear time algorithms for solving the first problem are presented by Lee (1983) and El Gindy
and Avis {1981). We use our implementation of Lee’s algorithm. We develop a linear time algo-
rithm for solving the second problem by exploiting the ordering of the half-planes corresponding to
the perpendicular biscctors of the line segments joining v and the otker vertices. This 2lgorithm
is similar to the algorithm for the last problem discussed in this section, and both use the same
approach as the algorithm of Lec and Preparata (1979) for finding the kernel of a simple polygon.
They exploit the ordering of the hall-planes corresponding to the polygon edges to chtain a linear

time algorithm.

In the second and third stages, we need to compute the diameter {i.e. maximum breadth} of
a convex polygon. Shamos (1975) presents a linear time algorithm for solving this problem. In
the second stage, we use the mirimum breadth (Lyusternik (1963, p. 26}) of a convex polygon to
indicate the amount of subregion narrowing in a convex polygon. We compute the minimum

breadth in linear time using a modification of Shamos's algorithm for computing the diameter.

In the third stage, we construct a Delaunay triangulation in each convex polygon using a
quasi-uniform grid. Some properties of the Delaunay triangulation are stated in Section 5.1. Law-
son (1977) presents an algorithm for constructing the Delaunay triangulation of n vertices in an

estimated time of O(r*?). Lee and Schachter {1979} present two algorithms for constructing the
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Delaunay triangulation. Their first algorithm rumns in Ofnlogn} time which is asymptotically
optimal. Their second algorithm requires O(n?) time in the worst case but requires roughly
O[n"/ 2} time, empirically. These algorithms are given the n vertices as input and construct the
Delaunay triangulation of the vertices. In our triangulation method, we generate the vertices as
well as the triangles of the triangulation. By using information about the location of the gen-
erated vertices, we develop an algorithm for constructing a Delaunay triangulation of n vertices in

a convex polygon in expected O(n) time.

In the third stage, we shrink a convex polygon to determine where mesh vertices are gen-
erated in the interior of the polygon. In Section 5.2, we present a linear time algorithm for shrink-
ing a convex polygon by a distance r >0. As mentioned earlier, our algorithm uses the same

approach as Lee and Preparata (1979).

2.4. Data structure for polygons in the decomposition

In this section we describe a data structure for representing the polygons and their adjacency
relations in the decomposition of polygonal region R in the first two stages. Starting from
polygons determined by the outer boundary, interfaces, and holes of I, the number of polygons
and vertices increase as polygons are subdivided, so we use arrays to represent the list of polygons
and vertices, adding new polygons or vertices at the end. We use a circular doubly linked list to
store the vertices of a polygon so that it is easy to insert a vertex on an edge and subdivide a
polygon into two subpolygons. For each polygon we need to determine the adjacent polygon

along each edge and the interior angle of each vertex.

Our data structure consists of a vertex coordinate list, a head vertex list, and a polygon ver-
tex list. The vertex coordinate list is used to stored the coordinates of the polygon vertices and is
described at the end of Section 2.2. Note that all polygon vertices become vertices of the triangu-
lation. The head vertex list consists of a one-dimensional integer array, HEAD, for storing the

index in the polygon vertex list of the head vertex of each polygon.

The polygon vertex list consists of six one-dimensional arrays: LOC, POLY, SUCC, FRED,
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EDGV, and INTANG. The first five are integer arrays and the last is a real array. The ith posi-
tion in the arrays is used to represent a polygon vertex which we call vertex i. LOC({) is the
location of vertex ¢ in the vertex coordinate list, ie. (X(LOC(i)),Y(LOC(i))) are the coordinates
of vertex {. POLY{i) is the index in the head vertex list of the polygon containing vertex f.
INTANG(i) is the interior angle of vertex . SUCC(i) and PRED(i} are the successor and prede-
cessor vertices of vertex ¢ in the counterclockwise direction and are indices in the polygon vertex
list. EDGV(i) is used to determine the adjacent polygon along the edge ¢ with vertices i and
SUCC(¢). If e is a boundary edge of R, then EDGV(i)=0. Otherwise ¢ is an internal edge of R
and is the common edge of the polygon with index POLY(¢) and one other polygon. EDGV(i) is
the index in the polygon vertex list of the vertex SUCC(i) as represented in this other polygon,
ie. LOC(SUCC(i))= LOC{EDGV(i)), SUCC(i)# EDGV(:), and POLY(i) and POLY{(EDGV({))
are the indices of the two polygon sharing edge e. An example illustrating the three lists is given

in Figure 2.2.

In the data structure, polygon k has vertices i = HEAD(k), SUCC(HEAD(k)),
SUCC(SUCC(HEAD (k))), . . ., PRED(HEAD(k)) in counterclockwise order. For each of these
vertices ¢, POLY(i)=F and if EDGV(i)#0 then POLY(EDGV(i)) is the polygon adjacent to

polygon k along the edge joining vertices § and SUCC(i).

Now we describe the initialization and update of the data structure. On input, the inter-
faces (if any) partition region R into ns =1 subregions with nh =0 holes. Initially the polygons
determined by the outer boundaries of the subregions are given the first ns indices in the head
vertex list, and the polygons determined by the boundaries of the holes are temporarily given the
next nh indices. The vertices of the outer boundaries are stored in counterclockwise order and
the vertices of the holes are stored in clockwise order so that the interior of the subregion is to the
left as the boundary is traversed. The interfaces determine adjacency relations between the subre-
gions and these relations are recorded in the EDGV array. The interior angle at each vertex is

computed from the vertex and its successor and predecessor vertices.

Region R is first decomposed by the method into ns simply connected subregions by intro-



«20-

(0,2} (2,2)
Py
(2
3Ys
R %
1 5 6
(0,0} (1,0) {(2,0)

Head Vertex List

iXG) YG)

1] 00 00

2| 10 o0 k | HEAD(K)

3|20 00 1 !

s| 20 20 2 5

5|10 10

6| 00 20

Polygon Vertex List

i | LOC() POLY[) SUCC() PRED() EDGV() INTANG()
1] 1 1 ) 1 0 90°
2| 2 1 3 i 8 90°
3| 5 1 4 2 0 135°
4| 6 1 1 3 0 15°
3 2 6 8 0 90°
6] 3 2 7 5 0 90°
71 4 2 3 6 0 45°
8| s 2 5 7 2 135°

Figure 2.2 [lustration of the three lists of data structure for polygons
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ducing ‘cut’ line segments from the boundary of each hole to the outer boundary of the subregion
containing the hole (see Section 3.3). In the data structure, the (circular doubly) linked list of ver-
tices of the hole is inserted into the linked list of vertices for the outer boundary. Then the simply
connected subregions are decomposed into convex polygons by recursively subdividing polygons
into two subpolygons. When a polygon is subdivided, the linked list of vertices for the polygon is
split into two linked lists, the adjacency relation between the two subpolygons is recorded in
EDGYV, and one of the subpolygons is given the next index in the head vertex list. If an endpoint
of the line segment subdividing a polygon is not a vertex then the endpoint is inserted into the
linked list of vertices for the polygon. When the linked lists are updated, any new vertex coordi-
nates or vertices are added at the end of the vertex coordinate list or pelygon vertex list, respec-
tively. Therefore the update of the data structure during the decomposition process involves sim-

ple operations on linked lists and the addition of elements at the end of the three lists.



CHAPTER 3

INITIAL DECOMPOSITION INTO CONVEX POLYGONS

In this chapter we discuss the first stage of <;ur triangulation method. The initial decomposi-
tion is done solely on a geometric basis and the only data required is the deseription of the polygo-
nal boundary curves of the region, &. We shall first discuss in Sections 3.1 and 3.2 the case of R
simply connected, and then, in Section 3.3, indicate our reduction of a multiply connected region
R to a simply connectéd region. To simplify the discussion, we will assume in this chapter that R
contains no internal interfaces, since interfaces just reduce R to more than one simply or multiply
connected subregions and the data structure described in Section 2.4 records the adjacency rela-
tions between the subregions. Algorithms for the decomposition of a simple polygon inte convex
polygons are discussed in Section 2.3. We have basically used the approach of Schachter (1078),
with some features from Bykat (1976). The time complexily of our algorithm is discussed in Sec-

tion 3.4.

3.1. Simply connected regions

The class of regions treated in this section is broadened from the class of simple polygons to
include the simply connected regions ebtlained by intreducing cuts into multiply connected regions
as discussed in Section 3.3 below. Consider a subregion R; in the decomposition of i which has a
reflex vertex v on its boundary. The vertex v is resolved by decomposing R; info two or three
subregions R ; 7 = 1,2 and possibly 3, using one or two line segments, i.e. separators, which lie
in R; and have v as one endpoint. The separators are chosen so that » is a convex vertex of the
resulting subregions, and the Ri,j replace R, in the decomposition of R. The introduction of
separzators will not produce any new reflex vertices in the R; ;; but it is possible that a separator
introduced into /2, may resolve a reflex vertex at the other endpoint from v, so the effect of the
decomposition of R; is to reduce the total number of reflex vertices in the decomposition of B by
at least one. The decomposition of R then proceeds by a scan down the list of reflex vertices of

R. When the scan reaches a reflex vertex, v, the (unique) subregion, R;, to which » belongs is

.29,
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identified, and decomposed as described above. Any other reflex vertices resolved by this decom-
position are removed from the list and the scan advances to the next (unresolved) reflex vertex.

When the scan is complete, a decomposition of /2 inte convex polygons is obtained.

For finite element triangulation, a major criterion in the selection of separators is that they
not intreduce angles that are small (relative to existing angles) into dR;. In the standard decom-
position problem, the separators are restricted to join v to other vertices of @R, i.e. it is assumed
that all the necessary vertices of 87 are known a priori. This assumption is overly restrictive for
our purposes, so we allow separators to end al nonvertex points on edges of dF; but, of course,
these points are restricted so that they do rot divide an edge into a short and long subedge,
thereby introducing extraneously short subedges. In the next section, we discuss our procedure for

selecting separators which satisfy the above criteria.

3.2. Selection of separators

Let R be a simply connected polygonal region with vertices vy, v, ..., v, in counterclock-
wise order, and let w, be a reflex vertex of R. Let the interior angle at w»; be f
(180° < 0, < 360°). Define the right cone {RC}, inner cone (I¢}, and left cone {1.CY), to contain
peints with polar angles, measured from 0° at vy, in the intervals (0°, 4, — 180°),
|8, — 180°, 180°], (180°, §;), respectively (see Figure 3.1}. Define VI’ to be the visibility polygon
from v, ie. VP = {v|v€ Rand vov N R =v,r} In a counterclockwise traversal of dVF from
v, to v,, the points of dVP are in nondecreasing polar angle order. Define VS5 to be the sections
of dVFP (or 91} visible from w, i.e. the set of boundary peints, , for which the line segment vyv
lies in the interior of R, except for v, and v. Linear time algorithms for computing VP (or V'S)
have been published by El Gindy and Avis (1981}, and by Lee (1983); our method uses our imple-

mentation of Lee’s algorithm.

The reflex vertex v, can be resolved by a separator joining v, to w; € IC N VS, or by
separators joining vy to wp € RC N VS and w; € LC N VS if angle(wgvywy) = 180°. For

w € VS, let the interior angles determined by separator vgw be oy, B, @, 8, as indicated in Fig-
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Figure 3.1 Definition of cones RC, IC, LC

ure 3.2a and define ¢,{w) = min {o;, £;} (cf. Bykat (1976)). Tor a pair of separators v wp and
=0}
vyw; define the interior angles o, By, 7, @, By, @9, B, as indicated in Figure 3.2b and define
golwp, wp) = mi]lm2 {e,, B;, 7} In principle then, good candidates for the endpoints of separa-
i=0,1;

tors {from v, would be the w; € VS N IC or wp € VS N RC and w; € V5 N LC, whichever

produces max{f;, 6,} where

i

by
)

max{g,(w;) | w; € VS N ICY,
max{g,(wp, w;) | wg € VS N RC,w, € VS N LC, 7, < 180°}. (3.1)

However, since VS is a continuum it is not practical to try to determine these maxima, so we
define a suitable subset of VS to search for these maxima.

Let Vi = V5 N {; | 2= i < n} be the vertices of R visible from v,. Clearly, restricting
the search in (3.1) to ¥, can introduce small angles into the decomposition as indicated in Figure

3.3. We take advantage of the freedom to add vertices to the triangulation for our application to
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Figure 3.2a Definition of angles ay, £, «,, f; for one separator

Figure 3.2b Definition of angles oy, fy, 7q, @, B;, @, B, for two separators
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extend the search to a set of points, V,, situated on edges that subtend large angles at vy, These
edges are identified using a parameter ¢ in the following way. Let uv be an edge of VS which
subtends an angle & = 20 at vy and let & = la/o] and ¢’ = a/k € [, 20). Then add to V, the
k = 1 points w;, 1 = i <k, on uv with equal angular spacing ¢’ at v, ie. angle(w,vqu) = i ¢
(see Figure 3.3). From elementary geometry, it can be seen that

gi(w;} = 0. (3-2)
The points of ¥; U ¥, are found in increasing polar angle order from VP in linear time.

The search for 2 maximum in (3.1) is carried out over ¥; U V, and is guided by a number
of heuristics. If separators are constructed by choosing w; or wy and w; solely on the basis of
their angular properties, it is possible for a separator to pass close to a visible vertex which would
result in an artificial narrowing in one of the subregions. This is indicated in Figure 3.4; choosing
vovg as a separator would resolve both reflex vertices, but create a narrowing at vg. In the
method of Schachter (1978), the choice of separator endpoints is restricted to Voronoi neighbours
of vy in V), where vy and v € V| are Voronoi neighbours if their Voronoi polygons are adjacent in
the Voronoi tessellation of ¥ U {v }. This aveids the phenomenon of creating an artificial nar-
rowing since the Voronoi neighbours are the vertices which are ‘closer’ to v,. Therefore we res-
trict our initial search for separator endpoints w; or wy, wy in (3.1) to the set ¥ of Voronoi
neighbours of vy in ¥V, U V,,. Figure 3.4 illustrates these sets of boundary points. The points of
V are determined in increasing polar angle order from V, U V, by constructing the Voronoi
polygon around »,. Each point of V' corresponds to an edge of the Voronoi polygon. The Voronoi
polygon is constructed in linear time using an algorithm which is similar to that in Lee and
Preparata {1979) and in Section 5.2.

We prefer to use one separator vyw; rather than two separators vgwp and vow; so that
fewer subregions are obtained, and we are prepared to accept a separator or pair of separators
that make g,(w;) or go{wp, w;} adequately large, rather than search the entire eligible vertex set,

V, U V,, for a maximum as in (3.1). For this purpose let parameter ) indicate the lower bound
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Figure 3.3 Restriction of separator endpoints to V= {vz,va,vs,zr,} causes small angles;
allowing separator endpoiats to be in V, = {w,,w,} gives better angles

+ point of V,
x point of V,
© point of V

Figure 3.4 Choosing vgvg as a separator creates a narrowing at vg;
restriction of separator endpeints to V avoids narrowings
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on max g,(w;) which is aceeptable without checking max g,{wp, w,), and parameter 7 indicate
w0y “RYL

the lower bound on max {g.(w;), gofwp, wy )} which is acceptable without checking

{,‘1131,,2 {a,(wy) 9o(wg, wp )b

The following procedure RESOLVE finds w; or wg, w, to resolve v, using the angle param-
eters o, A, 7. In the experiments reported in Chapter 6, we have mostly used ¢=30°, ) =40°,
and 7=20°. This procedure returns from the for loop that controls the searches over V and
Vi U V, if acceptable separator(s) is (are) found. Otherwise it returns upon completion of the

loop with the best separator(s).

Procedure RESOLVE(R, v, wq, w,);
# Input: simply connected polygonal region R and reflex vertex vy
# Output: w, = wy, w, = nilor w| = wp, wy, = w;,
Compute V| U V, and V" using parameter o;
fori:=1to2do
ifi=1thenS:=VelseS:=V, UV,;
wy = nil; wy == nil; p == 0;
il S M IC # ¢ then
Find w, such that g,(w;) = max {g,(w;) | w; € SN IC};
if g,(w,) = X then return else p := g, (w,);
wy = wy;
if there exist wp € § N RC, wy € § M LC such that 7, < 180° then
Find w, w, such that gy(w,, wy) = max {g,(wp, w;) |
wp € SN RC,wy € SN LC, v, < 180°}
if go(wy, wy) > p then p:= gy(w,, w,)
else w, 1= wy; wy 1= nil;
if ¢ = 7 then return;
return;

The following lemma implies that procedure RESOLVE will find either separator v,w, in IC

or separators vyw; and vyw, in RC and LC, respectively, to resolve reflex vertex vg.

Lemma 3.1 : If V| N IC'=¢ then there exist w, € VN RC and wy € V; N LC such that
ang]e(wL‘vowR) = 180°.

Proof : Suppose V; N IC' = ¢. Then there exists an edge upu; of 3VP which goes through
IC with the two endpoints u; and u; in RC and LC, respectively (see Figure 3.5). Let 6 and ¢,

be the polar angles of up and ug, respectively. #; — 0z is the angle subtended by edge ugpu; at

vg 50 it must be less than 180°. Let wy (w;) be the point of 3VP closest to v, with polar angle
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0 (8;). wg and w; are clearly in VS. They are also vertices of R since VPG R. Therefore
we € VN RC, wy € VI N LC, and angle(wyvqwp) = 0; —8p = 180°. O

Now we show that the lower bound for the angles created at the boundary by separators
selected by procedure RESOLVE is 0°. Consider the class of ‘spiral’ polygons illustrated in Figure
3.6 where the polygon is the union of similar triangles determined by the angles a, b, and ¢, and
vg is a reflex vertex. If a spiral polygon has angles ¢ <20 and b < ¢ then procedure RESOLVE
selects either separator vow, in JC' or separators vyw;, vow, in RC, LC to resolve v, where
gi{wy})=b or gy{w;,w,) =, respectively. If b is made arbitrarily small, then g (w,) or g,(w,,w,)
are also arbitrarily small, so the lower bound for the angles created at the boundary is 0°. This
‘worst-case’ polygon is not likely te occur in regions for partial differential equations since
[ vov, | /] vq, | = [sin(a+b)/sin(b)]* ™" gets very large as b approaches 0°, where | vqu| denotes
the length of edge vyv, n =§y/a, and 4, is the interior angle at »,. For example, if a = 20°,
b=1°, n =11, then | vgyv, | /| vgv,| =1.33%10%%.

However, if the point w, or pair of points w,, w, selected by procedure RESOLVE are in Vs,
then the following lemma shows that the lower bound for the angles created at the boundary by
the separator(s) is o.

Lemma 3.2 :

(a) If separator vyw, with wy € V,M IC is selected by procedure RESOLVE to resolve reflex

vertex v, then g,(w,)=0.

(b) It separators vyw,, vow, with w; € V,N RC, w, € V,N LC are sclected by procedure

RESOLVE to resolve vy, then g (w;,w,)= 0.
Proof : (a) gy (w;) 2= o by (3.2) since w; € V.

(b} w, € V; and w, € V, imply that the angles ap, g, @, B, @, B, (see Figure 3.2b}) are all
at least o by (3.2). Now we show that y,= 0. There are two cases: {i) w; and w, are on the
same edge of 8VP, or {ii) w; and w, are on different edges of 8VP. In case (i}, 7,= o by the way

points are added to V,. In case (i}, there exist points u,, u, on dVP such that
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Figure 3.5 Illustration of VP for Lemma 3.1

Figure 3.6 Illustration of ‘spiral’ polygon with ¢ = 20°, b = 40°, c = 120°
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8w )+ o= 6(uy)=< #{u,)=6{w,) — ¢ where #(v) denotes the polar angle of point v, since w, and
wy are introduced on the interior of different edges of 3VP; vy = f(w,) — 6(w,) = 20. Therefore in

both cases go(wy,w,)=0. O

3.3. Multiply connected reglons

In this section we describe our technique for reducirg a multiply connected region R to 2
simply connected region B’ and decomposing R’ into simple polygons. Our technique can be intui-
tively motivated by considering the case of a region R with one hole. Let P and H be simple
polygons with boundaries #P and 0H, let H lie in the interior of P, and let
R = P — (intetior of H), so that 3R = 8P U dH. Observe that the top and bottom vertices of
H,t aud b, are reflex vertices of R. If separators are found from ¢ to a vertex of P above ¢ and
from b to a vertex of P below b, then R will be decomposed into two simple polygons. The
separator, S, which joins ¢ to 8P connects two previously disconnected boundary curves of K. It
forms a cut in /2 such that the interior of B — 5 is a simply connected region with a boundary
curve that is not simple because the edge S is traversed twice, once in each direction in a traver-
sal of the boundary of R — S. It is the class of simply connected regions with possibly a series of

such cuts to which procedure RESOLVE: of the preceding section applies.

To formalize these ideas for a general multiply connected region R, let P be a simple
polygon, H,, H, , ..., H, , m = 1, be nonintersecting simple polygons (holes) in the interior of
P, and R be the region defined by P — 1s'?Js,.. (interior of H;). Define the following ordering of
points in the plane: (z, 3,} < (%4, ¥,) if ¥, < ypory, = y, and z; < z,. Define the top vertex
(bottom vertex) of hole H; to be the vertex of H, with largest (smallest} coordinates using this

ordering. Let ¢; and b; be the top and bottom vertex, respectively, of H;. Note that t; and b, are

reflex vertices of R.

