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ABSTRACT

The feasibility of using an existing robust ordinary bounda-
ry value system solver, COLSYS, as the heart of a package
for the solution of a class of partial differential equa-
tions is considered. Preliminary tests with Burgers' egua-
tion and a severe test with the one dimensional gas dynamics
equations are reported. The main aim of this study is to
see if we can achieve, with small development cost, a robust
package with a sophisticated variable spatial mesh capabili-
ty by co-opting the mesh selection algorithm of COLSYS.
COLSYS was developed by U. Ascher, J. Christiansen, and R.D.
Russell, of the University of British Columbia and Simon

Fraser University.
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Chapter I

INTRODUCTION

The class of problem we are interested in here may be
represented by the following system of partial differential

equations:
(1.1) C(U)Ut + F(U.Ux) + (D{U)Ux>x = G ()

with initial boundary conditions on the strip [a,b]X[0,00)

given by

(1.2} B{ ufa,t), U(b,t), t} =0
and

(1.3) Uix,0) = o{x)

where U := U(x,t) is a p-dimensional vector, ®(x) is a given
function, B(*,*,t) is a (generally nonlinear) wvector func-
tion giving the boundary conditions, C and D are positive
definite diagonal matrices, and where the matrices C and D
and the vectors F and G may depend on x and t as well. This
problem arises in many contexts, including heat conduction,
chemical reactions, and population dynamics, For a more
complete list, see [12]. The problem of original interest

for the author was a large system arising out of the multi-
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phase, multi-chemical-species fluid flow in a large duct.
tiowever, this thesis contains only a feasibility study of a
method which could be used for this large problem, and con-
tinins no direct application to this particular problem.

In a system such as (l1.l1) where there may be components
with widely differing time scales, or a moving subregion
that is difficult to handle (such as a shock or contact dis-
continuity), it would seem particularly useful to have a dy-
namic variable spatial mesh capability, to minimize the un-
necessary computational effort, In [20] it is pointed out
that if a solution decays rapidly to a more slowly varying
steady state solution, we would like to be able to reduce
the size of the mesh, as well. With such a capability, the
spatial mesh could adapt itself to concentrate on the areas
of difficulty, which may move with time. Some work has been
done on this problem in our context [12}1, but the subject of
adaptive mesh selection is a young one, especially in the
context of partial differential equations. On the other
hand, in the context of ordinary boundary value problems,
the subject is well developed (29,301, as is the related
software. Thus it is natural to ask if we may use some of
the ideas and technigques from ordinary boundary value prob-
lems in our context. This thesis attempts to answer this in
the affirmative; by using an ordinary boundary value problem
solver with adaptive mesh selection capability as the heart

of a package to solve partial differential equations, we can
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co-opt the algorithms used in a very simple way. Whether
this procedure is effective or not is the subject of this
thesis.

In order to allow the use of ordinary boundary value
problem solvers in the solution of (1.1), we replace the
system of partial differential equations with a sequence of
systems of ordinary boundary value problems, This is done
by first choosing a temporal mesh, and then replacing
Ut(x,t) at a fixed time level t = t* by a linear combination
L{UO(x,t*),x,t*) of U(x,t*) and U at previous times, If we
adopt the notation u{x) := U{x,t*), the system (1.1) be-

comes, at time t*,
(1.4) CL{u,x,t*) + F(u,u) + (Dgx)x =G
and the boundary conditions become

(1.4a)  B*(u(a),u(b)) = 0

There are many existing packages for solving systems of
ordinary boundary value problems [10], and each has its spe-
cial points. The best choice of boundary value problem sol-
ver is likely dependent on the particular problem (1.l1) one
is interested in solving; certain codes will be better for
some purposes than others, Our choice for the purposes of
this investigation was COLSYS, a collocation code developed
by Uri Ascher of the University of British Columbia and Jan

Christiansen and Robert D. Russell of Simon Fraser Universi-
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ty (2, 3, 4, 5, 29]. COLSYS is a robust general purpose
boundary value problem solver, has the desired adaptive mesh
capability, and has the added advantage to the author of fa-
miliarity.

The research done in this thesis consists of experimen-
tal computations with a computer implementation, DYNACOL, of
the above process. Two major experiments are reported here;
the first experiment uses Burgers' equation, while the sec-
ond uses the compressible gas dynamics equations., Chapter 2
consists of a more detailed look at the algorithm we will
use. Chapter 3 reports on the Burgers' equation experi-
ments. Chapter 4 is a description of COLSYS, preparatory to
the full scale experiments, Chapter 5 is the report on the
gas dynamics equations, and Chapter 6 contains the conclu-
sions of the thesis, and suggestions for further study.

The key questions that will have to be addressed here
are;

1. 1Is the resulting algorithm for the solution of (1.1)
robust? That is, will it solve difficult problems?

2. Is the method simple to implement? We do not expect
that this method of solving (1.1) to be the most ef-
ficient in terms of running time; we are asking
whether a robust package can be obtainéd quickly, for
a given problem.