Let @ be a simply connected region and v be a point in the interior of @. Define subregions
Qriv} and Qp(v) as follows. Let I be the horizontal line through v. Let v; (vg) be the point on

{ to the left (right) of v which is on 3Q and is closest to v. The line segment vy Vg subdivides @
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into two simply connected subregions Qp{v} and Qp(v) such that Qp(v) is above vy vp, Qg(v) is
below v 25, @r{v) U Qp(v) = @, and (interior of Q(v)) N {interior of Qp(v)) = ¢. Qp(v) and
Qp{v} can be similarly defined if v is a reflex vertex of @ such that the y-coordinates of the ver-

tices preceding and succeeding v are both greater or less than the y-coordinate of v.

The decomposition of R into simple polygons is done in two steps (see procedure
DECOMPM below). In the first step R is converted into a simply connected region R’ by using m
separators (cuts) to join 8H;, 1<i{=m, to 3P (see Figure 3.7a}. In the second step R'is decom-
posed into k¥ simple polygons by k—1 separators where 2=k <m-+1 (see Figure 3.7b). Procedure
RESOLVE is used to find the separators in both steps. The sccond step is not required in order to
decompose R into convex pelygons since the procedure described in Section 3.1 can be applied to
R'. We have included it in our implementation since in practice it tends to reduce the size of the

polygons which are input to procedure RESCLVE when resolving reflex vertices of R'.

Procedure DECOMPM(R, m, Plist  k );
# Input: multiply connected polygonal region R which consists of
# an outer polygon P and m holes H,,H,, ..., H,,
# Output: list of simple polygons Plist =[P, P,, . . . ,P;] where k=m+1
# Step 1: convert R into simply connected region R'= P,
Order the holes H; so that t| >t, > --- >¢_;
Q=D
for i := 1tom do
RESOLVE (Qr{t;), £;, w;y, wo)
Update @ by adding the edges of H; and separator
tyw; twice to 9Q;

Py = Q;
k=1
# Step 2: decompose R' into simple polygons

Order the holes I so that b; < b, < -+ <b,;
for ¢ := 1 to m do
if the edges of H; are all in the same subregion then

PJ- 1= subregion containing vertex b;;
Q=P
ki=k+1

RESOLVE (@p(b;), b, Ty, w,);
Decompose @ into two subregions, labelled Pj and P,
using separator b;tw;;
Teturn;

When procedure RESOLVE is used to resolve v, =t; or vg = b; in Qp(f;) or Qg(b;),

respectively, vertex vy has an interior angle of 180° so that the left and right cones for v, are
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Figure 3.7a Reduction of R to simply connected region R’ after Step 1

Figure 3.7b Decomposition of R into simple polygens R, R,, R, after Step 2
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empty and w, = nil. In Step 1 of procedure DECOMPM, the holes are ordered so that
H;, H;yy, ..., H, are not in Qp(t;) which implies that the separators ¢;w;; do not go through
any holes and the update of @ is accomplished correctly to get R’ at the end of the step. In Step
2, all the edges of H, {in the new ordering) lie on dR' so separator b, is introduced to decom-
pose R' into two subregions, each containing some edges of H,. Some of the remaining holes may
have their edges divided between the two new subregions as well (e.g. H in Figure 3.7b). How-
ever, if there is a hole remaining with all its edges on the boundary of one subregion, this process

is repeated with the next such hole in the ordering.

3.4. Summary and time complexity

The decomposition algorithm described in this chapter is summarized in procedure
DECOMP. In our implementation, the order in which the reflex vertices are resolved is deter-
mined by the order in which they appear in the polygon vertex list (see Section 2.4). The data
structure described in Section 2.4 is updated when a ‘cut’ line segment is added to a subregion or

a subregion is decomposed into two or three subregions.

Procedure DECOMP(R,m,Plist,Ny %
# Input: simply or multiply connected polygonal region R with m = 0 holes
# Output: list of convex polygons Plist =[P, P,, ..., PNpl
if m > 0 then
DECOMPM{R,m, Pliat N, )
else Py 1= R; N’J =1,
while there remains an unresolved reflex vertex do
vy := next reflex vertex;
P; := subregion containing v;
RESOLVE{PJ-. Vo, Wy, Wy );
if wy = nil then
N, = Np +1;
Decompose P; into two subregions, labelled PJ- and PN»'
using separator vyw;;
else
N, = Np +2;
Decompose P; into three subregions, labelled Pj, PN,,—I: and PNp’
using separators vy, and vyw,;
return;

In the rest of this section, we discuss the time complexity for procedures RESOLVE and

DECOMP. We first derive the time complexity for procedure RESOLVE to resolve a reflex vertex
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v, in a subregion containing n vertices. V; U ¥, contains Ofn} vertices and is found in increasing
polar angle order in O(n) time (Lee (1983)), provided parameter o is bounded below. (If ¢ is
bounded below, then the number of points added to V¥, from an edge subtending a large angle at
vy is bounded by a constant.) V is determined from V; UV, in O(n) time (Lee and Preparata
(1979)). It requires O(n) time to find the best separator in IC, ie. w, such that g,(w,) =
max{g,(w;)| w; € SN IC'} where § is either V or V;UV,. Let | SNRC| (| SN LC|) denote
the number of vertices in SN RC (SN LC), and let m=|SNRC|-|SNLC]. It requires
O{m} time to find the best pair of separators in RC and LC, i.e. w, w, such that

go{wy,wy) = max{g,(wg,w; )| wy € SNRC, w, € 5N LC, 7,180}, (3.3)
(In practice few reflex vertices are resolved with two separators due to the use of parameter X.) In
the worst case | SN RC| =|SNLC| =0(n) and m =0O(n?}. Therefore, in the worst case, pro-
cedure RESOLVE requires O(n?) time to find the vertices w,; and wy. The following modification
can be made to procedure RESOLVE to reduce the time complexity to O{n). The function g, can
be used to select the ‘best’ O(\/;) vertices from S RC and SN LC. Then an approximation
to {3.3) and w, w, can be found in O(n) time using these vertices. In the sequel, we will assume

that this modification has been made to procedure RESOLVE.

Now we derive the time complexity for procedure DECOMP to decompose a polygonal
region I with NV vertices, r reflex vertices, and m holes into convex polygons. Each hole contains
at least two reflex vertices {the top and bottom vertices), so

2m < r < N. (3.4)
The sorting of the holes in procedure DECOMPM requires O{m logm) time. Each subregion
Qrlt;) or @p(b;) in procedure DECOMPM is found in O(N) time since R contains N vertices, so
it requires O{mN) time to determine at most 2m of these subregions. Procedure RESOLVE is
invoked at most 2m times in procedure DECOMPM and at most r {imes in the while loop of pro-
cedure DECOMP. Let ¢ <2m +r be the number of times procedure RESOLVE is invoked, @, be
the subregion of the ith invocation, and n; be the number of vertices in Q;, 1=<i=g. The ith

invocation of procedure RESOLVE and the subsequent addition of the separator(s) to the
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decomposition (i.e. the update of the data structure described in Section 2.4) requires O(n;) time.

Therefore the time required for all the invocations of procedure RESOLVE is O(T) where

q
T'= Y'n;. In the worst case, each subregion Q; is decomposed by one separator into a triangle
=1

and a subregion containing n; vertices; n; = O(N) for all i and T=O(gN). Therefore the time
complexity of procedure DECOMP, in the worst case, is O{rN} by (3.4), which is the same as

Schachter’s method.



CHAPTER 4

FURTHER DECOMPOSITION TO BOUNDARY SCALES

In the decomposition of region R into convex polygons Py, Py, ..., PN’ of the preceding

chapter, the length scales defined by the boundary and interface edges and narrowings of R are
present in the lengths of edges of the P;. In this chapter, we define a mesh distribution function,
Y(z,y), using the lengths of edges of the P; which, in conjunction with the desired number of tri-
angles N; and the mesh smoothness parameter «, indicates the triangle size to be used in a neigh-
bourhood of (z,y). To satisfy objectives (2.1c) and (2.1a), we aim to produce a triangulation
which is approximately equidistributing (see Section 1.3) of {r in R and contains approximately N,

triangles, i.e.

ffvda = [fyaarn, (4.1)
a Fif
for all triangles, 4, in the triangulation. Our approach is to further decompose the P; into convex
polygons such that the variation of s in each is limited, and triangulate each subregion with trian-
gles of approximately constant area (or uniform size). The triangulation stage is discussed in the
next chapter. In Section 4.1 we discuss the definition and evaluation of $(z,y). In Section 4.2 we
describe the further subdivision of the P; into convex polygons of limited variation of ¢. In Sec-

tion 4.3 we describe the computation of an appropriate uniform triangle size to use on each

polygon. In Section 4.4 we discuss the time complexity of the second stage.

4.1. Definition of mesh distribution function

The mesh distribution function, {)(z,y), is defined in terms of the smoothness parameter &
and a ‘preliminary’ distribution fumction, n(z,y), which is defined in each polygon, F;, of the
decomposition of R using the length scales of P; and its neighbours. From (4.1), it can be seen
that in an equidistributing triangulation the value of § in a triangle is inversely proportional to

the triangle arca {or square of triangle size). Thus we define n{z,y) to be iaversely proportional to

the square of I(z,y), where ((z,y) represents the length scale (or relative triangle size) at the point

.87 -
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(z,y)-

Consider a polygon P; with m vertices v; and edges e, 0= J = m =1, in counterclockwise
order and let e; have vertices v; and v,,,. We determine the length scales for points of P; as fol-
lows. Let w; be the width (i.c. minimum breadth, Lyusternik (1963, p.25)) of polygon P;. We use
w; to measure the amount of narrowing in P; and it is computed in linear time using a modifica-

tion of the algorithm of Shamos (1975) for computing the diameter (i.e. maximum breadth) of a

convex polygon. A length scale 8, is defined for each edge e; of P; by

8; = min( | ejl L0, W) (4.2)
where |ej| denotes the length of edge €, and w, = o if €; i3 a boundary edge of R, otherwise
wy, is the width of the polygon, Py, adjacent to F; on e;. For each vertex v of P; define t; to be
the minimum of the length scales (as computed in (4.2)) of all the edges of the decomposition

which have v; as one endpoint, i.e.

t; = min{| e|,w; | edge ¢ or polygon P, contains vertex v;} (4.3}

For an arbitrary point (z,y) of P;, we define for each vertex v, of P;
d,(z.9) = max{(distance of (z,3) to v;}/2, ¢}
and for each edge ¢; of P

[ ;(z.y) = max{(distance of (z,y) to €;)/2, 3.},

We define a length scale for {(z,y) in terms of these truncated distances as

Hzy) = minfw;, min d;(z,y), min f (=)} (1.4)
and define
n(z,y) = 1/1%z,y).
We have defined {{z,y) so that it has smaller values near edges and vertices of P; with 8;
and ¢ N values smaller than w; {e.g. near short edges) and it gradually increases to a maximum pos-
sible value of w; towards the centre and the other edges of P; at a rate determined by 1/2 of the

distance of (2,y) to the parts of 3F; with small values of 2 j and ¢;. Let
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p= mln{w'-,og‘njtgmaj,ngzjlilmtj}.
Then
n=l{zy) = w {4.5)
for all (z,y) in P;.
From s5{z,y} we define the mesh distribution function, Yz,y), in terms of the smoothing
parameter k, 0=x=1, as
Uz y) = (1—£)n(z4)/74) + £/ A {4.6)
where A is the area of R and 7 is the mean of y over R. A is computed as the sum of the areas
of the P; and % is computed using numerical quadrature over the P; as described in the next sec-

tion. Note that i(x,y) has been defined with the normalization f_ftlo dA = 1 and it is piecewise
R

continuous in R (it is continuous in each ;). Also, ¥i(z,y) has the most variation when x= 0 and
becomes smoother (i.e. has less variation) as k increases; when £ =1, {{z,y)} is a constant func-

tion.

The most time consuming part of the second stage is the evaluation of Y(z,y) for determin-
ing its variation in the polygons (see Sections 4.2 and 4.4), so we want to compute Y(z,y), or
equivalently [(z,y), in P; as efficiently as possible. We make the following observations about the
evaluation of I(z,y). If 3;=w; then f;(z,y)=w; and since I{z,y)= w; by (4.5), J ;(z,y) does not
have to be computed in (4.4}, Similarly if ¢ jZw; then d J-(r, ,¥) does not have to be computed in
(4.4). It tj=min{aj__],sj} then dj(z )= min{fj_l(z,y),f’-(:c,y)} 50 dj-(z,y] does not have to
be computed in {4.4). Therefore only a subset of the d]»(:c ) and f j-(z,y] have to be eomputed in

the evaluation of I(z,y) as indicated in the following pseudo-code.
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function {(z,y);
val = w;;
for j:=0tom—1do
if 8; < w; then
val ;= min(va!,fj(z,y));
ifj >0thenk:= j—~1lelse k:= m—1;
ift; < min(w,-,sj,ak) then
val := min(vel,d {z,y));
l:= val;
Further efficiency is obtained in the implementation of our method by a preprocessing step
to determine the subset of the d;{z,y) and f;(z,y) that have to be evaluated for (z,) in P;; if

this subset is empty then I(z,y)=w; is constant in P;. Also, the squares of the constants s, ¢

FA L
w; and the functions d{z,y), f;(z,y), [(z,y) are computed so that square root calculations are

avoided.

4.2. Subdivision of convex polygon

In this section we discuss when and how a convex polygon P; is further subdivided to get
subregions of limited variation of . To estimate the variation of W, we compute its mean, E.»
and standard deviation, o;, over P, using numerical integration as follows. We triangulate P;
with triangles whose vertices are the centroid, ¢;, of P; and vertices on the boundary edges of P,
cither at the endpoints or introduced on the edges that subtend large angles at ¢; as in Section 3.2
(i.e. if an edge subtends an angle of = 2¢ then it is subdivided into & segments subtending equal
angles at ¢;). Let the resulting vertices of P; be relabelled v;, 0= j =< M—1, in counterclock-
wise order, let the edges of P; be ¥;¥;4q, and let the triangles of P; be Tj = Aujuj“c‘-, where
all indices of v and Tj are taken modulo M in this section. Let Ai,i be the area of Tj,

N

M-1
A= )_j'Am- be the area of P;, and A = J A; be the area of R, Let ﬁi,:' be the mean of 7 over

=0 i=1
Tj, 7; be the mean of 5 over F;, and 7 be the mean of 5 over R. Using numerical quadrature

over the triangles T; (Strang and Fix (1973, p.184)) we can compute:
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Wiy = [fndd 4
2},

-_— M-l e
= Z; A; T g 1A (4.7
=
NF
ﬁ = EA’ ﬁ‘ /A.

f=1
From (4.6) and (4.7), ¥; can be computed as
U, = (1 = &)(7;/7A) + k/A.

Similarly
o = [[fCb(z,y) = $;dArA "2
&
can be computed from the standard deviation of 5 over F;.

We can obtain a preliminary estimate for the number of triangles, n;, to be generated in P,

if we wish to have /V; triangles in total from
n; = Ny ffwdA = N, (A;74)(1 ~ 0) 7,77 + x). (4.8)
7

However, § may be modified by a further procedure described in Section 4.3 to prevent large

differences in triangle gizes between adjacent subregions.

Further subdivision of P; takes place if the estimated variation of { is sufficiently high, and
the estimated number of triangles for P; is sufficiently large. We parameterize the meaning of

‘sufficiently high’ and ‘sufficiently large’ using parameters d_; and n,; . ie. the criteria for

further subdivision of P; are that

o, > dpin and n; > (4.9)
In the experiments reported in Chapter 6, we have mostly used ¢_;, = 0.5 and n_;, = 10. In the
event that criteria (4.9) call for P; to be subdivided, we select a suitable separator with endpoints
from {uj | 0= j < M} which does not create relatively small angles with the boundary of P;.
We attempt to choose a separator that isolates the higher values of 5 (or equivalently ¥) on one
side so as to reduce the variation of n {or ¥) in each of the two resulting subpolygons. Failing

this, we choose a separator on the basis of the shape of P;.



- 42-

To identify a separator that partitions F; into regions of higher and lower 5, we determine

an index ! such that 7, ; = D:g:gtuﬁ,- I and build up a sector, S, which has area less than A4;/2, by
X ; .

adding adjacent triangles with larger than average values of i j» starting with Tj, ie.

S = UlTieps Timpiss - - Tragmi}
with p =0, g = 1, and T}, € S implying E:‘,k = 7;. We now attempt to select a separator from
the four possibilities arising from picking one of 4 —p—1» Y—p for one endpoint and one of v; +gr
Yy 4q+1 for the other (see Figures 4.1a and 4.1b). The selection is based on maximizing the
minimum angle created at the boundary as in Section 3.2.

It may happen, however, that this process fails to identify a separator (as illustrated in Fig-
ure 4.1b) or that the minimum angle chosen from the process is unacceptably small (i.e. smaller
than 7 = 20° in our experiments). In this case, we default to a selection of a separator based on
the shape of F;. Let vyv, be a diameter of P; {see Shamos (1975) for efficient computation of 2
diameter) and let g be the perpendicular bisector of v,v, as in Figure 4.2. The directed line seg-
ment v, partitions dF; into a left and right side (if vyv, is on 8P; then it is one of the two
sides). Let w, and w, be the endpoints of the edge intersected by ¢ on the left side of ap;
(w; = wy = v if ¢ intersects 3F; at a vertex v). Similarly let z, and 2, be the endpoints of the
edge intersected by ¢ on the right side of 3P;. We select as the separator one of the up to four
line segments w;2, 1= 7,k =<2, using a maximum mirimum angle criterion as above.

The foliowing lemmas establish that the second strategy is guaranteed to identify a separa-
tor, and that it is likely that this separator will not create small angles with 8P;. Let d = | v;v, |
and D(F;) be the region formed from the intersection of the two circles of radius d centred at v,

and v, (see Figure 4.3). Since d is the diameter of P;, D(F;) must contain P;.
Lemma 4.1 : Let v be a point of D(F;) which is not v, or v,. Then angle(v,vv,) = 60°.

Proof : Without loss of generality, assume v is to the right of v,v, and in the top half of
D(P;). First suppose v is on 8D{P;) (see Figure 44a). Then Av,vv, is an isosceles triangle. Let

o be the two equal angles and f be the third angle. Then g angle(v,v,v,)= 60° where v, is the
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Figure 4.1a Illustration of sector § (shaded) and possible endpoints for a separator

Figure 4.1b Example where sector S (shaded) does not identify a separator
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Figure 4.2 Selection of separator based on shape of polygon

point such that Av,v v, is an equilateral triangle. Therefore angle(v,vy,)=o=60°. Now sup-

pose v is in the interior of D(P;) (see Figure 4.4b). Let v’ be the intersection of the line through

vv and AD(F;). Let a=angle(vvv,), o =angle(v,v'v,)= angle(v'v,,), 8= angle(v,y,v), and

7= angle(vy;vy). As above, =60° and o'=60°. Therefore o > a’'=60° since v <¢o’. O
Lemma 4.2 :

{a) The interior angle at all vertices of P;, except possibly at v, and v,, are = 60°.

{b) Let angle(v,c;v,) and angle(v,;vy) be the two angles at the centroid ¢; made by edges ¢
and vyc;. Then the minimum of these two angles is > 60°.

(c) Let v, be the midpoint of v,v, and v #v,, be a point of D(P;) on g, the per]:endicular

bisector of v,v,. Then angle(,vv,,) and angle{v,, vv,) are both = 30°.

Proof : (a) and (b) follow from Lemma 4.1. (c) follows from Lemma 4.1 by considering the
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Figure 4.3 Hlustration of D{F;)

(a) {b)

Figure 4.4 (a} v is on 3D (F;}, (b} v is in the interior of D(F;)
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congruent triangles Avyvv,, and Av, vy, O

Suppose ¢ = 30°. All edges of P; subtend an angle of less than 20 at ¢;, so at least one of
the vertices w,, w, {or similarly z,, z,) is not v, or v, by Lemma 4.2(b). Hence at least one of the
line segments w2, is a separator of F;. If the line segment which is the intersection of line g and
P; were used as a separator, then the minimum angle at dP; would be = 30° by Lemma 4.2{c).
Since we are choosing 2 separator which is near this line segment and the vertices wy, wy, 2y, 2,
are not likely to be v, or v, and thus likely to have interior angles = 60° by Lemma 4.2(a), it is
likely that the minimum angle at F; from using this separator is acceptable {i.e. larger than
= 20°).

The selected separator subdivides P; into two convex subpolygons and these subpolygons can
also be further subdivided using criteria (4.9). Note that the factors used in the first criterion of
(4.9) depend on P; and its neighbours but not on N directly, whereas n; grows with IV, at a rate
that depends on F; {see (4.8)). If F; passes the first test for subdivision in {4.9) but not the
second, it is deemed to have significant variation in ¢, but N, is not large enough to sustain sub-
dividing it; it will be referred to as ‘underpopulated’ in Chapter 6. When N, is large encugh that
no subregion is underpopulated, then the second stage decomposition is constant for all larger N,

and we refer to the decomposition as ‘saturated’.

4.3. Computation of triangle sizes

When the decompositions of Chapter 3 and Section 4.2 have been carried out, we have a set

of convex polygons P, P,, ..., PNS (relabelled from the first stage) each of whick fails to satisfy
one of criteria {4.9) for further subdivision. We now wish to determine the number and size of tri-
angles to generate in each P; so as to obtain a triangulation of R of approximately N, triangles.
Let k; be the uniform triangle size to be used in F;. h‘-2 will be inversely proportional to ll_J,-, the

mean value of Y over P;. However, we do not want an abrupt change in triangle size from one

polygon to a neighbouring one, so we impose the constraint that
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V2 S hih;=2 (4.10)
for all adjacent polygons F;, P To satisfy (4.10) we modify the \I.r to ""'mod ; 50 that
V4 S g i MW S 4 (4.11)

for all adjacent polygons F;, P;. This modification is done by the following algorithm, using a

heap to keep track of the maximum ':—;mod,l' value at each step.

I:={12...,N}
for ¢ := ltoN dollymod, 1= 5.—;
fori:=1toN, — 1do
Find i € 7 such that ¥,,,4; = max Upmod i
=7-{i}
{or P; adjacent to P; do
if l“mod g < ll"mo-i K ;4 then "bmod g "l"mm{ 8 /4

(4.12)

From (4.12), ﬂmﬁ = ; so this modification removes the normalization of the ¥;, (ie.

N.
Jb A; = 1), 50 we compute

i=1

N‘ -
V=30 A {4.13)

i=1

and set Y, 00 = lf_lmad'i /W to restore it. We now approximately equidistribute N, triangles over

the P; using the @, 4 . distribution, i.e. we attempt to generate n; triangles in P; for

n; = M q‘mod K] A;. (4.14)
Our triangulation technique for P;, described in Chapter 5, generates triangles of constant

area h,-212 in the interior of P; and triangles of approximately constant area h,-2/2 near 3P;. The

appropriate triangle size can hence be approximately determined by n; k,?/ 2= A;

;. ie.

hi = 2 t Yrod (4'15]
using (4.14). Since the number of triangles in the interior of each P increases as N, increases,

(4.15) determines the triangle sizes more accurately and the number of triangles generated in R is

closer to N for larger values of IV,.
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4.4. Summary and tlme complexlty
The second stage of our triangulation method is summarized in procedure EQDIST.

Procedure EQDIST(PH&L‘,NP,Nt,n,hlfst,Ns )7
# Input: list of convex polygons Flist =[P,, . .. ’PNpl’

# desired number of triangles N;, and mesh smoothness parameter k&
# Output: further decomposition into convex polygons Plist =[Py, . .. ,PNS]
# and list of uniform triangle sizes hlist =[h,, . .. ,hNS]
# where N, = N, and the polygons are relabelled from input

Define Y(z,y) as described in Section 4.1;

N, = N;

for j:=1to Np do

top := I;

stack{top) := j;
while top = 1 do
£ 1= stack(top);
top i=top — 1,
Comp_llte W;, g;, A;, 1y
if o, /Y, >d;oand n; > np. then
N, =N, +1
Subdivide P; into two convex subpolygons, labelled P; and PNS,
as described in Section 4.2;
top 1= fop + 2;
stack{top—1):= N_;
stack(top) := i;
Execute {4.12);

¥ = Z$modlf’ii;

=1

fori := 1to N, do

lI"mad,o' = q’modilw;
hi = Af2
return;

i¥mod i )3

In the rest of this section, we discuss the time complexity of the second stage. We first
derive the time complexity for computing the constants required in the definition of Y(z,y) in Sec-
tion 4.1 and for the evaluation of { at a point {(z,y). Let m be the maximum number of edges of
a polygon P; from the first stage. The width and area of a convex polygon can each be computed
in linear time (Shamos (1975)) so the w;, 15§ =N, and the area of R are computed in OfmN,)
time. The length scales s; and ¢; (see {4.2) and (4.3)) in all the P; can be computed in O(mN,)
time. The integral of n(z,y) in P; is approximated by numerical quadrature over triangles using

O(m) function evaluations, so the computation of 7 for {4.6) requires O(mN,} evaluations of

7{z,y}. Each evaluation of n(z,y) requires at most 2m evaluations of the functions dj(z,y) and
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fj(.t,y) {see discussion at the end of Section 4.1). dj{:r:,y] and fj[x,y) can each be computed in
constant time so each evaluation of 5(x,y) or Y{z,y) requires a worst case time of O{m).

Now we derive the time complexity for the further decomposition into convex polygons
P,... ’PNs as described in Section 4.2. The computation of the integrals for $,~ and o; in P;
require O(m ) evaluations of {z,y) using numerical quadrature (provided parameter ¢ is bounded
below). There are N, polygons at the end of the first stage and NV, —~ Np subdivisions are made
in the sccond stage to obtain N, polygons. Integrals are first computed in the Np polygons from
the first stage. Each subdivision results in two more polygons in which integrals are computed.
Therefore integrals are computed in a total of NP +2(N, — Np) polygons and the total number of
evaluations of Y(z,y) is O(mN,). The time required for finding a separator in F;, subdividing P,
and computing the areas of the two subpolygons is O(m), so O(mN,) time is required for process-

ing the polygons (excluding function evaluations).

Now we derive the time complexity for the computation of the triangle sizes as described in
Section 4.3. In (4.12), we store the ¥; values in a heap which is built in O(N,) time. The remo-
val of the maximum Emod,i value from the heap requires OflogN,) time. Each $mod',1' value is
modified at most once and the update of the heap after a modification requires O(logV,) time.
Therefore O(N,logN,) time is required to maintain the heap in (4.12). The time required to
determine the neighbours of polygons in (4.12) is O(mN,). Then the triangle sizes h; are com-

puted in O(N,) time.

Therefore the time complexity of the second stage is O{mN,) evaluations of s or 5, plas
O(mN, + N, logN,) for other computations. Since each evaluation of ¥ or  requires a worst case
time of O(m), the worst case time complexity for the function evaluations is O(m?N,). In prac-

tice, most of the CPU time in the second stage is spent on the function evaluations.



CHAPTER 5

TRIANGULATION OF CONVEX POLYGONS

In Chapters 3 and 4, we have described our method for decomposing the region R into con-
vex polygons P,,P,, ... ,PNS, with an appropriate triangle size, h;, determined for each P;. In
this chapter we describe our method for triangulating F; with triangles of size k; (area £2/2) in its
interior, anid triangles which are graded in size to merge with those of the neighbours of P; near
its boundary. To accomplish this grading, we assign a triangle size to each edge of the decomposi-
tion of £. An edge, e, of this decomposition is either {a) a boundary edge of R and an edge of
one convex polygon, F;, or (b) an internal edge of R and the common edge of two convex
polygons, F; and P;. Let h(e) = h; in case (a) and h(e) = A/B;h; in case (b). Then the triangle
size assigned to edge e is h(e), computed as the nearest length to E(e} which is an integral sub-

multiple of | e| (the length of ¢), i.c.

k= trunc(| | /E[e)};
ri= el fh(e) — k; (5.1)
ifr >k/(2k+1)thenk :=Fk + 1;
kle):= |e| /k;
From (4.10) and (5.1),
min(| e, V2h,/3) = h{c) = 4V2h, /3 (5.2)

for any edge, e, of P;.

In the rest of this chapter, we will discuss a single polygon, P, with triangle sizes specified
for each edge, h(e), and for the interior, A. In our algorithm, mesh vertices are generated in the
interior of P using a quasi-uniform grid of spacing & and on each edge, ¢, of P at an equal spac-
ing of i{e) (cf. Shaw and Pitchen (1978)); and a Delaunay triangulation of these vertices is con-
structed in P (Lawson (1977), Lee and Schachter (1979)). In the standard triangulation problem
of computational geometry, in which the vertices are given as input and a (Delaunay) triangula-
tion is constructed to cover the convex hull of the vertices, the construction of a Delaunay tri-

angulation (or any triangulation) requires O(nlogn,) time, where n, is the number of triangles in

- 50 -



-51 -

the triangulation (Shamos and Hoey (1975), Lee and Schachter (1979)). However, in finite element
triangulation, the vertices are generated as well as the triangles. By using information about the
location of the vertices relative to each other, our algorithm constructs a Delaunay triangulation

of the vertices in an expected time of Ofn,).

In Section 5.1, we define a valid triangulation and a Delaunay triangulation. In Section 5.2,
we describe an algorithm for shrinking a convex polygon which we use to determine a convex
polygon, int(P), in the interior of P. In our triangulation algorithm, we construct a preliminary
triangulation, VI'(P), by generating triangles in int(P) and then in the strip near dP. These pro-
cedures are described in Sections 5.3 and 5.4, respectively. The validity of VT'(P) is discussed in
Section 5.5. In Section 5.6, we describe how VI'(P} is converted into a Delannay triangulation,

DT(P). The time complexity of the triangulation algorithm is discussed in Section 5.7.

5.1. Valid and Delaunay triangulations

In this section we state conditions for a valid trianguelation in a region and state some pro-
perties of a Delaunay triangulation of a set of vertices. We say that a collection of triangles is a
valid triangulation of a polygonal region of the plane if the triangles form a ‘tiling’ of the region
without overlaps or gaps. Let w, w,, wj be distinct vertices. We define triangle Aw,w,w; to be
a counterclockwise {CCW) triangle if the interior of the triangle is to the left of the three directed
edges w w,, wowy, waw,; otherwise Aw wywy is a clockwise (CW) triangle. If w,, w,, w, are
collinear, we consider Aw wyw, to be a CW triangle. Note that the ordering of the vertices of a
triangle determine whether it is a CCW or CW triangle. Four conditions that ensure that a col-
lection of triangles, A,,4,,...,Ay, is a valid triangulation of a region have been established by

Simpson {1981}. They can be described in geometric terms as follows:



- 52 -

(a) A, is a CCW triangle for all 1.

(b} Each edge ¢ of A; is either the only edge joining its vertices or there is cne
other triangle, A P having an edge joining these vertices. In the latter case,
the direction of e as an edge of A; is opposite to its direction as an edge of
(5.3)

Aj. In the former case, € is a boundary edge and A, is its boundary trian-

gle.

(¢) No interval of a boundary edge intersects a triangle other than its boundary

triangle.
(d) A vertex can have at most one boundary edge directed away from it.

Let V be a set of vertices in the plane such that they are not all collinear. A Delaunay tri-
angulation of V is a (valid) triangulation in the convex hull of ¥ which satisfies the max-min angle
criterion: for any two triangles in the triangulation that share a common edge, if the quadrilateral
formed from the two triangles with the common edge as its diagonal is strictly convex, the
replacement of the diagonal by the alternative one does not increase the minimum of the six
angles in the two triangles making up the quadrilateral (Sibson (1978)). In other words, the
Delaunay triangulation is the triangulation which maximizes the minimum angle in the triangles

globally as well as locally in any two adjacent triangles which form a strictly convex quadrilateral.

A Delaunay triangulation also satisfies the circle criterion: the circumcircle of any triangle in
the triangulation contains no vertex of V in its interior. The Delaunay triangulation is unigue if
no four vertices are co-circular. An edge uv, where v and v are vertices of V, is a Delaunay edge
if it is an edge in a Delaunay triangulation of V.

Lemma 5.1 (Lee and Schachter (1979)) : An edge uv is a Delaunay edge if and only if there
exists a point ¢ such that the circle centred at ¢ and passing through v and v does not contain
any other vertex of ¥ in its interior.

The following Iocal optimization procedure (LOP) of Lawson (1977) can be used to convert a

triangulation of ¥V into a Delaunay triangulation. Let ¢ be an internal edge (i.e. an edge not on
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the boundary of the convex hull) of a triangulation of ¥ and @ be the quadrilateral formed by the
two triangles having e as a common edge. If the circumcircle of one of the triangles contains the
fourth vertex of @ in its interior, then e is replaced by the other diagonal of @ (so that the
minimum of the angles in the two triangles is increased). Edge e is said to be locelly optimal if an
application of LOP would not swap it. Note that ¢ is locally optimal if @ is a nonconvex quadri-
lateral, and that the validity conditions (5.3) are unaffected by the LOP.

Theorem 5.1 (Lawson (1977)) : All internal edges of a triangulation T of V are locally
optimal if and only if T is a Delaunay triangulation of V.,

In our algorithm, we generate a preliminary valid triangulation, VI'(P), in P which satisfies
the four conditions of (5.3). Then VI{P) is converted into a Delaunay triangulation, DT(P), by
applying LOP to the internal edges of VI'(P). We have constructed VT(P) so that LOP oaly has

to be applied to a subset of the internal edges and few swaps are expected to be made to obtain

DT(P).

5.2. Shrinking a convex polygon

Let pg, 2y, - - ., Pp~1, P be the vertices of convex polygon P in counterclockwise order,
where p_, = p, and all interior angles are less than 180°. Let § be obtained by shrinking P by a
distance of r >0, i.e. if v € @ then the distance from » to 8P = r. In this section, we present an
algorithm for constructing @ which uses the same approach as the algorithm of Lee and
Preparata (1979} for finding the kernel of a simple polygon. They exploit the ordering of the
half-planes corresponding to the polygon edges to obtain a linear time algorithm.

First we give some notation for representing @ and Q. Let [; be the directed line from p;
to p;.4q, L; be the directed line parallel to I; and at distance r to the left of I;, and H; be the
half-plane to the left of and including L;. Let qL;¢' denote the directed line segment from ¢ to g
where ¢ and ¢’ are two points on I;, and let gL;® and ®L;q denote the directed half-lines start-
ing and ending at g, respectively, on IL;. @ is the intersection of the half-planes

Hy Hy, ..., H,—;. If ris sufficiently small then @ is a convex polygon otherwise § is degen-
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erate, i.e. @ is either empty or a single point or a line segment. In the degenerate case, we treat
Q as empty. If @ is a convex polygon then 8¢ consists of line segments from n =3 of the lines

L, {if QH‘ = @ then no lire segment of LJ- is part of 4Q). Using the above notation
%y

8Q =qoly 01l 00 dn—rLy,_tns OFkg <k <o <k =m—l,
where g, =g, is the intersection of Lko and Lk,,_l and g¢; is the intersection of Lk.'-1 and Lke'
1={=n—1 (see Figure 5.1).

Our algorithm for constructing @ scans in order the edges p;p, 4, of P and constructs a
sequence of convex polygons @, @,, ..., @, —; such that ¢, is the intersection of half-planes
Hy, Hy, ..., H;. Since P is a convex polygon, the polar angles, §;, of the vectors p; . ; — p; (or
lines {;) are ordered. Without loss of generality assume 8, =0°, i.e. [, is a horizontal line directed
from left to right, so that 0° =6, <8, < - -+ <8,,_; <360°. Let ¢ be the smallest index such
that 0, >1806° (note that 2= s=<m—1). If 4,_, = 180° then let 8'= 3 —2 otherwise let s'=s~—1,
The following facts can be seen from elementary geometry:

(a) For1=<i=s' @, is an unbounded convex polygon.

(b) If8,_,=180° @,_, is either an unbounded convex polygon or degenerate.

(5.4)

(¢) Fors=i=m—1,Q; is either a bounded convex polygon or degenerate.

Now we describe our algorithm for constructing ¢. Initially €, is the intersection of H,
and I, and 3@, =%Lyq,L % where g, is the intersection of Ly and L. For 2=i =g/, Q; is the
intersection of @; _; and H, and 8¢); is obtained by meodifying 8¢, _,. Suppose

0 1 = qolg 01 Gnly Tnt1 0T 41 =% 0= kg <ky < -+ <k, =i—1.  (5.5)
Since @, _ is convex and ;<8 <180° for § <1, 8Q;_, and L; intersect at exactly one point, ¢
(see Figure 5.2). Let =0 be the index such that £ is on the line segment ‘:";‘ijqjﬂ and t #g;.
7 can be found by scanning backwards from n for the first g; to the left of L; where g,=% is
considered to be to the left of L;. The polygonal curve ”‘kﬂjﬂ gy 41 15 to the right of L; so

it is not part of 3Q;. It is replaced by tL;® to obtain 8Q;=q, - - qukth.-OO which can be
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Figure 5.1 Hlustration of coanvex polygon @

Figure 5.2 8@, _; and L; intersect at point ¢
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expressed in the same form as (5.5). If 4,_,=180° then if all points of 8Q,_, (in particular
41, 9g: - - - » Gy) 2T to the right of or on L,_, then @__, is degenerate and the algorithm ter-
minates otherwise 8¢}, _; is obtained by modifying 8@, _., as above.

Suppose @@,_; is not degenerate. @, is either a bounded convex polygon or degenerate by
(5.4c) and 8@, is obtained by modifying 8Q,_,. If all points of 8Q,_; are to the right of or on
L, then @, is degenerate and the algorithm terminates. Otherwise L, intersects 8Q, _, at exactly
two points, ¢, and i,, since Q,_, is convex and 8, >180°. Suppose 8Q,_, is in the form of (5.5)
with ¢ =s and ¢, occurs before ¢, in the polygonal curve (see Figure 5.3). Suppose j and ! are
the indices {7 <I) such that t, is on line segment qu,‘qu-ﬂ and t; # q;4, and ¢, is on line seg-
ment gLy ¢,y and ¢, % ¢;. [ can be found by scanning backwards from n for the first g; to the
left of L, and j can be found by scanning forward from 0 for the first ;+1 to the left of L,. The
polygonal curves toly g4y - gy 4 20d go - - qj-LkJ_tl are to the right of L, so they are not part
of 8¢),. They arc replaced by t,L ¢, to obtain t':!@a=?!1ijgj_,_1 s quk!tQLstl which can be
expressed in the same form as (5.6} below.

Suppose s+1=i=<m=1 and @;_, is not degenerate. 8¢); is obtained by modifying

86 1= qolu 81 Gn Ly Gnt1 W= Qa1 0S kg <hy < - <k, Sd—L (5.6)
Consider the position of L; with respect to §,_,. There are three cases (see Figure 5.4):

(a) Q;_; is to the right of or on L,

(b)  @;_; is to the left of or on L;,

(e) 8Q;_; and L; intersect at exactly two points, £, and .

In case (a), 9, 41, . - ., ¢, are to the right of or on L;, Q; is degenerate, and the algorithm ter-
minates, In case (b), @; = @, _; and the condition that g, is to the left of or on I; is sufficient to
determine this case since 0,502 0° and b‘kn <G, iLe. the slope of I, lies between the slopes of Lk,,

and Lkn' In case (c), 8@, is determined in the same way as 3@, above. If @; is not degenerate

for s'+1=<i=m—1, then the algorithm terminates with ¢Q =29, _,.



Figure 5.3 d@,_; and L, intersect at points £, and ¢,

Figure 5.4 Three cases of position of L; with respect to Q; _;
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The pseudo-code for our algorithm is given in procedure SHRINK,

Procedure SHRINK(P,m,r,Q,n };
# Input: convex polygon P=pgp, - - - p,, —P,,, and shrinking distance r
# Output: Q@ = ¢ and n =0 or convex polygon Q@ =g4q; - - - g, -4, 20d 3Sn =m
a := polar angle of p, — py;
g, := intersection of L and L ;
kg =0,k = 1;
i=2;n:=1;
g := (polar angle of p3—p,) = o
Translate angle ¢ to the interval [0°,360°);
while § =< 180° do
# polygonal boundary curve is °°Lkﬂ'11 N ank"W and next line is [;
while » = 1 and g, is to the right of oron L; do n := n — 1,
if # = 180° and n = 0 then return;
t := intersection of Lk,, and L;;

n:=n+lq, =1k, = 1;
i:=1¢{+1;6:= (polar angleof p, 4y, —p;,} — &;
Translate angle 4 to the interval [0°,360°);
=05, 0= 05 g, gy 1=
while t = m —1do
# polygonal boundary curve is qJ-ijqjﬂ v anknq” +1 and next line is I
if q; = ®org; is to the right of L; then
while n = j+1 and g, is to the right of oron L; don := n — 1,
if n = j then n := 0; return;
to := intersection of I; and L;
ni=n-+tl g, =1k, =
while ¢, is to the right of or on L; do j := j+1;
t, := intersection of ij and L;;
B 0 ety 1= 0
=i+
for{:=0Gton+1=jdog := %t
n:=n+1-—j
return;

We now derive the time complexity for the algorithm. For each i =2, 3Q; is obtained from
8Q); _; by removing zero or more line segments from the beginning and end of 8Q;_,. Each line
segment is parallel to an edge of P and when it is removed from 3Q; _, it is not involved iﬁ any
further computation. Therefore at most m line segments are removed from the 8Q;,

1=i=<m—2. All other computations clearly require O(m) time. Fherefore we have shown

Theorem 5.2 : Procedure SHRINK determines @ in O{m) time.
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5.3. Triangulation of the interior of P

Let int(P) be obtained by shrinking P by a distance of h/\/ﬁ, ie.
int(P) = {v | v € P and distance from » to 8P = RIV2}. (5.7)
It R/V2is sufficiently small then int(P) is a convex polygon, otherwise int{P) is degenerate, i.e.
it is empty, a point, or a line segment. In the degenerate case, no interior triangulation is done, so
we assume that int{P) is a convex polygon in this section.
Let v, and v, be the endpoints of a diameter of int{P). The algorithm of Shamos {1975) is
used to compute the diameter in linear time. We rotate the coordinate system so that line seg-
ment vyv; is parallel to the y-axis with y(v,) > y(v,), where y(v) denotes the y-coordinate of ver-

tex ». We introduce n + 1 horizontal lines, y = y;, through ini(F), evenly spaced k apart with
n = I(y[vt) - y(vb])ch: dy = (y(v;) = wlv) = n k)2 and g =y(y) - dy = ik,
0 =14 =mn. Let g; and ; be the x-coordinates of the left and right endpoints of y = y; in int{P)
and let m(i) = 1(!;,— - '-].'hl; dz; = (b; — ¢; — m(i)h)/2; and =z, ; = ¢ + dz, + jh,
0= j=m({). On each line, we introduce a sequence of mesh vertices (z; ;,3;) for
0 = j = m(f), spaced k apart. Note that at least one vertex is generated on each line and that
the vertex which is nearest to 8P is between h/V2 and /2 + A/V2 distance from 3P (see Fig-
ure 5.5). These vertices do not lie on a uniform square grid of spacing h because those on

¥ = ¥;+; may be shifted horizontally with respect to those on y = y; or y = y;4,. Conse-

quently we have referred to them as being on a quasi-uniform grid.