3. What are the economics of the method? Although we do

not expect this method to be sufficiently inexpensive
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to be used in ongoing production runs, we also do not
expect its use toe be prohibitively expensive, How-
ever, this needs to be demonstrated, as ordinary
boundary wvalue problems are not cheap to solve; the
cost per step in this process is going to be high.
Since we expect that the primary uses of this algor-
ithm will be for checking custom coded production
programs and for use while such programs are being
developed, we must also ask if it is efficient enough

for these purposes,

With all these points in mind, we will begin.



Chapter I

DESCRIPTION OF ALGORITHM

2.1 DISCRETIZATION COF PROBLEM

For reasons of simplicity, we will choose a uniform
temporal mesh. This seems reasonable for an experiment of
this type, but it will become apparent later that an adap-
tive temporal mesh would have its advantages, After the
time step size is chosen, we replace the time derivative
Ut(x,t) with a linear combination of U(x,t) at previous
times. ©On the reasonable assumption that the problem of in-
terest will be stiff in time, the Gear stiff equation dis-
cretizations for ordinary initial value problems ([17], the
backward difference formulae, seem to be good candidates for
the discretization to be chosen. These, in the form we

shall use, can be written as

k
yit) = 2 agy(t = i*h)

dy i=1
(2.1} — 2
dat Bob

where h is the step size in time.
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This transforms the system of partial differential
eguations (1.1) plus the boundary conditions (l1.2) into the
following sequence of boundary value problems on the closed

interval [a,b], with associated boundary conditions:

k

c{ U(x,t) -Zaiu(x,t-i*h)

i=1
(2.2) - F(U,u) - (DU, =G

Bop

(2.3) B{U(a,t), ,Uu(b,t),t) =0

which, if the k functions U(x,t-i*h) are known, and if the
{(diagonal) matrix D is nonsingular, is an ordinary system of
two-point boundary value problems for U(x,t) at a fixed time
t=N*h.

So we must now solve the sequence of boundary value
problems on the chosen temporal mesh, that is, the lines
t=N*h, N=1,2,... This problem is naturally divided into two
parts:

1. Getting an approximation to the solution on the first
k time levels, i.e. U(x,h), ..., U(x,k*h) (We could
use the values of U(x,0), U(x,hY, ..., U{x,{(k-1)h),
but this turns out to be inconvenient for program-
ming).

2. Solving the sequence of boundary value problems for

U(x,N*h}, for N=k+l,....
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Following the traditional procedure, we shall ignore the
start-up difficulties for the moment and concentrate on the

solution of the boundary value problems.

2.2 SOLUTION OF THE BOUNDARY VALUE PROBLEMS

Now we have a sequence of systems of ordinary boundary
value problems, There are several packages for solving such
systems; for a relatively complete survey, see [13,14,34].
The package chosen for the purposes of this thesis is
COLSYS, as mentioned previously, This code, in addition to
being robust and of competitive efficiency, has the added
advantage to the author of familiarity. It is expected that
the general conclusions drawn in this thesis will be valid
for the reader's favourite BVP system solver as well., To
familiarize himself with COLSYS, the reader may wish to skim
the chapter on COLSYS before proceeding.

Let us introduce some more compact notation:

let

K
Eaiu (x,{n-i)h)

v(n) 1= v(n)(x) = 1

Byh

o™ o w My = u(x,n*hy.

In order to use COLSYS, we must rewrite the boundary

value problems into a standard form, which is

Uy (X) = P(x, u(x), u (x)).



For our problem, on rearranging (l1.1) we have

2.4 pt™Myufd) = p™ 0Py 2 p u(Myulm

+ c(uiMyylm

Byp

- C(u(n))v(n] - G(u{n))

= "M,
or

(2.5) (= p(uM)~lyuin)y

(n)
Fl(tzx,u(n}-uin)) + D_l(% - v

In the program DYNACOL, the problem dependent routine
FUN calculates Fl(t; X, u(n)luin)). For both the problems
reported here, C := I, the identity, and D := 7T, where 1
is a constant. In general, if D (which is diagonal) is sin-
gular, it means that some of the components are determined
by first order differential equations or even algebraic
equations. This presents no difficulty for COLSYS, except
in exceptional circumstances, but it does make for notation-
al complexity, so this case will not be considered until
necessary.

Before we actually get started on solving the boundary
value problems, a little discussion of the representation of
such a solution is in order. Since we want variable spatial

meshes, we need to evaluate U(x,t) at any x in the interval
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in guestion. This means some interpolation or approximation
is necessary. The representation of the solution used by
COLSYS is a double precision vector containing the mesh used
to approximate u and the B-spline coefficients. 1It is natu-
ral to take full advantage of this representation and the
COLSYS facility APPSLN (for APProximate SoLutioN) for evalu-
ating the B-spline representation at any desired x-value.
Thus, for our program DYNACOL the solution U(x,t) will, for
a given time t, consist of a spatial mesh, a set of B-spline
coefficients, and the accessory parameters (the order of the
B-spline, etc).

Another consideration is that this approach to the so-
lution of the partial differential equations requires that
we be able to evaluate, at a given time t (larger than k*h),
the linear combination of the solutions at previous times
for any given x in the interval of interest, Therefore we
will have to keep, in the routine operation of the program,
the last k B-~spline representations of the solution. This
collection of representations is called the Past History,
and is stored in the two-dimensional array PSTHIS. WNow, it

is clear that we need to efficiently evaluate the 1linear

combination
k
DU (x, (n=1) h)
i=1
v o

b
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for any x in the interval {a,b], and we need to look at this
problem closely.