A subset. {possibly empty) of these vertices are then triangulated in a scan down the strips
Yi+1 =y =y (sec Figure 56). For each pair of lines, let @ = max(z,,, ¥;,4,0) and
b = min(z; i) Tk rmgi+1))- (Note that it is possible that & <. Tn this case a ~ b <1}
since on lines y = y; and y = y; |, there exists a vertex at distance =< h/2 from diameter v,v,.)
The vertices on the two lines for which the x-coordinate is in the interval [o —k, b+ k] are then
connected up to form a sequence of similar triangles in which the area is £%/2 and the angles are

between 45° and 90° inclusive. This process is carried out for each pair of lines in which ¢ < b
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and m(¢) + m(i+1) > 0. If b <e or m(i} = m(i+1) = 0, then no triangles are formed
between y = y; and y = y; ;. In this case, the shortest edge joining a vertex on each line is
introduced.

We need to identify a boundary of this set of vertices, so that we can triangulate the strip

between it and dP. Let V; be the set of vertices, and E; be the following set of edges:
(a) edges of triangles formed in the scans described above,

(b) additional edges joining consecutive vertices at the ends of lines y = y;, (5.8)

(c) the shortest edge joiring a vertex on line y = y; to a vertex on line

¥ = Y; 41, in the case that no triangles are formed between these lines.

Then G = (V}, E;) is a connected planar graph, and if it contains at least two vertices, then a
counterclockwise closed walk, €, can be formed to identify the boundary of G; by including an
edge ¢ of By k times in C' if e occurs in 2 — % triangles, 0 << &k =< 2. If an edge e occurs twice in
€', the direction is opposite in its two occurrences (see Figure 5.8). If V; contains only one vertex

then let €' be this single vertex.

C consists of a walk, €y, down the left side of Gy followed by the sequence of edges on the
line y = y, from left to right, and a walk, Cp, up the right side of G; followed by the sequence of
edges on the line y = y, from right to left. €' consists of paths from (z; o, ¥;) to (7,49, ¥i41h
i =0,1,...,n—1, which are constructed as follows. The leftmost edge between lines y = y;
and ¥ = y; .4, is either part of the triangulation or the edge formed in (5.8¢). This edge joins ver-
tices {z; ;, ¥;) and (%, 41 ¢, ¥; +;) with either 7 = 0 or £ = 0 {or both). If 7 = 0 then the path
formed by the vertices (27, 3;), (Z; 4140 ¥i41)s (Bidrp—1 Biead - (Figp 00 9541) is 2 sub-
walk of Cp, otherwise the path formed by the vertices (z;q, %), (74, ) -, (%5 )
{zit100 +1) i a subwalk of Cp. For example, (r;, %), (2110 %i+1) (411 Bitr)
(%4200 3 +g) is a subwalk of €, in Figure 5.6. Similarly Cp consists of paths from
(Zi+Lm(i +1) Yi+1) tO (z,-‘mm, ¥hi=n—-1n-2...,0. Cp and the reverse of Cp are con-

structed during the scan of lines to form the triangles of int(P).
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The following lemma implies that the edges of E} (see (5.8)) are locally optimal in any tri-

angulation of the mesh vertices {including those on dP) which contains these edges.
Lemma 5.2 : If ¢ € E;, then e is a Delaunay edge.

Proof : E; can be partitioned into two disjoint sets of edges E| and E, where E| contains
the horizontal edges and E, contains the edges which join vertices on two consecutive lines
y =1y and y = y;4,. First suppose e € E,. Let the vertices of edge ¢ be vy = (.’E'-‘J-, ¥;) and
vy = (z; j+h,y;) Let S be the circle of radius h/2 with centre at (z; ;+ k12, y;) (see Figure
5.72). Clearly no vertices of V; can be in the interior of 5. Mesh vertices on 8P lie a distance
= h/V2 from the centre of S by (5.7), so they are not in the interior of §. By Lemma 5.1, ¢ is a

Delaunay edge.

Now suppose ¢ € F;. Let the vertices of edge e be vy = (x; ., 3;) and v, = (%160 Y b1)s
and let d = |z, ; — Zi414|. Let S be the circle whose diameter is e. It is apparent from Fig-
ure 5.7b that no vertices of V; can be in the interior of S if ¢ < k. To establish this, we note
that ¢ may have been formed by either (5.8a) or (5.8¢). In the first case, it is clear that d =< % as
a consequence of the triangulation process in int(P) (see Figure 5.6). In the second case,
d=4a—-b=h as discussed in the paragraph above (5.8). The radius of S is
VET+ 22 = V2. As above, mesh vertices on dP are not in the interior of S. By Lemma

5.1, e is a Delaunay edge. O

The pseudo-code for the generation of mesh vertices, triangles, and closed walk C' in int{P)
is given in procedure INTTRIANG. In this procedure, a triangle is represented by a list of three
vertex coordinates in counterclockwise order, the function append(list1,list2) appends the ele-
ments of the second list at the end of the first list, and the function reverse(list ) reverses the ele-

ments of the list.
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Figure 5.7a Edge v;v, is in £
Y* ¥
V,
I o yuy,
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S——"v, * Y=Y
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Figure 5.7b Edge v v, is in E,
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Procedure INTTRIANG(int (P),k,TT,nt,C,nc);
# Input: convex polygon int(P) with diameter parallel to y-axis and triangle size parameter h

# Output: list of triangles TT, number of triangles nt, closed walk €, number of edges nc in C
# Generate mesh vertices in int (P)

ymazr ;= maximum y-coordinate of vertices of int(P);
ymin 1= minimum y-coordinate of vertices of tnt(P);
n = trunc{(ymaz — ymin)/k);
dy := (ymaz —ymin —n h)/2;
fori:=0ton doy, := ymar —dy—1h;
Scan down the left and right sides of 8int(F) to determine the points (a;,3;) and {6, 5, };
for 1 := 0 to n do
m(i}:= trunc((b; = a;)/h);
dz; := (b; —a; —m(i)A}/2;
for j:= 0 to m(i}do z; o= oyt dz ik
at =0T :=|];
if n = 0 then ne := 0; ¢ := [(z,)_n,yﬂ)]; return;
Cp = |(z0,090); Cr = 0,0 %0): {0,0.50): - - - (%0 miop ¥o)l;
fori:=0ton—1do
4= max(x‘-'e,z‘-_,_lln);
b = min( %} g (i) B + 1 m (i +1) )
10 := smallest integer such that x‘_roaa —h;
[1 := smallest integer such that =, 1, ;; =a—h;
r0 := largest integer such that z; ,q =b+h;
r1:= largest integer such that z, 1, ,<b+h;
# Generate the triangles between y = y; and y = y; 44
if 10 < rOorll < rl then
7:=10; k :=l1;
while j < rOand & <rldo
il &4y = x; ; then
nt = nt +1; TI(nt):

i

Al 41 o b1 Firf+1 B+ (5 500

ko= k+1;

else
nt = nt + 1 TI(nt) = Al(zg ;a0.0), (5008 B %400
i i

il § = r0 then while & < r1 do
nt = at + 1L THnt) = Allz g 0+1) (541 20041 (o 0k
k:=k=+1;
else while j < r0 do
nt := nt + 1 TInt) := Al(z; ;41,8 (2 58), @ivre 2+
=g+
# Generate the subwalks of €' and C, between y =y; and y =y, 4,
if 7; 1o = ;4 gy then
Cp = append(Cp,[(%; 1,3 ), (% 2: %), - - - (30 40,4 (Bi k1 00 B 40 )])
clse Cp = append(Cy, [(%; 4140, ¥ +1): (B4 1 -0 ¥i+1) - - 5 Fivr o8+t
if #; ;0 = #i 41, then
Cr == append{Cp.[(%; 41 p1, ¥ 1) (Bt pr 40V 41 - -0 (Brag 1) 30 40)])
else Cp = append(Cp,[(2; pu(i)—10 ¥ (%0 mi)=20 %) - - 0 (5 000, (% by @i +1p B +1)] )
Cp = a'ppcnd(CL’[(znlliyn)'{xn,‘Z’yn)l st (zn,m(n]—liyﬂ.)l);
C = append(Cy,reverse(Cp));
nc¢ := number of edges in C;
return;
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5.4. Triangulation near the boundary of P

We describe a procedure for triangulating the strip, A, between P ard ' in the case of at
least one vertex in the interior of P. The case in which int(F) is degenerate and there are no ver-
tices in the interior of P will be discussed later in this section. Mesh vertices are generated on
cach edge e of 4P at an equal spacing of A(e} (see (5.1)}. We believe that the spacing of mesh
vertices on 4P given by (5.1), (5.2) is small enough for the fellowing procedure to generate a valid
triangulation in A. However, if the spacing of vertices on dP is too large then an invalid triangu-
lation can be formed. We show how the procedure can be modified to produce a valid triangula-
tion in this case. In Section 5.6 we describe how to modify the triangulation of A so that the

total triangulation of P is a Delaunay triangulation.

If there are at least two vertices in int(P), then let the closed walk € determined in the
preceding scetion be represented by the list of vertices C = [vg, vy, ..., v, | where
vy = v, = (30,0, yp) and nc = 2 is the number of edges ¥4y in C; otherwise let ' = [2]
and ne = 0. Let the counterclockwise cyele of edges on 8P be represented by the list of mesh
vertices B = [ug, uq, .. ., u,;] where vy = u,;, nb = 3 is the number of edges w4 in B,
and the numbering of the u; is done as follows (see Figure 5.8). If there are at Jeast two vertices
in int(P) then we number the u; so that u, is closest to v, among the vertices on 8P with y-
coordinate greater than y, (note that edge ugv, is entirely in A}. Otherwise we number the v, so

that u, is the vertex on P which is closest to vy. In the former case the selection of ug is a

heuristic for finding a Delaunay edge uyv,. In the latter case,

Lemma 5.3 : If there is only one vertex v, in int(P) and u is the veriex on 3P closest to

vy then uguy is a Delaunay edge.

Proof : Let S be the circle of radius |u,v,| centred at vg. S contains no vertices in its
interior since u, is the closest vertex to v,. Let S’ be the circle of radius | uyvy|/2 whose diame-
ter is ugvg. S'is contained inside S therefore S’ contains no vertices in its interior. By Lemma

5.1, uyv, is 2 Delaunay edge. O
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v,E€C

uiEB

Figure 5.8 Illustration of closed walk C, cycle B, and strip 4

We now describe how to generate edges of the type uv; and trizngles of the types

Aty pqv; and Avigqviu; in the strip A by ‘merging’ B and €' and ‘zigzagging’ counterclock-
wise around A starting and ending at edge ugvy. Note that A is to the left of B and to the right
of €' so that for a valid triangulation of A (see Section 5.1), CCW triangles Auyu; 4 v; and
Avj_,_]vju‘- must be generated. Suppose u; v is the last edge generated and i < nb or j < nc

(initially ¢ = 0 and j = 0). The direction of edge u;v; is from u; to v; in the last triangle and its

direction in the next triangle will be from v; to u;. If £ = nb then the next edge and triangle

generated are Unp¥j+1 and Avj+1""'junb- If 7 = nc then the next edge and triangle generated are
*

41V a0d Awjug v, Otherwise either edge u;v;4; and triangle Avyy v u; or edge u; 4 v;

and triangle Aw,»; 1 v; are generated next based on the following test.
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Consider the quadrilateral @ = w;;1,v;4,v;. v; and v;y, are to the left of the directed

line from u; to u;4,, but the positions of u; and u; 4, relative to the directed line, l(vjvjﬂ],

from v; to v, may be one of the following four cases (see Figure 5.9):
(3) w,; and u, 4, are both to the right of [{v,v;1,),
(b) % (#;4,) is to the left of or on (right of} { (v,v;.,),
(59)

(¢} u; {u;41)is to the right of {left of or on) ! (v;v;1,),

(d) =; and w; 4 are both to the left of or on I (v,v;+,).

u
v P+
{5l
Yisq
Vjﬂ
)
Vj u| l.li
(a) {b)
Uis y Uivy
1
Viey
Y
u, U
Vitt
(c) (d)

Figure 5.9 Four cases of quadrilateral @
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In case (a), @ is a strictly convex quadrilateral and if the circle through the vertices Uiy Uity V;
does not contain vertex v;,, in its interior then edge u; 4 v; and triangle Au; #; +(v; are chosen

else edge u;v;1q and triangle Av;4yvju; are chosen. In case (b), @ is 2 nonconvex quadrilateral

i
and edge u,;,v; and triangle Au;u; ;. v; are chosen. In case (c), @ is a nonconvex quadrilateral
and edge u,v;4; and triangle Av;y v;u,; are chosen. In case (d), @ is a nonsimple quadrilateral
and edge u; 4 ,v; and triangle Aw;u; 4 v; are chosen; the other triangle Av; 4 v u, is oriented in
the wrong (clockwise) direction (see (5.3a)). In cases (a), (b), and (¢}, the chosen edge is locally
optimal in Q (see Section 5.1).

Let T(P) be the collection of triangles formed in A and int(P) as described above and in
Section 5.3. T{(P) is illustrated in Figure 5.10. It is not clear that the triangles in T(P) do not
overlap, i.e. that they produce a valid triangulation. If |u‘-u£+1| is too large for some ¢, then
T(P) can be an invalid triangulation (e.g. see Figure 5.11). After discussing the case of no interior
vertices, we indicate how this merge procedure can be modified to gererate a valid triangulation,
VI(P), even if the | u,u; 4] are large.

Now we consider the case of no vertices in the interior of P. Let v, and v, be the endpoints
of a diameter of P and suppose the coordinate system is rotated so that line segment Yy s
parallel fo the y-axis with y(»,) > y(v;) {as was done for int(P) in Section 5.3). Let
B = [ug, tq, .o, Uy, oo, gy, U] be the counterclockwise cycle of vertices on 8P where
g = U,y = v, and w,, = v,. B can be split into two chains B; = Iuﬂ, %y, ..., U, and
Bp = [y, gy -+ -5 Byp] = [2g. ¥y, - - -, 9y, 00 the left and right sides of 8P, respectively,
such that the y-coordinates of the vertices strictly decrease from y(v,) to y(v;). Note that mb
and mc are both at least one. B and By can be merged to produce a valid triangulation, VI'(P),
in P in a way similar to the procedure described above (see Figure 5.12), and VI{P) can be con-
verted into a Delaunay triangulation in a way similar to that described in Section 5.6. The vali-

dity of VI'(P) is discussed in Section 5.5.
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boundary of P and edges
of interior triangulation

edges of triangulation
of A

Figuare 5.11 Illustration of invalid triangulation T(P);
note overlap by triangles Avgvyu, and Avgvgug
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Up™Ug™ Y

up

Uy

Ug=Vp

Figure 5.12 Ilustration of chains B;, By, and VI(P) in the case of no interior vertices
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The pseudo-code for the merge of B and €' or B; and By to generate triangles in the strip
A or polygon P, respectively, is given in procedure MERGE. The list of triangles, TM, produced
by this procedure is modified by the procedure of Section 5.6 and then, in the case of at least one
vertex in the interior of P, appended to the list of triangles, TT, produced by procedure INTTRI-

ANG.

Procedure MERGE(inter,L,nl, M,nm,TM,EM);
# Input: if inter = true then L = B, nl = nb, M = C, nm = ne

# else L = By, nl = mb, M = By, nm = mc
# Output: list of triangles TM and list of edges EM;
# if inter = true then TM and EM each contain nb + nc elements
# else TM and EM each contain mb + me — 2 elements

nil 1= nl; nmm = nm;

nt 1= 0;

if not tnter then

nt ;= at +1;

TM(nt) ;= Augu,vy; EM{nt) = wyvy;
if nl + nm = 3 then return;
nl:=nl—1,nm = am—1;
1:=1;7:=1;
else i :=0; j:= 0
while { < nl and j < nm do
if (u; and u; 1, are both to the left of or on I{v ;) or
(vj41 is not in the circle through u;, 2, ., v;) then

at := nt +1;
TM(nt) := Av;u; vy EM(nt) = v v
=i+

else
nt = nt+1;
TM(nt) := Avjy v EM(nt) = v,
=gty

if ¢ < nl then
if not inter and j = nm then n! := nl +1;
while { < nl do

nt = nt+1;
TM(nt) 1= Aujuiyqvy; EM(nt) := w405
=i+ 1;

else # j < nm
if not ¢nfer and ¢ = nl then nm := nm + 1;
while ; < nm do
nt ;= nt +1;
TM(nt) = Av,4qv
j= g+
nl = nil; nm = nmm;
return;

s EM(nt) = v,y
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As mentioned above, procedure MERGE can fail to produce a valid triangulation of P in the
case of at least one interior vertex if the spacing of the u; on 8P is too large. In Section 5.5, we
examine procedure MERGE to see how it can be modified to always produce a valid triangulation.
We will show that an invalid triangulation T(P} is due to an overlapping triangle Avjvi_ v in
which v, is to the Tight of I{v;_,v;) and u; is to the left of or on l{v v ;). Intuitively, we can
think of this as resulting from there being too few vertices in B for the number of vertices in C.
The modification consists of generating CCW triangle Aujﬂvjvj_l instead of A”j”j—[”i:
replacing subwalk V¥V of ¢ with edge Vi ¥t and restarting the merge of B and the
new shortened C' from edge Uiy where A”;‘—l”;‘—z"r is formed by the merge procedure, The
pseudo-code for the modification is given in procedure MMERGE. Let VI'(P) be the triangulation
produced by procedures INTTRIANG and MMERGE. Procedure MMERGE and the validity of
VI(P) will be discussed in Section 5.5. In procedure DELTRIANG of Section 5.7, procedure
MMERGE is used to produce a valid triangulation of A in the case of at least one interior vertex,
and procedure MERGE is used to produce a valid triangulation of P in the case of no interior ver-

tices.
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Procedure MMERGE( B, nb, C,ne, TM,EM,ne )
# Input: boundary cyele B, closed walk C, number of cdges nb and ne in B and C
# Output: list of triangles TM and edges EM in A, each cortaining nb + nc elements,
and the number of edges ne of type ViV gy, M =2, generated in A.
The edges of type V¥4, are stored at the end of EM in the reverse order
that they are generated. The edges of type u;v; are stored at the front of £M
in the order that they are generated. The triangles are stored in a similar way.
The working arrays s, p, r, and n are used as follows:
Us(5) and Up(j) are the successor and predecessor vertices of v; in C.
s and p are updated when a vertex is removed from C.
Ue(y is the vertex of B in the triangle Avs(j)v]—u,(]) and
n {_;nf is the index of this triangle in list TM.
r and n are used to determine how far to backtrack the merge of
B and C when a vertex is removed from €.
for j := 0tonc—1do
s(7) =7+ L p(i+1):= 5 r(5):= 0;n(j) = 0;
nt := 0; ne := 0;
F=0; 5 =0
while { = nband j S ncandi+j <nb+ncdo
if (7 =mnc) or (u; and u; 4, are both to the left of or on l(vjvs(]-)})
or (vy;) is not in the circle through w;, u; 4;, v;) then

FHREEEREER R

at = nt +1;
TM(nt) := Auuizqvj; EM(nt) := w4y
1= i+1;

else

if (s(5) = ne) or (v,0,()) Is to the left of or on L{z;2,(;)))
or (u; is to the right of or on (v (j)Ua(s(s))) then

at = at +1;
TM(nt) == Avygsyviuy; EM(nt) = v,y
r{7) := £ n(7) = nt;
i=s(J);
else
flag ;= false;

repeat # remove Va(5) from C
TM(nb +ne = ne) i= Avy(o)s()¥s
EM(nb +ne—ne) 1= vv,05(5y
ne := ne+1;
2(7) == s(s(i))s p(s(4)) := J;
if j=0theni = 0;nt ;=0
else ¢ := r(p(7)); nt == n{p(5));
if (7 >0) and (v, is to the right of I(v,;v;))
and (u; is to the left of or on ![vjvs(j-)S) then
i=pli)
else flag := true;
until flag;
return;
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5.5. Validity of triangulation VT (P)

VI(P) is a valid triangulation of P if the triangles form a ‘tiling’ of P without overlaps or
gaps. We will show that VT{P) is valid for the three cases of (i} no interior vertices, (ii) one inte-
rior vertex, and (jti) two or more interior vertices. In case (ii), VI'(P) (or T(P)) is valid since the

triangles Au;u; 4,95, 0=7=nb—1, are formed and they clearly tile P without overlaps or gaps.

In case (i), each edge added to VT{P) in procedure MERGE subdivides an untriangulated
convex subregion of P into two convex subregions - a triangle and a smaller untriangulated subre-
gion. For example, in Figure 5.12, edge u 2, subdivides P into triangle Auyu %5 and convex sub-
polygor ujusuzu ugugusu;. If all the untriangulated convex subregions are nondegenerate (i.e.
not a line segment) then the triangles of VI{P) clearly tile P without overlaps or gaps so VT'(P) is
valid. An untriangulated convex subregion can be degenerate if one side of @P contains only two
vertices and the other side contains three or more collinear vertices at the bottom. In this case
degenerate triangles (i.e. with three collinear vertices) are formed. For example, in Figure 5.13a,
triangles Augu u,; and Auyuzu, are formed by procedure MERGE and the latter triangle is
degencrate. If the collinear vertices at the bottom are perturbed slightly so that no three vertices
are collinear and the polygon remains convex then all the untriangulated subregions are nondegen-
erate and the triangulation is valid (e.g. see Figure 5.13b). Therefore we still consider the triangu-
lations with the degenerate triangles to be 'valid’. The procedure described in the next section

will convert these triangulations into Delaunay triangulations.

In the rest of this section we will consider the case of two or more interior vertices. We will
show that VI'(P) is valid by showing how T7(P) (the triangulation produced by procedures
INTTRIANG and MERGE) can sometimes be invalid and how a modification can be made to pro-
cedure MERGE to always produce a valid triangulation. In Section 5.1, we mentioned that a tri-

angulation of a region is valid if it satisfies the four conditions of (5.3).
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u
Ug °

(a) {b)

Figure 5.13 (a} Example where degenerate triangle Az uguy is formed by procedure MERGE
(b} Perturbation of chain w u,u; to obtain valid triangulation

Lemma 5.4 :
(a) T(P) satisfies conditions (b), (c), and (d} of (5.3).
(b) If Avjyqv;u; is produced by procedure MERGE and i <nb, then Av,y v,u; is CCW.
(c} If all triangles of type Avjq v produced by procedure MERGE are COW, then T(P) is a
valid triangulation of P.
(d) T(P) is not a valid triangulation of P if and only if there is a CW triangle of type
Av; 405, produced by procedure MERGE.
Proof : The boundary edges of P are the edges w; %, 1, of B. Conditions (¢) and (d) of {5.3)
are clearly satisfied by T'(P) since the triangles formed in A by procedure MERGE are of the

types Au;ugyqv; and Av; v We now show that condition (5.3b) is satisfied by all edges of

;u'-.

T(P). The edges of F; (see (5.8)) which are not edges of C clearly satisfy condition (5.3b) (see
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Figure 5.6). An edge =iy, of € occurs either once or twice in . In the latter case,
V= V4 and v;4,=w, for some k% j and ¢ occurs in opposite directions in the triangles

Av;yqv;u; and Avgygvpuy formed in A, In the former case, e occurs in opposite directions in
the triangles Av,yjvu; in A and Avv;qw in int(P). A boundary edge w;u;4; of B accurs
only once in the triangle Au; LTESEH formed in A. The other edges of T(P) are of the type U v,
u; € B and v; € ¢, formed in A. One of the triangles with edge uv; is either Au,-_iu.-vj or

where the

Avjvj_lu‘-; the other triangle with edge w;v. is either Auiu;+lvj or Avjﬂvjug,

E

indices of u; and v; are taken modulo nb and nc respectively. In all four possibilities, edge u; v;

occurs in opposite directions in the two triangles. Therefore condition (5.3b) is satisfied by all
edges of T{P).

Now we determine when condition (5.32) is satisfied or not satisfied. The triangles gen-

erated by procedure INTTRIANG are all COW. The triangles generated by procedure MERGE

are of the types Auyuyy v, or Avjgyviu;. Awjug s is a COW triangle since v, is to the left

of directed edge u;u;4.q. Avjy viu; is a CCW triangle if it is formed from case (a) or (c) of {5.9)

PR
see Figure 5.9). It cannot be formed from ecase (b} or (d) of (5.9}. So Av_ ., v.u; may be a CW
1Y%

triangle only when there are no more quadrilaterals Uty 4y Vg ¥ and ¢ =nb. By condition

5.3a), T{P) is a valid triangulation if the triangles of type Av. v u,; are all CCW.
1Y%

If T(P) is not a valid triangulation then condition {5.3a) is not satisfied and there is a CW
triangle of the type A”jﬂ”;’unb- To show that the converse is also true, suppose Avfﬂvjunb is
a CW triangle produced by procedure MERGE. Edge v;v; 1 occurs either once or twice in €. In
the former case, CCW triangle Avjvj+1w is formed by procedure INTTRIANG, and A”jﬂ”j“nb
and Av;v. g w overlap. In the latter case, v;=uviy, and v,y =v; for some k#j and
Avy gy is formed by procedure MERGE; either Awvg v is CCW if [ <nb or
Avg gy =Av vy, if [=nb; in both subcases Av,.,v.u,, and Avgi vy overlap.

Therefore T(P) is not a valid triangulation. O

We now examine the triangles produced in A by procedure MERGE to see how CW trian-
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gles Av,iyviu,, can be formed and how the procedure can be medified to produce a valid tri-
angulation in this case. Since the triangles of type Awu;u; v, are always CCW, we concentrate
on the triangles of type Avj»ﬂvju.-. Let Avjﬂvj-ur(j), 0= j=nc—1, be the triangles of type

Av;yqvju; produced by procedure MERGE, where 0= r(0)=r(l}= - - - =r{nc—1)=nb,

We first make some definitions which will be used in the following lemmas. We define v; to
be a reflex vertex of ¢/ if v;,, is to the right of l(vj_lvj} and deline v; Lo be a convex vertex of
(' otherwise. Note that v, is a convex vertex of C since it is the leftmost interior mesh vertex on
the top line y =y, Let v,y be the rightmost interior mesh vertex on the bottom line y =y,.
Yp,iq 18 also a convex vertex of C'. Let Cp be the subwalk of C' from v, to v,,,; and Cp be the
subwalk of C' from v, to v,,. Let [w,z} denote the ‘interval’ of 8P going counterclockwise
from point w to point z inclusive. A parenthesis will be used in place of the bracket if the end-
point w or z is not included, e.g. (w,2}, (w,2], [w,z}. Let w; and z; be the intersections of line
L'(Ujvj-_,,l:l with 3 where w; is the intersection closer to v; and ¢; is the intersection closer to
v;41- (w),%;) is the interval of 8P to the right of I(v;v, ). Define I; = (w;,2,) if ug is not in
(wjzi) T;=lug.z;) if wg is in (wy,2,) and vivi4y € O, and 1= (wy, ] if ug=uy, is in

(wj,z;) and v;v 4, € Cp. Recall that U, (;) is a vertex of the triangle Av; v y produced by

F%e(s

procedure MERGE.

Lemma 5.5 : If » ) is not in I; for some j, then T(P} is not a valid triangulation.

qe)

Proof : If u,(; is not in (w;, z;) then Aviy wu,;) is CW so r(j)=nb and T(P) is not valid
by Lemma 5.4. Suppose ug is in (w;,2;) so that I # (w;,2,) and suppose uy(;) Is in (w;,7,) but
not in 7;. First suppose vv;y, € Cp. Then u,) is in {wj,u,;) and COW triangle Av;yyvu.;)
must intersect the walk ugvgvy - - - v; (see Figure 5.14). Now suppose v;v;4 € Cp. Then ty(f)
is in (ug,2;) and CCW triangle Avjyyvu, gy must intersect the walk vy v.4y - - - v . In

both cases, Av; v y overlaps other triangles of T(P) so T(P) is not valid. O

iUr(s
Lemma 5.8 : If v; is a reflex vertex of C' and A”j”j—l”r(j—l) is CCW with Up(j—1) b0 the

left of or on {(v;v;4,), then Av;v;_u.(;-q) is an overlapping triangle and 7'(P) is not a valid tri-
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Figure 5.14 Avjﬂvju,,u) intersects walk ugvgw, -+ - v

Ui

Figure 5.15 Av;v;_yu, ;) intersects edge v,v; 4,
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angulation.

Proof : If u -1 is to the left of or on l(vjvjﬂ) then part of edge v;v; 4, lies in the inte-

(s

rior or on the boundary of Avw;_;u.(;_y) (see Figure 5.15). Therefore Av;v; ju, ;) 2nd

(4
Avjy vty gy overlap and T(P) is not a valid triangulation. O

Lemma 5.7 :

{a) If »; is a reflex vertex of € and Av;v; _ju ;) is CCW with %y (;—1) M I;—; and to the
right of I{vv;4) then Aviy vsu, ;) is COW with u,(;yin 1.

(b) 1 v, is a convex vertex of ¢, 0 <j <ne, and Av;v;_yu,j—q) is CCW with w,(;—yyin [y
then Awji viu,(pyis COW with w4 in I

(c) M j=0then Av,y v u, ;) is COW with u, () in I

Proof : Define u;,y to be the vertex of largest index in J;.

(a) Let uy, r{j—1)=[=unb, be the vertex of largest index to the right of {(v;v,,,) such that
u, {=r(j=1),...,1, are to the right of I(v;u;4(). T I>r(j—1} then quadrilaterals
U4 Yy E=1(7=1) ..., 1—1, are case (a) of (5.9) and CCW triangle Avjy1viu,(;y may
be formed from one of these quadrilaterals. If not, then CCW triangle Avj_,_lvju,(]-), r(f)=1,1is
formed because either { = nb or quadrilateral uju; 4;v;42; is case {¢) of {5.9). v, is a reflex ver-
tex and w ;_yy is in [, and to the right of I(vv;;,) imply that ty(j—q) 18 in [; and
r(j—1=r{f)<t(j}=1!. Therefore Uy(;) 5 in 1.

(b} v; is a convex vertex and u, is chosen so that y(ug) >y(vy) imply that ¢(7)=¢(j—1).
Uy(j~qy is in I;_y implies that r(j—1)=t(i—1). Let ug, r(j—1)=k=t(j), be the vertex of
smallest index to the right of [(v;v;,,) such that w;, i=4k, ... ,t(7), are to the right of
Hvjwjpq) Tk >r(i—1) then Awyu; vy, 1=r(i=1), ..., k—1 are formed from case (b) or (d)
of {5.9). I k <t(j) then quadrilaterals w;u; 4 v, 4105, i =k, ... t{j)—1, are case (a) of (5.9)
and CCW triangle Avjﬂuju,(j) may be formed from one of these quadrilaterals. If not, then

CCW triangle Avjyyviu, s, r(i)=t(j), is formed because either {(j)=nb or quadrilateral
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Uy(\te(j)+1Y5+1Y5 I8 case (¢] of (5.9). w,;_yyisin I;_) and k=r(j)=1(j) imply that =

5 }IS mn

(i
Ijv

{c) Let uy, 0=k =%(j), be the vertex of smallest index to the right of {(v;v;,,) such that
w;, i =k, . ..,t(j), are to the right of i{v;v; ). The rest of the proof is the same as (b) with

3§

r{j—1) replaced by 0 (also omit “p(j—1) 18 in Ty from the last sentence). O

Lemma 5.8 : If all vertices v; of C' are convex then T(P) is a valid triangulation.

Proof : By parts (c) and (b) of Lemma 5.7 and induction, Avjpviny, 7501, ne—1,
are CCW triangles. By Lemma 5.4, T{P) is a valid triangulation. O

Lemma 5.8 : If for all reflex vertices v; of &, u,(;j_) is to the right of I(v;v;,}, then T(P)

is a valid triangulation.

Proof : We will show by induction that for all j, Avjﬂv]ur(}-] is COW with %y(5) in Ij-. By
Lemma 5.7(c), Av;vgu, () is COW with u,q) in fp. Suppose 0 <j<nc and Avyv,_ju. ;s
CCOW with a,;_;yin I;_,. If v, is a convex vertex then A"";-?-l”jur(;‘) is CCW with ) i I by
Lemma 5.7(b). If v; is 2 reflex vertex then it is given that U (i—1) is to the right of E(vjvj-_,.l) 50
Avigqv

is CCW with w.; in F; by Lemma 5.7(a2). Therefore Avj.,_ltrj-u,_(j),

7% (3) 7

7=0,1,...,nc—1, are CCW triangles. By Lemma 5.4, T(P) is a valid triangulation. OI
Conjecture 5.1 : If | g ”H—l‘ is sufficiently small for all ¢ (e.g. as produced by the spacing

of (5.1), (5.2)), then T(P) is a valid triangulation.

Rationale : If | g u,»+1| is sufficiently small for all 7 then for all reflex vertices v; of C there
exists a vertex u, in I;‘—l such that ug is to the right of l(vj,vj+1]; in order for CCW triangle
Avjvj_luk to be generated by procedure MERGE, either u; = u,;, or w;, must not be in the

interior of the circle through the vertices v;_,, vy, U It appears from the way that C' is con-

3

structed from int(P) that such a vertex u exists for all reflex vertices v; and the hypothesis of

Lemma 5.9 is satisfied, so T'(P) is a valid triangulation. O

If | U U 4y | is too large for some {, then procedure MERGE can produce an invalid triangu-

lation T{(P) (see Figure 5.11). Lemmas 5.6, 5.7, 5.8, and 5.9 suggest how procedure MERGE can
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be modified to produce a valid triangulation in this case. By Lemma 5.9, if T'(P} is not valid then
there exists a reflex vertex v; such that u,;_,y is to the left of or on Hv;ui4). Suppose v, is the
reflex vertex of smallest index such that u,(;_y is to the lefl of or on !(v;v,,.,) (e.g. in Figure
511, v, = vg). Then Av +10% % (k) k=0,...,j—1, are CCW with ) in {; by Lemma 5.7 but
A”j”,‘—1“r(j—1) is an overlapping triangle by Lemma 5.6. Therefore instead of generating
A”j”j—l“r(j—lﬁ generate CCW triangle A“j+1"j"j—1 which does not overlap any triangles in
€U (interior of C), replace subwalk v;_jv;v,;,, of C' with edge v; v, and rerun procedure
MERGE with B and the new shortened C which still lies in int{(P). If this process is repeated
enough times when overlapping triangles A'uj'uj..lur(}-_l] are detected, then the resulting triangu-
lation is valid because either the hypothesis of Lemma 5.9 is satisfied or C'U (interior of C') even-
tually becomes a convex set so the hypothesis of Lemma 5.8 is satisfied. Procedure MMERGE of
Section 5.4 contains this modification to procedure MERGE in which the merge is restarted from
edge u,(;.q),.; instead of edge uqv, (if j=2) when it is determined that a CCW triangle
A'vjﬂv}-v}-_l must be added to the triangulation, since the triangles in A between ugv, and
Uy j—g)¥;j—; Would remain the same. We have shown in the above discussion that

Theorem 5.3 : The triangulation, ¥T(P), produced by procedures INTTRIANG and

MMERGE is a valid triangulation.

5.6. Converting VT{P) into a Delaunay triangulation

We describe a procedure for converting VI'(P) into a Delaunay triangulation, DT(P). We
discuss only the case of at least one interior vertex, since the case of no interior vertices is similar.
From Lemma 5.2, the edges of the interior triangulation and ' (as defined in Section 5.3) are
locally optimal in any triangulation of the mesh vertices which contains these edges. From
Theorem 5.1, VT(P} can be converted into a Delaunay triangulation by applying LOP to the inter-

nal edges in the triangulation of A until they are all locally optimal.

Procedure MMERGE produces nf = nb + nc triangles, TM(1),TM(2), . . ., TM(nt), and nt

edges, EM(1),EM(2), . .., EM(nt), in A, where ne =0 edges are of the type v m=2,

jtm:
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and the triangles and edges are ordered as follows. Edges EM(k), k=1, ..., nt—ne, are of the
type w;v; and are in the order that they are generated. Edges EM(k), k=nt—ne+1,...,nt

)

are of the type » m =2, and are in the reverse order that they are generated (these edges

iVj+m:
are added to ensure the validity of the triangulation of A). For k=1,...,nt~ne=1, EM(k) is
the common edge of TM(k) and TM(k+1). EM(nt —ne)= ugvy= u,yv,, is the common edge of
TM(nt —ne) and TM(1). For k=nt—ne+1,...,nt, EM(k) is the common edge of TM(k) and
TM(l} for some ! <k. For 1=k =<nt, let A, be the region formed by the adjacent triangles

TM(1), ..., TM(k). We define an internal edge in a triangulation of 4, to be an edge of the

type u vy, Uity 4y, O V¥, ., m =2, which is a common edge of two triangles in Aj.

The following step is performed for £ =1,2,...,nt—1 to obtain locally optimal internal
edges in the triangulation of A. Suppose the internal edges in the triangulation of A, are locally
optimal (this is trivially true for k =1). Then the internal edges in the triangulation of Ay, are
made locally optimal as follows (with the exception mentioned in the next paragraph when
k=nt—ne—1). The triangulation of A, consists of the triangles in Ap plus the triangle
TM(k+1). Let e=EM(k)if k=<nt—ne—1and e =EM(k+1) if £ =nt—ne. Then ¢ is the only
internal edge in the triangulation of Ay, which may not be locally optimal. Therefore apply
LOP to e. If it is swapped for the other diagonal edge of the quadrilateral, @, formed by the two
triangles having e as a common edge, then the edges of @ which are internal edges of A4 ,.; may
no longer be locally optimal so they are placed in a stack of edges for which LOP must be applied.
If the stack is not empty, then the top edge is popped from the stack and LOP is applied to this
edge. This may cause another swap and more internal edges of Ag 4, to be pushed onto the
stack. This process of applying LOP is repeated until the stack is empty which implies that the
internal edges in the triangulation of A, ., are locally optimal. Lawson (1977) shows that this
process must always terminate. (There are only a finite number of possible triangulations of
Ap 4q; 2 linear ordering of these triangulations can be defined using the sorted vector of the smal-
lest angle in each triangle; and each swap produced by LOP causes a strict advance through this

linear ordering of t{riangulations.}
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The above step must be performed twice when k& = nt —ne—1 (i.e. the triangulation of A
‘closes’) since EM(k) and EM(k+1)=u, v, may not be locally optimal in the triangulation of
Ay 4. First the above step is performed for e=EM(k) and then it is performed for
e=EM(k+1). We have chosen u so that u,v, is likely to be a Delaunay edge (see Section 5.4)
50 %yv, is not likely to be swapped when LOP is applied to it. After the above step is performed
for k =nt—1, the internal edges in the triangulation of A=A, and P are locally optimal and a
Delaunay triangulation, DT(P)}, is obtained by Lemma 5.2 and Theorem 5.1. Figure 5.10 illus-
trates a Delaunay triangulation DT(P} obtained from VI'(P) by making one diagonal edge swap:
gy Teplaces ugv, in the quadrilateral wguguqvg.

The pseudo-code for converting the triangles of VI'(P) in A into Delaunay triangles is given

in procedure CONVERT. This procedure can also be used in the case of no interior vertices.

Procedure CONVERT(inter, TM,EM,nt,ne);
# Input: if inter = true then TM, FM, and ne are output from procedure MMERGE

# and nt = nb + ne

# else TM and EM are output from procedure MERGE, nt = mb + me — 2,
# and ne =0

# Output: updated list of triangles TM such that all triangles are Delaunay

# and updated list of edges M such that all edges are Delaunay

for k := 1 to nt do
if not énter and & = nt then return;
if b < nt —ne—1then kk := k+1else kk := k;
top 1= 1;
stack(top) := k;
while top = 1 do
[ := stack(top);
top 1= top — 1,
Search TM(kk), TM(kk—1), . .., TM(1) sequentially until the two
triangles TAM(m) and TM(n ) containing edge FM(l) are found;
€ := quadrilateral w wywyw, where TM(m)= Aw wyw,,
TM(n)= Aw wyw,, and EM(1)= w, w,;
if w, is in the cirele through w, wy, w4 then
TM(m) 1= Aw wyw,;
TM(n) = Awywgw,;
EM(l) := wyw,;
wy 1= wy;
for g := 1to4do
if 1 = index{w,w;41) = k then
top := tap +1;
stack(top} := index{w w1, );
retern;

In this procedure, the function indezs(ww'’) is defined to be 0 if ww' is an edge of the type
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Ut 4q OF ;¥4 otherwise it is the index of edge ww'in the list EM. The function is used to
determine whether an edge is an internal edge in the triangulation of A, ;. For each triangle
Aw wows in the list TM, we store the values indez{w w,), indez{wyw,), and indez(wqw,} in
addition to the vertices of the triangle, so that it is easy to determine index(w,w, 1) in the inner-
most for loop. When LOP is applied to an internal edge e, the list TAf must be searched for the
two triangles containing e. The reason for the sequential search starting backwards from TM(kk)

will be discussed below.