It is possible to simply use the B-spline representa-
tion here, by simply using APPSLN to evaluate each of
U(x,(n-i)h) and then calculate v{")(x), but we then run into
the problem of passing parameters through existing c¢ode.
This is awkward, and requires extensive use of common
blocks. However, this sort of problem is nearly always en-
countered whenever development of code uses other packages
in perhaps ways they were not meant to be used. 1In any
case, using the B-spline representation may not always be
what we want to do anyway, as it will be seen to be more ec-
onomical to use some other form of evaluation, such as an
approximating cubic spline, calculated once only for each
time step, rather than doing k B-spline evaluations on every
call during a time step. We will look more closely at this
in the context of the gas dynamics problem which we will in-
vestigate later, For the first problem, Burgers' equation,
we have included the option of looking at a cubic spline in-
terpolant of this linear combination, and a linear interpo-
lant of the linear combination. It would, in the light of
the experimental results, be instructive to also look at
taut splines [7], or splines in tension, as well, but this

is not central to the thesis.

The method chosen to evaluate v{M {s essentially
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1. Find a good mesh for evaluating v(n), namely a merg-
ing of the meshes used to evaluate each of the
uin-i)

2, Use some reasonable method to approximate v(n) at a
general point x, other than a mesh point. Since
COLSYS exhibits superconvergence (the phenomenon of
higher order accuracy at the mesh points) interpola-
tion seems as good as any method, &An ordinary cubic
spline has been found to be satisfactory in many cas-
es, although not in all.

Notice that as we iterate on n, the Past History needs
to be updated, and the cubic {(or 1linear) spline of v(n)
needs to be recomputed. This is the function of the routine
UPDATE (see the appendix on the details of the program).

We are now ready to present the outline of the algor-
ithm for solving the sequence of boundary value problems.
This is best presented in the form of a flow chart, present-
ed in Figure 1.

ADVANCE in the flowchart is a euphemism for two rou-
tines Fastad and Cautad (for fast-advance and cautious-ad-
vance). The fast advance uses (either cubic or linear} in-
terpolation of v(n)(x), and cautious advance uses the direct
b-spline method of evaluating v(n)(x). (v(n)(x) is evaluat-

ed directly from the representations of the past histories.)
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CALL START (to get the first k time levels)

CALL OUTPUT (with initial profile)

While t < tend do (solve the sequence of BVE'Ss)

CALL ADVANCE (this solves one BVP}

CALL UPDATE (this updates the past history}

I1f desired,

CALL OUTPUT

CALL COMPAR

Figure 1: - Flow Chart for DYNACOL

2.3 STARTING UP

There were two methods used for start-up. The first
was essentially for testing purposes, and amounted to using
the exact values for U(x,0), U{x,h), ..., U(x,k*h) to test
the feasibility of higher values of k (the order of the time
discretization). The second method of starting up is more
general, though still not a "production" subroutine., Wwhat
it does is start up slowly with a first order method, using
the time step h/n1 (where n, is some positive integer - cur-
rently n; is 16), until it can start using a second order
method with time step h/4, and a third order method with

time step h/2, etc. One point to note is that the "order"
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of the time discretization is not of any great use in this
analysis, so that considerations of the start-up on this ba-
sis are not relevant. Thus we can ignore the fact that this
start-up procedure makes the global error of "order" h. For
details of the start-up, which is a simple routine, see the

appendix on documentation of DYNACOL.

2.4 STORAGE REQUIREMENTS

Since we are using interpolation, we require more space
than if we were using stationary finite differences on the
same size fixed mesh, Indeed, since the mesh selection
strategy cannot be perfect for all problems, we must "budg-
et” for a little wastage of space. However, for shock prob-
lems we expect that, in view of the global fineness of a
fixed spatial mesh that is necessary for finite differences,
the storage requirements of this method will be "asymptoti-
cally"” better in some sense, For example, if the problem
under consideration has a2 moving internal boundary layer, or
shock, of width 0(e), and we require N points in the layer
to satisfactorily resolve it, the fixed mesh on a unit in-
terval would have to have O(N/e) points (since each interval
of width e, of which there are 0(l1/e), would have to have N
points), while the dynamically variable mesh only needs O(N)
over the entire interval. 1If e is small, this can prove
very important. On the other hand, if the boundary layer

width is not too small, the variable mesh is wasted computa-

tion, as far as storage is concerned,
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0f course, one of the more desirable features that a
method for solving partial differential equations could have
would be a "large™ time step h: in many methods there is an
undesirable bound on the time step of the form h < kK WP,
where H is the spatial mesh size. With a variable spatial
mesh, it is unclear what new limitations on the time step
there will be, but there is the hope that h can be larger
than it could be with a fixed spatial mesh, This would
hopefully mean a savings in computer time to reach the same
t value. 8See, however, the conclusions drawn in chapter 6.
Another kind of problem where the adaptive spatial mesh
would be of use was pointed out in [20), namely a problem in
which the solution tended to a relatively easy to resolve
steady state. This would allow mesh points to be thrown
away, with a corresponding savings in time. However, the
mesh selection algorithm of COLSYS does not throw away
points in a given time step - the only place it allows re-
ductions of the spatial mesh is at the beginning of a
time-step, when it automatically throws away half the old
mesh, This can be modified, as COLSYS allows user modifica-
tion of the mesh. So, in between time steps, we could for
example throw away two thirds of the mesh if the soluticn
looked as if it were settling down., It is of course a dif-
ficult problem to automatically decide what to do here, and
in fact what we wanted to examine in this thesis is whether

we could galn a sophisticated automatic mesh handling facil-



16
ity with little development cost by using the existing capa-
bility of COLSYS.

As will be seen, the storage requirements of DYNACOL
are linear in NMAX (once the problem and various auxilary
parameters have been specified), where NMAX is the maximum
number of subintervals desired in the solution. The exact
storage requirements, and the dimensions of the (double pre-
cision) arrays are tedious to compute by hand, so a small
*pre-DYNACOL"™ program is useful (see appendix C}. The sam-
ple output below is for the gas dynamics shock tube problem,
with NMAX = 100. As you can see, the program requires about
545K bytes of core, which is a relatively large amount of
storage for a one-dimensional problem, but not a lot for a
modern mainframe. Of course, on modern computers space is
not usually a worry unless you are dealing with partial dif-
ferential equations of more than one space dimension. Here
the method is restricted to partial differential equations
of one space dimension (although see the section on general-

izations in chapter 6).



NCOMP = 3 KCOL = 3 NREC = 3 NMAX = 100
THE ORDERS OF THE DIFF EQS ARE

222

NSIZEF = 277 AND NSIZEI = 15

THE ARRAY SIZE OF FSPACE SHOULD BE 27787
THE ARRAY SIZE OF ISPACE SHOULD BE 1503
THE MAXIMUM SIZE OF THE MERGE MESH 300
THE MAXIMUM SIZE OF THE FUN VECTOR 9ng
THE SPLINE COEFFICIENT ARRAY SIZE 2700
THE MAXIMUM ARRAY SIZE OF PSTHIS 1979
THE SIZE OF THE INTEG, ARRAY IPAST 10
THE TOTAL SIZE OF THE RL ARRAYS IS 67390
AND THE TOTAL STORAGE IS APPROXTLY 545 K BYTES

Figure 2: Sample Output from the Sizes Program



Chapter III

DESIGN OF INITIAL EXPERIMENT

3.1 DESCRIPTION OF PROBLEM

The initial experiments with DYNACOL were carried out

using Burgers' equation, with simple initial conditions:
(3.1 U+ () = pu

with initial and boundary conditions given by

1.0, if x < 0.1

(3.2} U{-00,t) = 1; U(oco,t) = 0; v({x,0) =
0.0, if x > 0.1
This equation has the analytical solution [1,35] given

by the following formulae:

(x-t/2-1/10)
exp (

let A(x,t) =
(1/10-x)
B{x,t) = erfc [ ]
2 vt,(l/z)
(x-t-1/10)
C(x,t) = erfc [ ]
2¢( vt](l/Z)

then the solution to the partial differential equation (3.1)

is given by

- 18 -
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C(x,t)
{3.3) Ue(x,t) =

C{x,t}) + A(x,t)B(x,t)

The investigations were carried out in two parts:
1. With Pseudo-Start and discontinuous initial condi-

tions; that is

(3.4) ul{x,0) = U, (x,0)
u{g,t) = U_{(0,t)
ufd4,t) =U_(4,t).

This was intended to test the relative effectiveness
of the higher order discretizations.

2. With the general Start, and continuous initial condi-
tions; that is

(3.5) u(x,0)

"

Ue(x,l)

u{l,t)

"

U (0, t+1)
u(d4,t) = Ue(4,t+1).
This was intended to test the effect of the start-up

algorithm on the performance of the program.

3.2 COLSYS FORM FOR BURGERS' EQUATION

For this one-component problem, the rewriting of the

partial differential equation (3,1) into COLSYS form is ex-

tremely simple:

o™ o ul™ )+ W™ x)

(3.6 ulf(xy =
Xx v

where
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k

o™ - g™

i=1
B

is the linear combination of the Past History which approxi-

w™x) =

mates the time derivative,

3.3 MAIN IDEAS
We felt that useful information could be obtained about
DYNACOL {in a reasonably short time) by looking for the ex-
tremes of the time step h; that is, for a given set of other
switches, find values of h satisfying the following:
hlow = a value of h for which the program produces accep-
table output (i.e. the solution is reasonably ac-
curate by maximum error and visual standards).
hhigh = a value of h for which either of the following
two conditions hold: the program produces unac-
ceptable output for h = hhiqh, or fails to pro-
duce output at all (i.e. the Newton's iteration
fails to converge, or COLSYS fails for some other
reason).
Thus the initial experiments were designed mainly to
see the relative efficiencies of the various orders of the
method., By looking, in essence, for the largest value of h

that would work, we are hopefully looking for the cheapest h

for a given method, On this basis we compare the different

orders of the method.
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3.4 EXPERIMENTS WITH PSEUDO-START

In designing these experiments, selection had to be
made among the many switches (that is, performance control
parameters) to maximize information obtained for effort ex-
pended. A list of the relevant switches follows, with com-
ments indicating their believed relative importance. There
are more switches than are listed here; the remainder will
be found in the appendix describing COLSYS.