We now estimate the number of edge swaps required for converting VI'(P) inte DT(P) since
the efficiency of the procedure depends on the number of swaps. In DT(P), strip A may contain
edges of the types UiVjs Ui g, a0d Viviy o, m =2 By Conjecture 5.1, VI(P) is expected to
contain orly edges of type u; v; in A so edge swaps are needed to obtain Delaunay edges of types
%4 and vugy . IF uv; is a Delaunay edge then it is likely to be an edge of VI(P} since
u4v, is likely to be a Delaunay edge and in casés (a), (b), and (e) of {5.9) the next edge u, . v; or
#;V;4y is chosen to be locally optimal in the quadrilateral %, u; +1v,4,v;. The following theorem

indicates when no swaps are required.

Theorem 5.4 : If ugv, is a Delaunay edge and there are no Delaunay edges of types u u; 1o

or v;v; 4y, then VI (P)=T(P) is a Delaunay triangulation.

Proof : First we show that under the hypothesis of the theorem there are no Delaunay edges
of types wu 4, or ViVity, M= Suppose w4, m=3, is a Delaunay edge. Then
WUy gyt U4,y must form a simple subpolygon of P which contains no vertices in its interior.
In a Delaunay triangulation of the mesh vertices, this subpolygon contains m — 1 triangles involv-
ing only the vertices u;,u;4y, ..., % 4,,. Therefore there must be a Delaunay edge wu;u; 4,
where I =7 =!+m—2. This contradicts the hypothesis therefore there are no Delaunay edges of

type u;u; 4., m =3. Similarly there are no Delaunay edges of type vy m =3. Therefore

Ftms

the Delaunay edges in A are all of the type u; v

We show by induction that the edges produced by procedure MERGE (which are the same
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as those produced by procedure MMERGE) are Delaunay edges. Suppose u; v; is a Delaunay edge
(initially ugv, is a Delaunay edge). Then Au‘-u,-_‘_lvj or Av;i v u; must be a Delaunay triangle
and % ¥y OF U;¥; 4 must be a Delaunay edge, respectively. If { = n&, then Avj_,_lvjui- is the
only possible triangle therefore u, ity is a Delaunay edge. Similarly if j= ne, then U41?; 152
Delaunay edge. Suppose ¢ <nb and j <nc. Consider quadrilateral Q@ = Ul 41V 41V5 i (5.9).
In case (a), the circle test chooses the next Delaunay edge. In cases (b), {¢), and {d) the chosen tri-
angle is a Delaunay triangle since the other triangle is not a ‘valid’ triangle - it is a CW or over-
lapping triangle (see Figare 5.9). Therefore procedure MERGE generates the next Delaunay edge,
either %j4y¥; OF 2;v;4,. By induction, procedure MERGE produces Delaunay edges in A. The
edges generated by procedure INTTRIANG are Delaunay edges by Lemma 5.2. Therefore

VI(P)=T{P)is a Delaunay triangulation. €1

In general, DT{P) contains edges of types »;u; 4, and v

itms MZ2 An edge vjv

j+m
may be a Delaunay edge if it lies entirely in A and ang!e(vj+m v}-M'uj) for some [, 0 <l <m, is
smaller than approximately 120°, eg. the edge joining v, = (x;'+1,0: ¥i+1) and
V42 =% 490, ¥; +2) in Figure 5.6. With the spacing of the u; on 4P restricted by (5.1) and (5.2),
it is unlikely that m >2 and the number of Delaunay edges of type v;v;1, and the number of
swaps to obtain these edges are small relative to nc. An edge u;u, ., may be a Delaunay edge if
it is near a vertex of P or int(P) with an interior angle smaller than approximately 90°, e.g. Uglq
in Figure 5.10. If P does not contain ‘small’ interior angles {e.g. = 20°} then the number of
Delaunay edges of type u;u;4,,, m=2, and the number of swaps to obtain these edges are
expected to be small relative to nb. From Lemma 4.2(a), at most two interior angles of a convex
polygon can be less than 60°. For polygons P in which the smallest interior angle at a vertex
decreases, the maximal value m of a Delaunay edge w;u; ., near the vertex increases, so the
number of swaps required to obtain the Delaunay edges in the subpolygon ;%4 - - - 2 4,1

increases.

Conjecture 5.2 : For a fixed convex polygon P (which may contain at most two small inte-

rior angles), as the triangle size parameter & decreases and the number of triangles in A, nb + nc,



_’T-

increases, the number of edge swaps for converting VI'(P) inte DT(P) is at most O(nb + nc).

Rationale : As nc increases, the number of Delaunay edges of type YiVigy increases but is

small relative to nc. As nb increases, the number of Delaunay edges of type u; m =2, does

Ui tms
not increase since the spacing of vertices u;, on 9P relative to i and the distance of each vertex of
P to the nearest interior mesh vertex relative to A remain approximately the same. Therefore the

number of edge swaps required to convert VI{P) into DT(P) increases at a slower rate than

nb + ne and is at most O(nb + ne). O

When LOP is applied to edge EM({k) in A, ., for k=nt—ne—1, edge swaps, if any, occur
for triangles TM{n) near TM(k+1) with indices n < k+1. Therefore we store the triangles of A
in 2 linear list and wher LOP is applied to an edge e in the triangulation of Ay, a search is
made sequentially backwards in this list starting from TM(k+ 1) until the two triangles containing
edge ¢ are found. The number of triangles searched is expected to be a small constant if P does
not contain small interior angles. When LOP is applied to edge EM(nt —ne) = ugv, in A, _,,,
one of the triangles containing edge u4v, is near the end of list TM and the other is near the
front of TM. By using this information, few triangles are searched when LOP is applied to uyv,.
If VI'(P) contains an edge of type v;v,.,,, m =2, then O(nt) triangles are expected to be
searched when LOP is applied to this edge since the two triangles containing this edge may not be
close together in TA4. By Conjecture 5.1, ne is expected to be zero. Therefore if P does not con-
tain small interior angles, the number of triangles searched in the applications of LOP is expected
to be O(nb+nc). The number of applications of LOP can be reduced by noting that if consecu-
tive triangles TM(k)= Au; _j2;v; and TM(k+1)=Av,; vu; (or TM(k)= Avjv;_ju; and
TM(k+1)= Auyu; 1,v;) are formed by procedure MMERGE, then EM(k}=w;v; is locally

optimal in Az 4 if Au;_ju;v; {or Avyv;_ju;) has not been swapped in Ay

5.7. Summary and time complexity

The pseudo-code for our triangulation algorithm is summarized in procedure DELTRIANG.
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Procedure DELTRIANG(P,m,%,T,n, );
# Input: convex polygon P with m vertices and triangle size parameter i
# (the triangle sizes, & (g), for the edges of 3P are computed by (5.1)
# using b and the triangle size parameters in adjacent polygons)
# Output: list of triangles T' and number of triangles »,
SHRINK(P,m, /N2, int (P),ni );
if ni > 0 then infer 1= true else inter := false;
if inter then
Rotate coordinate system so that diameter of int(P) is parallel to y-axis;
INTTRIANG(int (P), b, TI, nt, C', nc);

else
Rotate coordinate system so that diameter of P is parallel to y-axis;
TI:=[]; C =[], nt :=0; nc:= —2;

for each edge e of 8P do
Generate mesh vertices on ¢ at an equal spacing of £(e);
if ¢nter then

Determine B = [ug,uy, ..., U,
MMERGE(B,nb,C ,nc, TM,EM,ne);

else
Determine By, = [ug,2y, ..., uyy], Bp = lugy w0y, o0 o, tpy);
MERGIA inter, By ,mb,Bp,nb — mb, TM,EM),
ne := 0;

’

CONVERT{inter, TM,EM,nb + nc,ne);
T := append(TT,TM);

n, := nt + nb + ne;

return;

We now derive the time complexity for procedure DELTRIANG to construct the Delaunay
triangulation, DT(P), in P. Let n; and n, be the number of triangles and mesh vertices, respec-
tively, generated in P by procedure DELTRIANG. Let nb be the rumber of mesh vertices on 9P
and m be the number of vertices of P. n;, n,

»» 1b, and m are related by the formulas (Lawson

(1977))
n, =2n,—nb—2 and n, Z2ab—-2=m—2. {(5.10)
By Theorem 5.2, int(P) is determined from P in O(m) time by procedure SHRINK. The
diameter of int(P) or P is found in O(m) time (Shamos (1975)}. In procedure INTTRIANG, the
generation of mesh vertices in int(P) requires O(n,) time and the generation of triangles and
closed walk ' requires O(x,) time. The generation of mesh vertices on 8P requires O(nb) time.
The generation of triangles in A by procedure MMERGE requires O(n,;) time if ne, the number of
edges of type Vivigg, k =2, is zero or bounded by a small constant (re is expected to be zero by

Conjecture 5.1). In the case of no interior vertices, the generation of triangles in P by procedure
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MERGE requires O(n;) time. Therefore the time complexity for constructing VI'(P) (procedure
DELTRIANG minus procedure CONVERT) is O(n;} = O(n,) using {5.10). From the discussion
at the end of Section 5.6, the number of edge swaps and the number of triangle scarches in the
applications of LOP in procedure CONVERT are expected to be O{n,) if P contains no small
interior angles. Therefore the time complexity for comstruciing DT(P} by procedure DELTRI-
ANQ is expected to be O(n,) if P contains no small intertor angles. (A goal of the first two stages
of our triangulatien method is to avoid creating convex polygons with small interior angles in the
decomposition of the region R.) By Conjecture 5.2, for a fixed P (which may contain small inte-
rior angles), the time complexity of procedure DELTRIANG is expected to be O(n,) as the trian-

gle size parameter h varies.



CHAPTER 6

PERFORMANCE OF THE METHOD

We have implemented an experimental prototype of the triangulation method described in
Chapters 3, 4, and 5 in PASCAL and carried out tests of triangulations for a variety of regions to
establish the effectiveness of the method. The implementation and tests were done on a VAX
11/780 running the UNIX operating system and triangulations of regions were plotted using the
Computer Graphics Laboratory graphics package. In Appendix A we show examples of triangula-
tions of some regions from the literature. In this chapter we report in some detail on the perfor-

mance of the method and code for major computational experiments on two complex test regions.

The first test region arises in semiconductor device simulation {Fichtner, Rose, and Bank
(1983)). It was provided by R. E. Bank and will be referred to as the CMOS region. Internal
interfaces partition the region into six subregions which correspond to the various parts of the
semiconductor device as shown in Figure 6.1. The piecewise linear description of the boundary
has 30 vertex coordinates, 35 edges, and 50 polygon vertices. Referring to the measures for region
complexity mentioned in Section 2.1, this region has edge lengths varying from 0.17 to 15.0 with a
mean cdge length of 2.59, and 9 out of 50 vertices are reflex. In Figure 6.1, narrow subregions can

be seen at the top of the device.

The second test region is the outline of Lake Superior as provided by the Canada Centre for
Inland Waters, Environment Canada. The region is made up of the outer boundary of the lake
plus six major islands; the piecewise linear description of the boundary has 303 edges and vertices.
This region has edge lengths varying from 2.6 to 163.5 (in units of 350 metres) with a mean edge
length of 25.1. Over half of its vertices .are reflex; 160 out of 303. In the outline of the lake
shown in Figure 6.2, several narrow channels can be seen, particularly near the group of islands at

the western end and near the northernmost island.

- 90 -
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In the method there are two input parameters NV, and x and five ‘internal’ parameters o, 7,
A, @pips and ;. These parameters are defined again in Appendix B. In Section 6.1 we discuss
the internal parameters and performance measurements for the method. In Section 6.2 we report
on the effects of varying the internal parameters and « for the two test regions with a fixed value
of ;. In Section 6.3 we report on the performance of the method for the two test regions as N,

and & vary and the internal parameters are [ixed. The validity of all the triangulations of the two

test regions was checked using the mesh verification algorithm of Simpson (1981).

8.1. Internal parameters and performance measurements

In this section we discuss the choice of ‘default’ values for the internal parameters and the
information used to measure the performance of the method for the triangulation of a region.
The internal parameters consist of the angle parameters o, 7, and X and the parameters 4 and

7 i used in criteria (4.9) to determine when a polygon is further subdivided in the second stage.

Parameter ¢ is used to insert extra vertices on edges which subtend a large angle at a reflex
vertex and at the centroid of a polygon in the first and second stages, respectively. These extra
vertices allow more choices for the endpoints of a separator so that it is more likely that a separa-

tor can be found which does not create small angles at the boundary (see Sections 3.2 and 4.2).

Parameters 7 and M are used to indicate a ‘small’ angle and an ‘acceptable’ angle at the
boundary, respectively. If # <7 then 6 is a small angle. H §=X then 6 is an acceplable angle. 1n
procedure RESOLVE of the first stage, if the best separator(s) with endpoint(s) from the Voronoi
neighbours V results in an angle smaller than 7 at the boundary, then the entire visible vertex set
VUV, is used to find the best separator(s) to resolve the reflex vertex. Also, parameter X is
used as a preference for one separator over {wo separators. If the best separator in the inner cone
results in all angles at the boundary being at least A then this separator is used to resclve the
reflex vertex (see Section 3.2). In the sccond stage, if the best separator chosen from the strategy
of isolating the higher valkues of P on one side results in an angle smaller than 7 at the boundary,

then a separator chosen on the basis of the shape of the polygon is used to subdivide the polygon
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(see Section 4.2).

Parameter d; is used to indicate ‘sufficiently high’ variation of { in a polygon P; and
parameter n ;. is used to indicate ‘sufficiently large’ number of triangles in P;. If the variation of
Y in F; determined by the ratio of the standard deviation and mean of 4 in P, is greater than

1

d and the estimated number of triangles in F; is greater than n . then P; is further subdi-

min 1

vided in the second stage.

We have chosen to use the default values of ¢=30°, r=20°, A\=2r=40°, d_. =0.5, and

min
% min = 10 for the internal parameters. These values have given satisfactory results in preliminary
testing of the method. We now elaborate on why we have chosen these values. In the paragraph
following Lemma 4.2, it is mentioned that & must not exceed 30° in order to guarantee that a
scparator is found for the subdivision of a polygon in the second stage. If ¢ is smaller than 30°,
then there will be more function evaluations done in the second stage to find separators since the
number of triangles T;- in which numerical quadrature is applied increases as o decreases (see Sec-
tion 4.2). We have chosen 7= 20° since we want o avoid triangles with angles smaller than 20°
in the triangulation if possible. Bykat (1976) also uses 20° as a tolerance for small angles at the
boundary in his decomposition algorithm. The angles of the triangles produced by procedure

INTTRIANG are between 45° and 90° (sce Section 5.3). We have chosen X =40° to be slightly

smaller than the smallest possible angle produced by procedure INTTRIANG.

Parameters d_; and n_ . determine how well a triangulation is approximately equidistribut-
ing with respect to Y. By (4.9), polygon F; is not further subdivided if or‘-f'g_b,‘ =d i 1-6. the
values of ¢ in P; within one standard deviation of W, differ by a factor of at most
(14 d )/ (1= d ). For dpj =05, (1+d;)/(1—dp,)=3 which is less than the factor of

four required for the difference of means of {r in adjacent polygons (see (4.11)). If d,,;, is smaller

min
than 0.5, then the triangulation will be more approximately eqaidistributing of Y due to the
smaller variation of W in each polygon, but there will be more polygons and function evaluations

in the second stage. If the number of triangles in a polygon is small {e.g. = n_; = 10} then the

triangle sizes are partially determined by the boundary geometry so that subdividing the polygon
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farther may not result in a more approximately equidistributing triangulation.

Now we discuss performance measurements for the triangulation of a region. We compute
the following information in order to measure the effects of the variation of the internal parame-
ters, how well the four objectives of (2.1) are satisfied, and how efficient the method is. In the

first stage the following values are used to measure the effect of the angle parameters o, 7, and A:

NP = pumber of convex polygons in the decomposition of the region,

Neeps = number of reflex vertices resolved with two separators,

N,y;s = number of reflex vertices resolved using the entire visible vertex set,

é = minimum angle created at the boundary by a separator in the first stage.

minl
In the second stage the following values are used to measure the effects of the internal parame-

ters:

N,

, = number of convex polygons in the further decomposition,

Nup = number of underpopulated polygons (see last paragraph of Section 4.2},
¥ = the sum in (4.13) which indicates kow much the ¥ are modified to satisfy (4.11),

Nf = number of function evaluations of 7 or ¥,

N,

shap — number of separators based on the shape of the polygon,

0 aine = minimum angle created at the boundary by a separator in the second stage.

From Section 4.4, N, and Ny also measure the cost of the further decomposition. We note that
¥=1 with =1 only if no 1?'- are modified. V¥ is further discussed in the last paragraph of this

section.
In the third stage the following values are computed:
N, = actual number of triangles in the triangulation,
N, = number of edge swaps in converting the VI'(P;) to DT(F;),

Niop = number of applications of LOP in all the palygons,
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Ncnm? = number of triangle comparisons in the searches of triangles in all the applications

of LOP.
N 4 indicates how well objective (2.1a) is satisfied. From Sections 5.6 and 5.7, Nowap» Niop, and
N, measure the cost of constructing the Delaunay triangulations in the polygons. In our

comp
implementation of procedure CONVERT, we make it more efficient by not applying LOP to edge
EM(k} in the kth iteration of the for loop if it is known that EM(k) is locally optimal (see last
sentence of Section 5.6). Also, for edge EM(k), it is known that TM(kk) is one of the triangles
containing this edge so a search is made only for the other triangle containing this edge (starting
sequentially backwards from TAf(kk —1)), where kk is either & or k+1. With these two additions

to procedure CONVERT, the values of Ny,p and Nwmp are smaller.

To measure the empirical time complexity of the method, the CPU times of the three stages

are determined:

t, = CPU time for the first stage,
t, = CPU time for the second stage,
ty = CP'U time for the third stage.

Timings on the UNIX operating system appear to be subject to a variation of up to 20% for the
same program and data at different times. Nevertheless, the gross features of the CPU times for

the three stages can be scen from ¢, i,, and ¢34.

To give an indication of the performance of the method with respect to objective (2.1b), i.e.
avoiding generating triangles with small angles, we compute the frequency distribution of triangle
angles in a triangulation in intervals of 15° and the minimum and maximum angles in the triangu-

lation.

The distribution of length scales implied by the boundary has been quantified for our
method in the mesh distribution function, §, parameterized by the smoothing parameter k. The
method attempts to generate triangles which approximately equidistribute {r (see Chapter 4). Let

p; = _Ull!dA for a triangle, 4;, and let  be the mean value of the p; for a triangulation. If we

A,
T
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set ¢; =p;/p, then we see that a triangulation which equidistributes Jr would have ¢; =1 for all 7.
To quantify how well a triangulation approximately equidistributes § (i.e. how well objective
(2.1c} is satisfied), we estimate the p; values for its triangles by numerical integration and com-
pute the frequency distribution of the corresponding g; values in intervals of 0.4. We also com-
pute the minimum, maximum, and standard deviation of the g; values. For two triangulations
based on the same W, the one with the ‘tighter’ distribution of g; values about the mean value of

1.0 is better.

Objective (2.1d) is to control the rate of change of the triangle sizes in a triangulation. This
is partially done by the constraint (4.10} that the triangle sizes, %,, must differ by a factor of at
most two in adjacent polygons. The mesh smoothness parameter & is also used to control the rate
of change of the triangle sizes. To see how the variation of the triangle sizes (i.e. the ‘smoothness’
of the triangulation) is affected by x, we compute the square root of the arcas of the triangles in a
triangulation and compute some statistics for this distribution. Let s; be the scaled square root of
the area of a triangle, 4;, where the s; values are scaled so that the mean value is 1.0 as for the
g; values above. We compute the minimum, maximum, and standard deviation of the s; values.
For two triangulations with different rates of change of triangle sizes, we regard the one with a

smaller standard deviation of s; values as being the smoother triangulation.

The sum ¥= ZEW,J]‘-A'- in (4.13) measures the conflict between objectives (2.1b), (2.1d)
and how well a triangulation approximately equidistribute §. In order to avoid triangles with
small angles, the triangle sizes, h;, in adjacent polygons are constrained to differ by a factor of at
most two. This control over the rate of change of the triangle sizes in adjacent polygons is done
by modifying the means 6‘- to ﬁm“ in (4.12) so that they differ by a factor of at most four in
adjacent polygons. This means that the triangle sizes in some polygons may not conform to the
mesh distribution function {, and for a 'large’ value of ¥ the triangulation of the region will be

less approximately equidistributing.
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6.2. Effects of varying the parameters

In this section we report on amn experiment to examine the effects of varying the internal
parameters and input parameter x for the Lake Superior region, the more complicated of the two
test regions. (We briefly report on a similar experiment for the CMOS region at the end of this
section.) In this experiment, ) is set to 27 for all the triangulations, the default values of the inter-

nal parameters are 0= 30°, 7=20°, d_; =0.5, and n_; = 10 as mentioned in the preceding sec-

min
tion, the default value of & is 0.25, and IV is fixed at 2000. To examine the effects of varying a

particular parameter, either &, 7, d or K, we fix the remaining parameters at their default

min’ ™ min?

values and generate triangulations for five different values of the parameter which is varied. The

values for the variation of each parameter are:
g = 20°, 25°, 30°, 35°, 40°;
7= 10°, 15°, 20°, 25°, 30°, » = 2r;
d,. = 03,04, 05, 06,07

=1, 5, 10, 15, 20;

& = 0.0, 0.125, 0.25, 0.375, 0.5;

The triangulation of the Lake Superior region using the default values of the parameters is
shown in Figure 6.12 in the next section. There are twenty other triangulations in which one of
the parameters does not have its default value. The results for varying the parameters are shown
in Tables 6.1 to 6.5. The middle column in these tables contains the results for the default values
of the parameters. In these tables we report on some of the performance measurements men-
tioned in the preceding section. Those measurements in which the variation of parameters have
little or no effect are not tabulated. The CPU times, ¢, and t,, increase as the number of subre-
gions, N, increases. This will be illustrated in the next section. The values Np, N, N,

sep2r 1 Ywigr

N,

shap g

minls

and 8., are affected only by the angle parameters o and 7 so they appear only in

the first two tables.
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o 20 25 30 35 40
Np 131 130 128 126 123
Nsep2 9 6 5 5 5
Noye 0 1 1 2 4
stmp 0 3 2 1 0
[ 26.3 258 245 211 177

vsin? 25.2 200 237 213 205
N, 210 215 224 233 224
N“p 15 24 24 22 30
4 116 1.33  1.14 109 1.08
NI.’NS 55.9 47.2 420 38.1 34.1
s.d. of g; 43 48 48 A7 .51
s.d. of s; .61 47 48 A7 49

Table 6.1
Results from varying ¢ for Lake Superior

The results from varying ¢ are shown in Table 6.1. As ¢ increases, the effects are:

Ny.po decreases since there are fewer Voronoi neighbours in the right and left cones. This

probably causes the decrease in Ny.