1. Parameters to COLSYS,
a) Spatial tolerances on the solution u(n)(x) and
ux(“) (x}.

NTOL
i=1
, where Ji is the index of the

component of z{u) we wish the ith tolerance ap-

Given a set of tolerances {Ti}

NTOL
i=1

and & set of

pointers {Ji}

plied to, COLSYS attempts to satisfy the following

inequalities.

(3.7 !|z(u)Ji(x) = z{vly ()11 < Ti(1+|!z(v)Ji(x)ll)
1

where z(u)j and z(v)j are the jth components of
the exact solution vector and the computed solu-
tion vector, respectively. Thus, these parameters
have a direct effect on the accuracy and the effi-
ciency of a single step, i.e, the solution of a
single BVP. In general, the smaller or tighter
the error tolerance, the better the accuracy, at

the price of longer CPU time,
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b} The number of collocation points per subinterval

c)

4}

kc, and the maximum number of subintervals al-
lowed.

Both these numbers have a bearing on the storage
requirements of the program, and a less direct ef-
fect on the accuracy. The number of collocation
points is also a factor in the degree of the B-
spline basis for the solution of the problem. For
stability reasons one would like this as low as
possible, but for accuracy one prefers it higher.
For our problems, we will use only the minimum
value of kc'

Initial mesh for the first solution utl)(x)

Unless otherwise specified, we will choose this to
be a uniform mesh of a few intervals. This switch
can be important for hard-to-start problems, and
it is easy to find examples of problems where a
good initial mesh is essential to an efficient
run, or indeed a sucessful run,

Sensitivity switch,

One sets a parameter to COLSYS, designating a
problem as either “"sensitive"™ or "regular™., This
makes a difference in the mode of COLSYS' Newton
iterations, which can be either cautious or fast,
corresponding to whether or not the Jacobian of

the Newton iteration is updated often (cautious
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mode) , with careful control of the relaxation fac-
tor, or updated not so often, with more emphasis
on efficiency than sensitivity. It is not likely

that this is an important parameter.

e) Other COLSYS switches (see appendix).

Parameters in the calling program.

a)

b)

The time step size, h.

This is perhaps the most important parameter (to-
gether with the number of stages used, k). If h
is too 1large, the program may fail completely,
while if h is too small, we are paying too much
for the solution,

Number of stages in the method, k.

This is the order of the approximation to the time
derivative Ut(x). The relation between this and
the time step h is a complicated one. It would
seem that the higher the order, k, the larger the
time step we could take. However, this is not so,
due perhaps to instabilities in the particular ap-
proximations to the time derivative that we are
taking (the Gear stiff approximations, as men-
tioned previously). This will be discussed in a
later section, So we would in fact expect an op-
timal value of k for a given problem, and the ini-

tial experiment seems to bear this out.

Problem dependent parameters,
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a) Diffusion Constant in Burgers' equation,
b} Initial conditions,.
There are many initial conditions that produce
phenomena of 1interest, Initial discontinuities
are perhaps the most interesting, but breaking
wave phenomena (1,201 are also of interest.

Out of all these switches, we have made some definite
choices for our initial experiments with the Pseudo-Start
routine, Our problem is (3.6) together with initial and
boundary conditions (3.4), with the diffusion constant
chosen to be =0.02, The remaining switches were chosen as
follows.

1. Parameters to COLSYS.
a) Spatial tolerances on the solution u(n)(x} and
ul™ (x) .
Two sets of values for the two tolerances were

chosen here:

i) Loose tolerances: T, = 1073, the tolerance
on u{x); T2=10'1, the tolerance on uy (x) .
ii) Tight tolerances: T, = 1073, T, = 1072,

b) The number of collocation points per subinterval
was chosen to be kc=3.

c} Initial mesh for the first solution u(l)(x)
We will choose this to be a uniform mesh of 5 in-
tervals, This is a very crude choice of an ini-

tial mesh. For this problem, however, COLSYS ov-
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erate h), and 1likewise for higher orders. This is a
problem, and restricts the use of higher order methods.

At this point, we see the need to consider other meth-
ods of time discretization. The lower order stiffly stable
methods of Hermite type [26]1 are possibilities, and another
is to use the box scheme, or the Crank-Nicolson method [211.
However, these are full scale projects, and we still have
more information that we can glean from the Gear backward

difference approach.

3.14 CONCLUSIONS DRAWN FROM INITIAL EXPERIMENTS

These, the preliminary tests of DYNACOL, were moder-
ately successful, The expense of computing the solution to
Burgers' equation was quite high, as was expected. How-
ever, the code behaved as expected, and the spatial mesh
showed good movement with changing time (see graphs). This
bodes quite well for the more difficult problem to be inves-

tigated later, the gas dynamics equations of a shock tube.



Chapter IV

DESCRIPTION OF COLSYS

4.1 MOTIVATION

Now that the initial experiment has been looked at, and
we are able to ask more sophisticated questions about
COLSYS, it is profitable to look at the details of its oper-
ation. In the last chapter, we looked mostly at the error
introduced by the time discretization, tacitly assuming that
the spatial error would be minimal. In order to look more

closely at this assumption, we will need a working knowledge

of COLSYS.

4.2 THE METHOD OF COLLOCATION,

For an elementary introduction to spline collocation,
see [28}, or [71. Both of these are good introductions to
the theory of spline collocation in the context of solutions
of ordinary boundary value problems; while {91 contains in-
formation more pertinent to the use of spline collocation
for systems of ordinary boundary value problems. Here we
will give only a brief introduction, and no theory or error
estimates at all,

Collocation is the process of finding an approximate

solution to an operator equation by requiring that an ap-

- 45 -
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proximate solution satisfy the operator equation at some
discrete set of points, as well as satisfying the boundary
conditions. We will illustrate collocation for the case of
a one-component linear problem, and generalize to multi-com-
ponent, nonlinear problems later. Consider the ordinary

boundary value problem
(4.1) eiul = w@ g0 ey g 0 <x <2

with the boundary conditions

I
@®

(4.2) cyu(o) + d;u? (0)

1}
®

cu(t) + dpu ()

To describe the approximate solution, we introduce some sub-
space S of C(l)lo,l!, with basis wj(x), 3=1, .... Thus we
will approximate the solution to (4,1) with a function v(x),

where v(x) is of the form

N*
(4.3) v(x) := z a‘3’¢j(x)

j=1-p

We will determine our approximate solution by requiring that

it satisfy the differential equation exactly at some set of

points (sj), that is,

(4.4 L(v] (sj) = G(sj)
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ercame this difficulty éasily. 1t is in fact not
a true test of COLSYS' mesh selection algorithm,
as the exact solution is provided by Pseudo-Start
for the first k wvalues,

Sensitivity switch,
The problem is designated “regular”.
Other COLSYS switches are taken to be their de-

fault values,

Parameters in the calling program.

a)

b)

The time step size, h.
This is what the experiment is designed to find.

We will be looking for h

low and hhiqh as mentioned

previously.
Number of stages in the method, k.
These were chosen to be k=2, k=3, and k=4 for com-

parison purposes,

Problem dependent parameters.

a)

b)

Diffusion Constant in Burgers' eguation.

V=0.02, as mentioned previously,

Initial conditions.

The initial conditions are (3.4), the discontinu-

ous initial conditions.



3.5 RESULTS OF EXPERIMENT WITH PSEUDO-START

For this run, p=0.02, T,=107%, T,=107", tend=5.0
TABLE 1
Loose Tolerance Runs
I k=2 | k=3 ! k=4 |
hlow ! 0.10 ] 0.125 ] 0.10 !
max, error | 0.28 | 0.28 | 0.46 |
total cpu (s) | 33,9 | 33,4 | 47.1 |
e - e frmme————— +
time/step (s) | 0.64 | 0.81 1 0.92 |
S S, fommmmm—— e fom formr e +
foemmm e pomm e omm fommm s +
hy . 0.15 0.15 0.15
Phigh ________ 1,035 1.0 1015 )
max., error ! 0.40 1 0.44 | 0.70 |
---------------- e e §
total cpu (s) | 11.6 | 29.8 | 44.0 |
L T T T T R P — fommmm e - +
time/step (s) | 0.34 | 0.88 I 1.29 |
g - R —— e Fommm e +

26



For these runs, p=0.02, T1=10'5' T2=10-2' tend=5.0.

TABLE 2

Tight Tolerance Runs

Fomr e ———— - fommmmnaaa $ommm +
| | k=2 | k=3 | k=4 |
tmmmmmmmm—————— B ¥ S O +
h | 0.05 0.125 0.10 |
Plew 4220 e 2 .
Imax. error ] 1.7(-2) | 3,6(=2) | 2.2(-2) |
fommmmm——————— pommmmameaa e fmm +
|total cpu (s) | 151.6 | 78.9 | 127.8
$ommmommnnacaa E R — T O S —— +
jtime/step (s) | 1.50 I 1,92 | 2.51 |
4ommcemmm—————— fommmman Fom o pmmmm +
U pomm e ——— . $mmmmm———— +
‘h . I 0.10 ! 0.15 I 0.15 |
yonigh Hmmmm e U pmmmmmmm +
{max. error ! - 1 - i - 1
e N S frmm———— fmmmm e +
ltotal cpu (s) | 8.30 | 2.55 | 17.0 |
O T Tt O R e Fomm e +
|time/step (s) | - ! - | - |
o tmm e ——— - Fmmm e +

27



3.6

SOLUTION PROFPILES WITH PSEUDO-START
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3.7 DISCUSSION

There are many things to consider in the evaluation of
the performance of the program. As these are initial exper~-
iments, we will discuss only two of the most important cri-
teria here: accuracy, in a sense to be defined below, and
efficiency, again in a specific sense defined below.