Nyig increases and 6., decreases since there are fewer candidates for endpoints of separa-

tors in the first stage.

N, increases since there are fewer candidates for endpoeints of separators in the second stage
which means that the separators which isolate the higher values of § to one side are not as
‘good’.

N i /N, decreases since there are fewer triangles in which the numerical quadrature rule is

applied.

We observe that most of the reflex vertices are resolved using a Voronoi neighbour and one

separator in the first stage (there are 160 reflex vertices in the Lake Superior region). Alse most

of the separators in the second stage are chosen from the strategy of isolating the higher values of

s to one side.
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T 10 15 20 25 30
Np 124 1256 128 129 130
Neepo 1 2 5 6 6
Ny 1 1 1 2 3
Nohap 0 0 2 4 5
brin1 22.0 258 245 258 2738
Opins 154 154 237 253 335
N, 205 211 224 229 229
N, 28 30 24 271 28
"4 111 1156 114 109  1.09
NyIN, 411 412 420 423 424
s.d. of g, .54 .54 48 47 48
s.d. of s, .46 A5 48 49 49

Table 6.2
Results from varying 7 and A = 27 for Lake Superior

The results from varying 7 are shown in Table 6.2. As 7 and \ = 27 increase, the effects are:

N,

sep2 increases because of the increase in A. This results in an increase in Np.

N,

visr NVabaps Omin1, 80d Opp o increase because of the increase in 7.

N, increascs due to the increase in Np and NSMP.

din 03 04 05 06 07
N, 2756 246 224 192 167
Nyp 111 59 24 6 2
1 104 115 114 117 157
NyIN, 46.2 441 420 370 314
s.d. of g; 40 45 48 53 .83
s.d. of 8 51 48 48 A6 .48

Table 6.3

Results from varying d_ . for Lake Superior

min
The results from varying d,;, are shown in Table 6.3. As d_ . increases, the effects are:

N, and N, decrease due to the first criterion in (4.9) for further subdivision.

The standard deviation of the g, increases (i.e. the triangulation is less approximately

equidistributing) since there are fewer subregions with higher variation of .

The second stage decomposition would become saturated (i.e. N,, = 0) for a smaller value of
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N, due to the decrease in Ny,
(d) Ny/N, decreases due to the decrease in N, as explained below.

We note that d ; =0.7 results in a large value of ¥ due to not enough subregions in the decom-
position. This causes a much larger value for the standard deviation of the ¢;. The effect of a

large value of ¥ on the standard deviation of the ¢; is also illustrated in Tables 6.5 and 6.6.

Now we explain why Nf/NB increases as IV, increases in Table 6.3. This effect can also be
seen in Tables 6.4 and 6.5. In the implementation of our method, 5(z,y} is first evaluated at qua-
drature points in the N, polygons from the first stage decomposition to obtain an estimate for 3
in (4.6); then ¥(z,y) is evaluated at quadrature points in each polygon which is subdivided or
results from a subdivision in the second stage. To reduce the number of evaluations of % in the
first Np polygons, no evaluations are done if 7 is constant in a pelygon {see end of Section 4.1),
and parameter & is not used to subdivide edges subtending a large angle at the centroid so that
there are fewer triangles 7 in which numerical quadrature is applied. For the remaining
polygons, in which ¢ is evaluated, parameter ¢ is used to subdivide edges subtending a large angle
at the centroid so that there are extra candidates for the endpoints of a separator. Therefore
Ny /N, increases as N, (and the number of subdivisions) increases. However, N;/N, should

approach a constant as N, gets sufficiently large.

Mmin 1 5 10 15 20
N, 253 244 224 188 173
N,, 0 6 24 40 48
v 116 117 114 111 111

foNs 454 447 420 365 333
s.d. of ¢; .45 46 A48 55 .60
s.d. of s; A48 48 A48 A7 46

Table 6.4

Resalts from varying » ., for Lake Superior

The results from varying n,;, are shown in Table 6.4. As n . increases, the effects are:

a) N, decreases and N  iacreases due to the second criterion in (4.9} for further subdivision.
3 up
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{b) The standard deviation of the g; increases but the effect is less significant than for d ;.

{c}) The second stage decomposition would become saturated for a larger value of Ny due to the

increase in N,

K 0.0 0125 0.25 0.375 0.5
N, 265 240 224 189 157
N‘up 49 27 24 19 15
14 1.15 1.21 1.14 1.39 1.42
f\l'ff'.?\)'_,3 15.7 13.8 42.0 36.6 28.0
s.d. of ¢; .50 .52 .48 67 64
s.d. of s; .63 52 48 45 .35

Table 6.5

Results from varying & for Lake Superior

The results from varying « are shown in Table 6.5. As k increases, the effects are:
(a) N, and N, decrease since there is less variation in {5, which is parameterized by .
{b) The standard deviation of the s; decreases since there is less variation in .

{c) The second stage decomposition would become saturated for a smaller value of N, due to

the decrease in Noyp-

A similar experiment was performed on the CMOS region in which N, is fixed at 1000 and
the parameters are varied as for the Lake Superior region. The effects of varying the parameters
N,

for this region are similar to that for the Lake Superior region except that Ny, N, uies and

sep2r
Niphap are not affected since the CMOS region is less complicated (there are N, =14 subregions
after the first stage decomposition). However, the value of ¥ for the CMOS region (and the stan-
dard deviation of the g;) is more sensitive to the second stage decomposition obtained. This is

likely due to the large variation of i in going from the top to the bottom of the region. The sen-

sitivity of ¥ is illustrated in Table 6.6 for the variation of d ;.
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dorin 03 04 05 06 07
N, 61 34 28 21 18
Nyp 5 0 0 0 o0
@ 112 124 140 180 124

N!/Ns, 56.6 498 473 409 338
s.d. of g; 35 45 51 76 61
s.d. of g; .68 .67 .63 40 .51

Table 6.6

Results from varying ¢ .. for CMOS region

min
From the tables in this section we conclude that
(1)  the default values o= 30°, 7=20°, X ==40°, and n; = 10 give satisfactory results,

(2) internal parameter d_; should be set small enough so that ¥ is not large and the standard

deviation of the g; is sufficiently small,

(3) input parameter x can be used to obtain the desired ‘smoothness’ of the triangulation, i.e.

variation in triangle sizes.

8.3. Performance on two test regions

In this section we rcport on the performance of the method for major experiments on the
two test regions. For each test region, we generate three series of meshes using smoothing param-

eter values k =0.0, k=0.25, and £k =0.5.

For the CMOS region we generate meshes for desired number of triangles N, = 500, 1000,
1500, 2000, 2500, and 3000 in each series. Increasing N, from 500 to 3000 corresponds roughly to
decreasing the triangle sizes by a factor of 0.4 and going from a coarse to a fine mesh from the

viewpeint of finite element analysis. The internal parameters, except for 4 are held fixed at

mins

their default values, ie. o=230°, r=20°, A=40°, and n; =10. d_; is fixed at 0.3 instead of

the default value of 0.5 to get triangulations which are more approximately equidistributing since
dpin =04 and d;, =0.5 result in larger values of ¥ (see Table 6.6). The decomposition of the
CMOS region into 14 convex polygons after the first stage is shown in Figure 6.3. The decomposi-

tion after the second stage for IV, = 1000 and &= 0.25 is shown in Figure 6.4. Observe that most
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of the convex polygons are at the top of the region where the narrow subregions cause z large
variation of §. The general character of the triangulations can be seen from the case N, = 1000
shown in Figure 6.5 for x = 0.0, Figure 6.6 for x =0.25, and Figure 6.7 for x=10.5. To illustrate
the details at the finer mesh levels, the triangulation of the right half of the region is shown in

Figure 6.8 for N, = 3000 and = 0.25.

For the Lake Superior region, we generate meshes for desired number of triangles NV, = 500,
1000, 2000, 3000, 4000, and 5000 in each series. The region is too complex for a reasonable tri-
angulation of only 500 triangles, so the case IV; = 500 examines the behaviour of the method when
Ny is too small. Increasing N, from 1000 to 5000 corresponds roughly to decreasing the triangle
sizes by a factor of 0.45 and going from a coarse to a medium sized mesh from the viewpoint of
finite element analysis. The internal parameters are held fixed at their default values, i.e. ¢=30°,
7=20°, A=40°, d,;, =0.5, and n; =10. The decomposition of the Lake Superier region into
128 convex polygons after the first stage is shown in Figure 6.9. The decompositior after the
second stage for IV, = 2000 and x=0.25 is shown in Figure 6.10. The general character of the tri-
angulations can be seen from the case N, = 2000 shown in Figure 6.11 for £ = 0.0, Figure 6.12 for
£=0.25, and I'igure 6.13 for k=0.5. To illustrate the details at the finer mesh levels, the tri-

angulation of the western end of the lake is shown in Figure 6.14 for N, = 5000 and «=0.25.
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Figure 6.8 Right half of triangulation of CMOS region for NV, = 3000, x=0.25
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N, 500 1000 1500 2000 2500 3000

N, 56 73 79 80 80 80
Nyy £=0.0 19 7 1 0 0 0
4 124 121 112 112 112 1.2
Ny IN, 55.% 581 584 585 585 585
N, 47 61 64 66 66 66
Ny ©=.25 14 5 2 0 0 0
1.18 1.12 1.17 1.07 1.07 1.07

NIN, 54.5 566 5669 571 571 571
N, 36 44 48 49 49 50
Ny, k=.5 11 6 2 1 1 0
'3 1.46 1.30 1.32 1.38 1.38 1.22
N;/N, 51.6 637 546 547 547 549

Table 6.7
Results from the second stage for CMOS region
(N, = 14 after the first stage)

N, 500 1000 2000 3000 4000 5000

N, 148 195 265 290 307 321
Ny k=00 | 66 73 49 29 15 4
v 1.42 1.22 1.15 1.10 1.11 1.10
Ny/N, 25.1 37.2 457 475 485 49.2
N, 142 173 224 240 244 248
Ny, K=.25 51 48 24 10 6 3
v 118 1.11 1.14 1.16 1.17 1.17
NyIN, 22.2 333 420 440 447 150
N, 129 141 157 165 168 171
Ny K=.5 26 23 15 8 4 2
v 1.44 1.42 1.42 142 1.42 1.42
Nj”Ns 15.6 22.3 280 302 31.1 31.7

Table 6.8

Results from the second stage for Lake Superior
(N, =128 after the first stage)

The first stage decomposition does not depend on x or N, so no results are tabulated from
the first stage. In Tables 6.7 and 6.8 we provide some results from the second stage for the
CMOS and Lake Superior regions, respectively. As NN, increases, the number of subregions, N,,

increases and the number of underpopulated polygons, N, , decreases due to the second criterion

up?

in (4.9) for further subdivision. For sufficiently large N,, the number of convex polygons in the

total decomposition becomes independent of IV, (i.e. Nu,;: 0), and increasing N, further raises the
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number of triangles per polygon, i.e. the decomposition becomes saturated. For the CMOS region,
the decomposition becomes saturated (or nearly saturated in the case x=0.5) for N, between

1500 and 2000. For the Lake Superior region, the decomposition is nearly saturated at /N, = 5000.

For both regions, the values of ¥ are larger for £= 0.5 than for £ = 0.0 and £ =0.25. This
indicates that mesh distribution fumction Y(z,y) parameterized by £=10.5 contains teo much
‘smoothing’ since the mean values of ¥ in adjacent polygons differ by a factor of greater than four
for some large polygons in which the variation of s is small. This suggests to us that £ =0.25 is
close to being an upper limit on the amount of smoothing that is useful for these two regions (also
see Table 6.5).

We have measured the CPU timre spent in the routine which does the numerical integration
of ¥ or n and usually over 80% of the second stage CPU time is spent in this routine. Therefore
the number of evaluations of  or 7, NJ,—, is a measure of the cost of the further decomposition to
boundary scales. In Table 6.7, it can be seen that the ratio N; /N, is between 50 and 60 for all
eighteen triangulations. In Table 6.8, it can be seen that Nf/N3 approaches a constant as N,
increases. This agrees with the result in Section 4.4 which states that the number of function
evaluations is O(mN,) where m is the maximum number of edges of a polygon from the first
stage decomposition. From Figures 6.3 and 6.9 it can be seen that m is a small constant (less

than 20) for the two regions so that Nf should be proportional to N, .

In Tables 6.9 and 6.10 we provide a comparison of the actual number of triangles gererated,
N 4, for each mesh to the requested number, N, and measurements of the empirical time com-
plexity of the third stage for the CMOS and Lake Superior regions, respectively. For the CMOS
region N 4 is within 10% of N, for N, 21000 and for the Lake Superior region NV 4 is within 10%
of N; for N, =4000. For both regions, the ratio N /N, gets closer to one as N, increases. This
is due to more triangles per polygon as N, increases which means that (4.15) is more accurate in

determining the triangle size {and number of triangles) for each polygon.
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Ny 500 1000 1500 2000 2500 3000
Ny 578 1096 1616 2141 2598 3131
Nouap/N, £=00| 16 23 28 32 35 39
Niop/ Ny 48 44 43 44 43 43
N,ompNiop 17 18 19 19 19 19
N4 575 1079 1627 2122 2597 3069
Nowap/N, £=.25| 18 22 33 35 37 38
Nop!Noay 47 46 43 43 44 44
Ny’ Niop 17 18 20 19 19 18
N, 6532 1052 1557 2044 2593 3079
N/ N, £=5 | 12 13 18 24 32 31
N1or/Nygp 55 62 53 50 46 48
N,mo/Niop 16 15 16 16 19 17

Table 6.9
Results from the third stage for CMOS region

Ny 500 1000 2000 3000 4000 5000
N, 779 1259 2396 3411 4398 5419
NoapN, £=00| 10 10 17 19 21 22
N1op/Noue 44 54 48 49 48 49
N,omp! Niop 7 16 17 17 17 17
N, 768 12556 2285 3340 4338 5331
Noap/ Ny k=25 10 L1 15 20 21 24
N6 Nwap 45 54 50 48 50 49
N.omp/Niop 7 16 17 17 17T 17
N, 779 1223 2208 3207 4212 5243
Nowap/ N, £=.5 09 11 12 16 20 21
Nior! Noway 44 47 53 50 50 50
N.omo!Niop 7 18 16 18 17 17

Table 6.10
Results from the third stage for Lake Superior

We observe that in all 36 triangulations of the two regions, procedures INTTRIANG and
MERGE produced a valid triangulation in every convex polygon, i.e. procedure MMERGE was not
needed, and the first edge, u,v;, produced by procedure MERGE was a Delaunay edge in every
polygon which contained at least one interior mesh vertex (see Section 5.4). Also there were few
or no interior angles smaller than 7= 20° in the convex polygons produced by the decomposition
of the first two stages. I'rom Section 5.7, the time complexity of procedure DELTRIANG for con-

structing a Delaunay triangulation in a convex polygon depends on the number of edge swaps and
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triangle comparisons made in the applications of LOP in procedure CONVERT. These two tables
show that the average number of swaps per polygon, Nsmprs, is small and increases at a very
slow rate as Ny increases, and the ratios Niop/ Ny, and N,y / Npop are small and indepen-
dent of N, and x. Therefore, for the two test regions, the empirical time complexity of procedure
DELTRIANG for constructing a Delaunay triangulation in a convex polygon is linear ia the

number of triangles in the polygon, and the empirical time complexity of the third stage triangula-

tion of the region is O(IV ) = O(V,).

N, 500 1000 1500 2000 2500 @ 3000
min 17.6 221 22.1 21.8 22.0 22.1
max =00 | 1185 1290 1310 1326 1247 1198
% 45—90 71.9 76.1 78.2 80.7 81.6 82.2
min 16.7 19.4 194 23.2 23.2 23.5
max k=.25 | 1214 1266 1201 1326 1326 119.8
% 45-90 72.6 76.7 80.4 82.5 839 83.5
min 16.7 23.7 237 23.7 224 23.2
max k=.5 119.5 1195 1266 1266 1224 120.2
% 45—-90 789 83.1 84.0 87.0 87.7 87.5

Table 6.11

Distribution of triangle angles for CMOS region
“ table entry = percentage of angles in specified range

N, 500 1000 2000 3000 4000 5000
min 48 1.9 122 122 122 12.2
max k=00 | 1497 139.2 1242 1350 1350 137.3
% 45-90 60.2 668 710 729 746  76.1
min 48 105 119 122 122 122
max k=.25 | 149.7 1444 1247 1288 1350 1350
% 45-90 609 692 738 764 783 792
min 5.9 79 109 122 122 122
max k=5 149.7 1432 139.2 1276 1216 1172
% 45—90 631 724 807 828 844 857

Table 6.12

Distribution of triangle angles for Lake Superior
# table entry = percentage of angles in specified range

To give an indication of the performance of the method with respect to objective (2.1b), we
give in Tables 6.11 and 6.12 some statistics on the distribution of angles present in the triangula-

tions. These tables show the minimum and maximum angles and the percentage of angles that



fall in the range 45° to 90°. Al the angles of the triangles produced by procedure INTTRIANG
are between 45° and 90° so the angles outside this range are in the triangles produced by pro-
cedures MERGE and CONVERT. As NV increases, there are more triangles per polygon and a
greater percentage of triangles are produced by procedure INTTRIANG, therefore the percentage
of angles in the range 45° to 90° increases. For the Lake Superior region, the triangulations with
N = 500 contain too few triangles and result in much smaller minimum angle and larger max-
imum angle, and the minimum angle of 12.2° for N, = 3000 occurs hetween consecutive boundary
edges. The influence of the smoothing parameter x on the minimum and maximum angles seem

to be minor but the percentage of angles in the 45° to 90° range increases as k increases due to
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fewer subregions and more triangles per subregion as x increases.

Distribution of g; for CMOS region

N, 500 1000 1500 2000 2500 3000
min 18 .15 .14 13 14 13
max 2.59 254 267 272 247 286
s.d. k=00 AT 44 36 .36 .36 .36
“8—1.2 26,1 324 416 385 348 374
“4-16 825 809 911 9.7 924 922
min .20 24 .23 20 18 19
max 280 223 260 246 264 242
s.d. k=25 40 .35 37 .29 .29 29
¢ 8—1.2 381 386 365 H64 560 528
% 4—16 894 936 91.8 951 947 951
min 26 30 31 .28 28 26
max 342 236 280 275 293 247
s.d. Kk=.5 .54 41 .45 49 .48 36
“8—1.2 214 262 218 182 2211 323
¢ 4—1.6 776 916 890 795 817 942

Table 6.13

 takble entry = percentage of g; values in specified range
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N, 500 1000 2000 3000 4000 5000
min .05 RE 12 .10 10 12
max 5.47 4.84 4.23 2.95 3.14 3.42
s.d. x=0.0 79 73 .50 45 45 45
“8—1.2 15.1 22.6 31.6 32.4 34.0 32.9
¢ 4--1.6 56.1 68.6 79.9 83.6 829 82.1
min A1 .20 a7 .20 .23 15
max 4.20 4.48 749 10.75 3.64 3.58
s.d. K=.25 .60 .58 48 AT 45 A6
¢ 8—-12 219 29.2 37.2 36.5 34.2 34.6
¢ 4—16 72.0 80.5 84.8 84.1 83.3 83.0
min .09 13 .20 A7 A7 A7
max 3.43 3.71 5.94 8.34 8.28 8.25
s.d. K=.5 .60 62 64 .64 65 .63
¢ 8—-1.2 19.9 28.5 31.4 31.2 30.4 30.5
*4—16 69.2 68.1 70.5 70.4 69.7 69.0

Table 6.14

Distribution of ¢; for Lake Superior
“table entry = percentage of ¢; values in specified range

To see how well the triangulations of the two test regions approximately equidistribute s,
we give in Tables 6.13 and 6.14 some statistics on the distribution of ¢; values. We observe that
the standard deviation of g; values is influenced by ¥ (see Tables 6.7 and 6.8) and the distribution
of ¢; values stabilizes for the larger values of N,. It should be recognized that s, parameterized
by , is different for each series of triangulations so that the distributions of the g; for the three
different ¥, i.e. for k = 0.0, 0.25, and 0.5, are not strictly comparable in the sense that the three
U represent different, choices of how to quantify the length scale data from the boundary curves.
As k increases, the method is less sensitive to these length scales; there is a less variation in Y and
fewer subregions are generated. However, the corclusion we are able to draw from this is simply
that it is more difficult (and expensive) to generate meshes that are approximately equidistribut-
ing for less smooth Y. We do not have a methodology for addressing the question of which choice
of ¢ (i.e. k) is more appropriate for the applications short of numerical experiments involving the

finite element method itself.
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To see how the variation of triangle sizes is affected by smoothing parameter k, we give in
Tables 6.15 and 6.16 some statistics on the distribution of s; values. For a fixed value of k, the
standard deviation of s; values is approximately constant as IV; increases. As xk increases, the

standard deviation of s; values decreases due to less variation in 1V, ie. the triangulation is

smoother.