Oout of the many possible criteria for accuracy, we have
decided to use two: the maximum error, and a visual, quali-
tative assessment of the results. The maximum error, if
small, will guarantee a good visuval result, but sometimes
even a reasonably small maximum error did not reflect the
presence of oscillations, which made the solution unaccepta-
ble. Other criteria were measured by the program, including
reporting on the shock centre position, the shock speed, and
shock width, However, DYNACOL propagated the wave at the
correct speed, so these reportings did not distinguish be-
tween the runs of DYNACOL at different orders, which was the
purpose of this experiment. Even the maximum error was not
as good a criterion for this purpose as was the wvisual in-
spection of the solution profiles., 1In a few cases, runs
with comparable maximum errors would have quite different
profiles. Oscillations were definitely a problem here, al-
though with the averaging techniques now extant, [19], this
may not be as serjous as previously thought.

Due to the complicated relationship of the time step

size h and the order k to the overall cost of a run, only
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the simplest efficiency criteria are of value here. We will
compare runs on the basis of overall cost in cpu seconds,
and the average time per step taken by COLSYS {although the
behaviour of COLSYS as the problem time increases is of in-
terest). Using these criteria, it is evident that the high-
er order methods are of some value, as is shown in the fol-

lowing table,

| k=2 | k=3 | k=4 |
total iy gy By S I
solution | 151.f6 | 78.9 | 127.8 |
time e m ;e mccde ;b cGmacmaaa——n '

Thus we can see that the method is more efficient for k=3
than for either k=2 or k=4, This is expected, and will be
pursued in the case of general start, On the IBM 4341, 30
seconds of cpu time is about $1.00, on the slow batch ma-
chine,

During the course of these experiments, we noted that
the form of failure or unacceptability for the runs with a
higher spatial tolerance was a hard failure; that is, COLSYS
would fail to find a solution, usually on the first step.
This failure was due usually to a failure of Newton's method
to converge on the mesh provided by the COLSYS mesh selec-
tion algorithm, Whether this represents a failure of New-
ton's method or a failure of the mesh-selection algorithm is
irrelevant, because both need a sufficiently good initial
guess to find a solution and mesh for the current time step.

As DYNACOL uses the solution and mesh at the previous time
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as the initial guess for the current solution and mesh, this
means that the time step h must be sufficiently small, How-
ever, exactly what constitutes sufficiently small is a very
difficult question to answer in this context.

What is especially not clear about this limitation is
the effect on the efficiency, the time per step, near the
failure point, the largest value of h. Since Newton's meth-
od converges gquickly when it converges at all, one would ex-
pect only a slight increase in cost before failure. How-
ever, 1if the principal source of failure is the mesh
selection algorithm, there is likely a considerably greater
variability in the time step. The experimental evidence
gathered by the author, In the course of these experiments,
suggests that the first possibility is in fact the case;
there is only a slight increase in cost. However, the evi-
dence is only suggestive and by no means conclusive,

Another interesting question about efficiency is raised
by the notion of appropriate spatial tolerances., By loosen-
ing the spatial tolerances, we may make large gains in total
solution time (compare the time per step in Table 1 wversus
the time per step in Table 2). However, we obviously pay a
price in accuracy. Choosing an optimal value for a spatial
tolerance is not easy. Graph (4) represents an intermedi-

ate set of spatial tolerances, T1=1o’4, T2=10°2, and we see

that the solution is almost satisfactory, except for the

stable, nonconservative blip just behind the shock, If we
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tighten the tolerances to 10'5 and 10'3, the phenomenon dis-
appears. Thus these tolerances are quite important, and un-
fortunately we have only a "rule of thumb®™ for dealing with
them: set them small (tight) enough so that the expected
error hehaviour is dominated by the error made in the time
discretization. This rule is not very helpful, but it does
point out the general behaviour of the error tolerances "in

the limit".

3.8 REMARKS ON THE MESH SELECTION

The first experiments with DYNACOL are very encourag-
ing, as far as mesh movement is concerned. It is quite ob-
vious from the graphs that the meshpoints are concentrated
in the region of the shock, and move with it as time in-
creases, The areas of high density of mesh points are in
fact the areas that are changing rapidly or whose high order
derivatives are changing rapidly, as expected. Further,
mesh points are removed, as the shock passes by.

The effect of the spatial tolerances on the mesh selec-
tion is quite evident, The graphs with tighter tolerances
show a higher mesh density, and flatter profiles, The
graphs with the loose tolerances, on the other hand, show
surprisingly few mesh points, and large-period oscillations.

In retrospect, this is quite reasonable,
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3.9 EXPERIMENTS WITH GENERAL START

The experiments with the general Start routine are very
similar to those with the Pseudo-Start routine, with a few
important differences, The general Start routine does not
use any exact sclution prefile to get the first k solutions;
rather it uses a lower order method to start off slowly, and
gradually works up to the higher order method required.
This puts some limitations on the initial conditions that we
can handle, and so we must, in order to avoid prohibitively
small time steps h, use the continuous initial conditions
(3.5} for our problem. Note, however, that while the ini-
tial profile is smooth, it is still guite steep.

another difference is that the tight spatial tolerances
used with Pseudo-Start were unworkable with the general
Start. This is perhaps because of the relatively large time
step h, or perhaps contamination by lower-order errors in-

treduced by the general Start. So the tight tolerances for

4 2

these experiments are Tl=10- , and T2=1n' .