Distribution of s; for Lake Superior

N, 500 1000 1500 2000 2500 3000
min .20 .16 .20 .22 .19 .18
max k=00 | 528 577 448 445 497 504
s.d. .89 .89 .90 .88 .90 87
min 18 .20 17 .20 22 .18
max k=.25 2.66 2.65 2.68 277 2.40 2.50
s.d. .60 .58 .61 61 61 61
min .16 .26 .23 27 21 22
max k=.5 2.156 1.95 1.99 2.25 2.20 2.25
s.d. 42 39 .39 41 .40 40

Table 6.15
Distribution of s; for CMOS region

N, 500 1000 2000 3000 4000 5000
min 13 .16 .16 .16 15 .16
max k=001] 335 403 450 486 500 541
s.d. .50 .59 .63 .66 .68 .68
min 12 .16 15 .16 A7 15
max k=.251 271 260 270 262 269 274
s.d. .56 .50 48 47 46 .46
min 12 .15 .20 .19 .19 19
max K=.5 239 228 209 197 213 2156
s.4d. 48 .39 .35 33 33 33

Table 6.16
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N, 500 1000 1500 2000 2500 3000
iy A0 .38 43 40 40 42
ly 5.63 7.47 8.38 8.32 8.35 8.30
ty ®=0.0 1.55 2.48 3.23 3.82 4.25 4.63
total 7.58 1033 12.04 1254 13.00 13.35
ty/N, 101 102 106 104 104 104
ty 42 37 42 40 .38 42
ty 4.53 6.02 6.27 6.42 6.42 6.53
tg k=25 143 2.18 3.00 3.40 3.72 4.02
total 6.38 8.57 9.69 10.22 10.52 10.97
to /N, 096 099 .098 097 .097 099
ty 43 A2 43 A2 40 42
ty 3.22 4.23 4.55 4.58 4.55 4.62
ty r=.5 1.02 1.62 2.00 2.27 277 3.05
total 4.67 6.27 6.98 T.27 7.72 8.0¢
ty/N, 089 096 095 093 .093 092

Table 6.17
CPU times in seconds for the three stages for CMOS region

N, 500 1000 2000 3000 4000 5000
ty 8.05 7.78 7.88 7.82 7.98 7.70
ty 1072 2013 3292 3587 38.70 40.67
ty £=0.0 3.18 4.60 7.77 933 11.20 12.58
total 2195 3251 4857 5302 5788 6095
ty/N, 072 103 124 124 126 127
ty 8.00 7.97 8.12 7.82 7.98 8.13
ty 9.50 1547 2463 2643 2782 2798
iy k=.25 3.10 4.48 6.65 8.47 9.50 10.82
total 2060 2792 3940 42,72 4530 46.93
t,/N, .067 .089 110 110 114 113
ty 7.87 7.88 7.75 7.65 777 7.87
t, 4.57 6.87 932 1037 1075  11.08
ta E=.5 2.87 3.48 4.67 5.58 6.62 7.38
total 1531 18.23 21.74 2360 25.14 26.33
to /N, 035 049 059 063 .064 065

Table 6.18

CPU times in seconds for the three stages for Lake Superior

The CPU times for the three stages of the method, ¢,, ¢,, f5, and the total time, £, +1,+ ¢,
are reported in Tables 6.17 and 6.18 for the CMOS and Lake Superior regions, respectively. The
time for the first stage, ¢, should be constant. It is reported in these tables to give an indication

of the variability of the timings on the UNIX operating system. These tables show that the



largest fraction of the total time is spent in the second stage, which is due to the many evalua-
tions of Y. The direct relation between this time, {,, and the number of subregions for a fixed
value of x as [N increases is shown by the ratio t,/N, in these tables. As k increases, t, and t;
decrease due to fewer subregions. In Figures 6.15 and 6.16, graphs of CPU times versus NV, are
shown for the CMOS and Lake Superior regions, respectively, for £=0.0 and £k=0.25. In these
graphs, £ is the average of the eighteen times reported in Tables 6.17 and G.18. The slope of the
graph of {5 versus N, deereases as IV, increases due to the slower increase in NV,. For the CMOS
region, ¢, is constant for N, = 2000 when the decomposition is saturated. The linear time com-
plexity of the third stage and the method is clearly evident in the graphs of £, and total time

versus N;. The slope of these graphs decreases as V; increases due to the slower increase in V,.

Finally we provide a comparison of the total CPU time and distribution of triangle angles
for our method versus subroutine TRIGEN of the PLTMG package (see G in Section 1.2). Sub-
routine TRIGEN is written in FORTRAN and was compiled using the F77 compiler on the UNIX
operating system. Subroutine TRIGEN also avoids generating triangles with small angles and the
number of triangles in the triangulation of a region is determined by the boundary geometry and a
parameter h for the maximum triangle side length. Subroutine TRIGEN cannot handle multiply
connected regicns so we attempted to triangulate the Lake Superior region with no islands. Sub-
routine TRIGEN failed to produce a triangulation for various values of 4. For the CMOS region,
we obtained triangulations of 1213 and 2095 triangles from subroutine TRIGEN using # = 1.0 and
f = 0.5, respectively. The first triangulation is shown in Figure 6.17. The CPU times for these
two triangulations were 27.08 and 43.45 seconds, respectively. This compares with a total CPU
time of 13.35 seconds from our PASCAL implementation for N, =3000 and £=0.0 (the most
expensive of the eighteen triangulations). The distribution of triangle angles from subroutine TRI-
GEN is similar to that from cur method. Both triangulations have a minimum angle of 21.5° and
a maximum angle of 123.2°. The two triangulations have 71.9% and 78.4% of the angles in the

45° to 90° range, respectively (cf. Table 6.11).
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CHAPTER 7

CONCLUDING REMARKS

We conclede this thesis by discussing extensions and open problems in our triangulation
method. In Chapter 4, we have defined a heuristic mesh distribution function, ¥i(z,y), based on
the length scales implied by the boundary and described our approach for constructing an approxi-
mately equidistributing ériangulation with respect to Y. Clearly, the method can be extended to
construct an approximately equidistributing triangulation with respect to any positive weight

function, e.g. a user specified or adaptively determined mesh distribution function.

The user may want to input a mesh distribution functior ¥ instead of allowing the method
to automatically determine (s if more control is desired over the distribution of triangle sizes or
smaller triangles are desired in noncomplicated parts of the region in which the solution of the
partial differential equation contains fast variation or singularities. An alternative way to obtain
smaller triangles in certain parts of the region is to add extra vertices on the boundary to get
short edges and/or add interfaces to get narrow subregions, and use the { defined based on boun-

dary length scales.

In adaptive mesh refinement, the error estimate of the finite element solution on a mesh is
used to produce a finer mesh, and this process may be repeated several times. Usually, the finer
mesh is constructed by the local refinement of the original mesh, ie. il the error in a triangle is
larger than a tolerance parameter then the triangle is further subdivided into smaller triangles
{Babuska and Rheinboldt (1978), Bank and Sherman (1980}). Adaptive mesh refinement can be
done with our method as follows. The mesh distribution function ¢ defined based on boundary
length scales can be used to generate an initial coarse mesh. Given a mesh, the error estimate of
the finite element solution on this mesh can be used to define a new mesh distribution function .
Thea, with the decomposition into cenvex polygons for this mesh and the new { as input, the
second and third stages of our method can be repeated to produce a finer decomposition inte con-

vex pelygons and a finer mesh. For efficiency, it may be desirable to repeat the second and third
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stages for only the subregions in which the error estimate is too large, i.e. refinement of the mesh

is done at the polygon level.

@)

Finally, we mention some problems that we were unable to solve.

An objective of our triangulation method is to have the distribution of triangle sizes conform
to the distribution of length scales implied by the boundary. We accomplish this objective
by defining a mesh distribution function ¢ using the length of edges and the amount of nar-
rowing of the convex polygons in the first stage decomposition (see Section 4.1). But the
first stage decomposition is not unique since it depends on the order in which the reflex ver-
tices are resolved. Also, in the testing of our method, artificial narrowings of subregions are
occasionally formed in the decomposition. A problem is to find a better heuristic for defin-
ing ¥ which does not depend on the first stage decomposition but depends only on the length

scales implied by the boundary curves and internal interfaces which are input.

In the second stage, an objective is to find separators which do not create small angles at
the boundary. Our second strategy is to find a separator which is based on the shape of the
polygon (see Section 4.2). In the testing of our method, no angles smaller than 20° have
been created at the boundary by separators chosen using this strategy when ¢=230°. A
problem is to prove whether 20° is a lower bound for the angles resulting from this strategy
when o= 30°.

In the testing of our method, procedure DELTRIANG of the third stage has empirieal time
complexity which is linear in the number of triangles since the average number of edge
swaps per polygon in procedure CONVERT is relatively small. Also, in the case of at least
two interior mesh vertices, the first edge u v, introduced by procedure MERGE is always a
Delaunay edge (see beginning of Section 5.4), and the triangulation T(P} produced by pro-
cedures INTTRIANG and MERGE is always a valid triangulation. Three unsolved problems
are to prove that the heuristic of selecting u, results in a Delaunay edge uyv, and to prove

Conjectures 5.1 and 5.2, or find counterexamples to these statements.



APPENDIX A

EXAMPLES OF TRIANGULATIONS

In this appendix, we show examples of triangulations of five regions to demonstrate the abil-
ity of our method to generate triangulations of complex regions. These regions are not as compli-
cated as the Lake Superior region shown in Chapter 6, and are obtained from papers mentioned in
Section 1.2 by manually digitizing the boundaries. For each region, we produce a triangulation for
smoothness parameter value x=0.25. Figure A.1 shows a triangulation of an L-shaped region
from Shaw and Pitchen (1978) for desired number of triangles IV, = 300. Figure A.2 shows a tri-
angulation of a pistol from Bykat (1982} for [N, =200. TFigure A.3 shows a triangulation of a
machine element from Sadek {1980) for N, =600. Figure A.4 shows a triangulation of Lake
Okeechobee from Thacker, Gonzalez, and Putland (1980) for N, =800. Figure A.5 shows a tri-
angulation of a bracket from Yerry and Shephard {1983) for N, = 800. The actual number of tri-

angles generated is within 15% of N, for all these triangulations.
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Figure A.1 Triangulation of L-shaped region for IV, = 300, x = 0.2
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Figure A.2 Triangulation of pistol for
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Figure A.3 Triangulation of machine element for N, =600, x=0.25
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Figure A.4 Triangulation of Lake Okeechobee for IV, = 800, k= 0.25
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Figure A.5 Triangulation of bracket for N; =800, £=0.25




APPENDIX B

DEFINITIONS

In this appendix, we provide the definitions of geometric terms used in this thesis and repeat

the definitions of the parameters of our triangulation method.

B.1. Geometric terms

Let R be a simple polygon and lct dR denote the boundary of 12, Let u be a point in the
interior of R or on dR. Point ¢ is said to be visible from u if the line segment uv lies entirely in
R. The wisibility polygon V(R,u) from u is the set of points in R visible from =, ie.
V(R,u) = {v| v € R and wv N R =uv} {El Gindy and Avis (1981)).

The kernel K(R) of R is the loeus of the poirts in the interior of R from which all vertices
of R are visible. Equivalently, if 8R is considered as a counterclockwise directed cycle, K(R) is

the intersection of the half-planes iying to the left of the edges of R (Lee and Preparata (1979)).

Let P be a convex polygon. A line of support of P is a line that has at least one point in
common with dP with the property that all of P lies on one side of the kine. The diemeier or
magzimum breadth of P is the greatest of the distances between two parallel lines of support of P.
It is also the greatest distance between two points of P. The minimum breadth of P is the

minimum of the distances between two parallel lines of support of P (Lyusternik (1963)).

Let ¥ be a set of points in the plane. For each point v of ¥V, there is a convex polygon P(v)
surrounding v, called the Voronot polygon associated with », with the property that v is the
closest of the points of V te any point w € P(v). The Voronoi polygons partition the plane into
the Veronot diggram. Points v and v of V are Voronoi neighbours if P{u) and P(v) share a com-
mon edge. The Delaunay triangulation of V is the dual of the Voronei diagram and is formed by
joining all Voronoi neighbours by line segments (Shames and Hoey (1975)). The Delaunay tri-

angulation also satisfies the max-min angle criterion and the circle criterion (see page 52).
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B.2. Parameters of method

In our method, there are two input parameters /V; and & and five internal parameters g, 7,

A, g and 7.

N, is the desired number of triangles in the mesh. It is used to determine the uniform trian-
gle size (and number of triangles) for each convex polygon in the second stage decomposition (see
page 47).

£ is the mesh smoothness parameter, 0=<x=<1. It is used to control the smoothness, i..

variation in triangle sizes, of the mesh via the mesh distribution function Y{z,y) defined in the

second stage (see page 39).

g is an angle parameter which is used to insert extra vertices on edges subtending a large
angle at a reflex vertex and at the centroid of a polygon in the first and second stages, respec-
tively. These extra vertices allow more choices for the endpoints of a separator so that it is more
likely that a separator can be found which does not create small angles at the boundary (see pages

26 and 40).

7 is an angle parameter which is used in the first and second stages to search for separators
which do not create ‘small’ angles at the boundary. Angles less than r are considered to be small

(see pages 28 and 42).

X is an angle parameter used in the first stage to accept a separator without checking for
‘better’ separators. A scparator is acceptable if it creates angles of at least A at the boundary (sce

page 28).
dpin and 2. are parameters used in the second stage to indicate ‘sufficiently high’ varia-

tion of § in 2 polygon P; and ‘sufficiently large’ number of triangles in F;,

respectively. If the

variation of {5 in F; determined by the ratio of the standard deviation and mean of ¥ in F; is

greater than d; and the estimated number of triangles in P; is greater than n; then P; is

further subdivided in the second stage (see page 41).



REFERENCES

1. Babuska and A. K. Aziz (1976), On the angle condition in the finite element method, STAM J.
Numer. Anal., 13, pp. 214-226.

1. Babuska and W. C. Rheinboldt {1978), Error estimates for adaptive finite element computa-
tions, STAM J. Numer. Anal,, 15, pp. 736-754.

R. E. Bank (1982), PLTMG users’ guide, Dept. of Mathematics, Universily of California at San
Diego.

R. T. Bank and A. IH. Sherman (1980), A refirement algorithm and dynamic data structure for
finite element meshes, Rep. CNA TR-166, Center for Numerical Analysis, The University of
Texas at Austin.

A. Bykat (1976), Automatic generation of triangular grid: 1- subdivision of a general polygon into
convex subregions, II - triangulation of convex polygons, Int. J. for Num. Meth. in fing.,
10, pp. 1329-1342.

A. Bykat (1982), Design of a recursive shape controlling mesh generator, Dept. of Mathematics
and Computer Science, Emory University.

J. C. Cavendish (1974), Automatic ¢riangulation of arbitrary planar domains for the finite element
method, Int. J. for Num. Meth, in Eng., 8, pp. 679-696.

B. Chazelle and D. Dobkin (1979), Decomposing a polygon into its convex parts, Proc. of the 11ih
Annual ACM Symp. on Theory of Computing, pp. 38-48.

H. El Gindy and D. Avis (1981), A linear algorithm for computing the visibility polygon from a
point, J. Algorithms, 2, pp. 186-197.

H. F. Feng and T. Pavlidis (1975}, Decomposition of polygons into simpler components: feature
generation for syntactic pattern recognition, JEEE Trans. on Comp., C-24, pp. 636-650.

W. Fichtner, D. J. Rose, and R. E. Bank (1983), Semiconductor device simulation, STAM J. Sci.
Stat. Comput., 4, pp. 391-415.

J. Fukuda and J. Suhkara (1972), Automatic mesh generation for finite clement analysis, Advances
in Computetional Melthods in Strueclurel Mechanics and Design, ed. J. T. Oden, R. W.
Clough, and Y. Yamamoto, UAH Press, Huntsville, Alabama.

M. R. Garey, D. 8. Johnson, F. P. Preparata, and R. E. Tarjan (1978), Triangulating a simple
polygon, Info. Processing Letiers, 7, pp. 175-179.

J. Kautsky and N. K. Nichols (1980), Equidistributing meshes with constraints, SIAM J. Sci.
Stat. Comput., 1, pp. 499-511.

J. M. Keil (1983}, Decomposing polygons into simpler components, Ph.ID. thesis, Dept. of Com-
puter Science, University of Toronto.

P. Ladeveze and D. Leguillon (1983), Error estimate procedure in the finite element method and
applications, SIAM J. Numer. Anal., 20, pp. 485-509.

- 139 -



- 140 -

a

. Lawson (1977), Software for C! surface interpolation, Mathemalicel Software 111, ed. J. R.
Rice, Academic Press, pp. 161-194.

D. T. Lee {1983), Visibility of a simple polygon, Computer Vision, Graphics, and Image Process-
ing, 22, pp. 207-221.

D. T. Lee and F. P. Preparata (1979), An optimal algorithm for finding the kernel of a polygon,
JACM, 26, pp. 415-421.

D. T. Lee and B. I. Sehachter (1979), Two algorithms for constructing a Delaunay triangulation,
Rep. 79ASD0C07, Genreral Electric Co., Daytona Beach, Florida.

B. A. Lewis and J. S. Robinson {1978), Triangulation of planar regions with applications, Clom-
puter Journal, 21, pp. 324-332,

I.. A. Lyusternik (1963), Convezr Figures and Polyhedra, Dover Publications.
T. Pavlidis (1968), Analysis of set patterns, Pattern Recognition, 1, pp. 165-178.

J. K. Reid (1974), Mesh generation, Finite Element Symposivm Proc., ed. J. E. Crow, Atlas Com-
puter Lab., Didcot, pp. 129-138.

E. A. Sadek (1980), A scheme for the automatic generation of triangular finite elements, nt. J.
Sfor Num. Meth. in Eng., 15, pp. 1813-1822.

B. Schachter (1978), Decomposition of polygons into convex sets, IEEE Trans. an Comp., C-27,
pp. 1078-1082.

M. L. Shamos (1975), Geometric complexity, Proc. of the Nth Annuel ACM Symp. on Theory of
Computing, pp. 224-233.

M. 1. Shamos and D. Hoey (1975), Closest-point problems, Proc. 16th Annual Symp. on Founda-
tions of Computer Science, pp. 151-162,

R. D. Shaw and R. G. Pitchen (1978), Modifications te the Suhara-Fukuda method of network
generation, Int. J. for Num. Meth. in Eng., 12, pp. 93-99.

M. S. Shephard, R. H. Gallagher, and J. F. Abel {1980), The synthesis of near-optimum finite ele-
ment meshes with interactive computer graphics, Int. J. for Num. Meth. in Fng., 16, pp.
1021-1039.

R. Sibson (1978), Locally equiangufar triangulations, Computer Journal, 21, pp. 243-245.

R. B. Simpson (1979), A survey of two dimensional finite element mesh generation, Proc. 9th
Manitoba Conference on Numerical Math. and Computing, pp. 49-124.

R. B. Simpson (1981), A two-dimensional mesh verification algorithm, SIAM J. Sci. Stat. Com-
put., 2, pp. 455-473.

G. Strang and G. J. Fix {1973), An Analysis of the Finite Element Method, Prentice Hall.

W. C. Thacker {1980), A brief review of techniques for generating irregular computational grids,
Int. J. for Num. Meth. in Eng., 15, pp. 1335-1341.



- 141 -

W. C. Thacker, A. Gonzalez, and G. E. Putland (1980), A method for automating the construc-

tion of irregular computational grids for storm surge forecast models, J. Computational
Physics, 37, pp. 371-387.

J. F. Thompson (1982), Numerical Grid Generation (proceedings editor), North Holland.

J. F.. Thompson (1983), A survey of grid generation techniques in computational fluid dynamies,
Proc. ATAA 21st Aerospace Sciences Meeting.

C. M. Williams (1981}, Bounded straight-line appsoximation of digitized planar curves and lines,
Computer Graphics and Image Processing, 16, pp. 370-381.

M. A. Yerry and M. S. Shephard (1983), A modified gquadtree approach to finite element mesh
generation, IBELE Computer Graphics and Applications, 3, pp. 39-46.



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