The last important difference is that the k=4 case was
abandoned, as the experiments with Pseudo-Start had shown
k=3 to be more efficient. Otherwise, all parameters were

the same.



3.10 RESULTS OF EXPERIMENT WITH GENERAL START

For these runs, p=0.02, T =10"3, T.=10"1

1 ’ 2- '
tend=5.0
TABLE 3

Loose Tolerance Runs
dmm e fosmmm———— - +
| | k=2 | k=3 |
o —————— fomesm———— B —— +
ih { 0.10 | 0.125 |
PO 1=} S ——— o Yo +
|max. error 1 0.65 | 0.45 |
domm - b e amme e +
|total cpu {s) t 23,3 | 19.4 |
fmmmmmm e o $ommm e m B - +
|time/step (8) | ©0.39 1 0.37 |
tmmm e fommmmeoe o O — +
Fomm—w s mm———— $ommm e U +
th, . | 0.15 | 0.15% |
s-nigb T — - +
Imax. error 1 0.81 | 0.30 |
e b o +
|total cpu {s) | 22.6 I 15.8 !
- S, fommmm +
‘time/step (s} | 0.50 i 0.34 |
. fommm e - +

36
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For these runs, P=0,02, T -10'4, T —10'2 tstart=1,0,

1- 2" '
tend=5.0
TABLE 4

Tight Tolerance Runs
oo b o ——— +
| I k=2 1 k=3 !
4ocmemem——————a B o +
I'h I o0.10 ! 0.10 |
+=19% L fommmm e e +
Imax., error | 3.6(-2) 1 3.0(-2) |
Sy N SR fommem—e +
|total cpu (s) | 36.5 | 32,3 |
T T tomm e fmmm e +
|time/step (5) | 0.62 | 0.54 |
fommmmmmm——————a N fomeeme e +
S . - +
Ihy s | 0.15 I 0.15 f
snigh #ommlll ol $ommllilooo +
Imax. error | 3.0(-2) | 6.0(-2) |
e b - +
ltotal cpu (s) 1 24,6 | 24,2 1
frm e D Frrmm————— +
{time/step (s) | 0.59 | 0.53 |
fommm e ———— . fmomm———— +
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SOLUTION PROFILES FOR GENERAL START
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3.12 DISCUSSION

It is evident from the times taken that k=3 no longer
has the large advantage over k=2 that was previously noted.
It retains a slight advantage, and so we will continue to
investigate the case k=3, but perhaps due to the lower order
errors introduced in the Start, it seems to be nearly as ef-
ficient to use k=2,

However, what is of more interest here is the fact that
we still have oscillations, even with smooth initial condi-
tions. After the Pseudo-Start, it was assumed that these
oscillations were a natural consequence of the discontinuous
initial conditions. Their presence here was surprising, and

indicated that they had some other source,.

3.13 FURTHER MINI-EXPERIMENTS

On the hypothesis that the oscillations were caused by
the cubic spline interpolation of the Past History, a few
runs were made with the cubic spline replaced by a spline in
infinite tension, that is to say a broken line interpolant.
This had the rather surprising effect of eliminating oscil-
lations, at the price of increased cost and the introduction
of a large amount of numerical diffusion. It is well known
that introducing artificial diffusion into shock problems
will reduce oscillations; I find it very interesting that
this particular attempt at reducing oscillations produced

the diffusion. As mentioned, however, the cost per step
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rose dramatically, presumably due to the roughness of the
piecewise linear interpolation. This would cause the pro-
gram to see larger (high-~order) derivatives than are actual-
ly present, which would force the program to use a finer
mesh than necessary, Thus one would expect that a spline in
tension would be better, but this needs to be investigated
carefully,

There was another interesting error, which showed up in
the Pseudo-Start solution profiles with the parameters k=3,
h=0.1, T1 = 10'4, and that was a nonconservative error in
the graph just behind the crest of the shock. This probably
had as its source the error introduced to the problem by the
use of collocation to approximate the solution to the bound-
ary value problems. It is possible, as noted before, to
eliminate this error by tightening the spatial tolerances.
In order to investigate this, some rather complicated error
analysis is necessary, but as this is not central to the
thesis, it will be omitted,

A more appropriate analysis would be to try to investi-
gate the error introduced by the discretization of the time
derivative, and how it depends on k, h, and the problem pa-
rameter ¥ . This would give some idea of the relationship
between k and the allowable time step, which is the parame-
ter of major interest. Since we know the exact solution of
Burgers® equation for the initial conditions we are using,

this analysis is possible.
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The error introduced by the approximation of the time

derivative is

k
Ug(x,t) -E aiUe(x,t-i*h)
d(U (%, t)) =t
(3.8) -
dt : Boh
and for various values of h, k, and , we can graph this

for a fixed value of t to get an idea of the error made by
this approximation. Some graphs of this function follow,
and it is seen that (as expected) the error made is large
only in the interval containing the shock, and again as ex-
pected looks like a constant times the (k+1)St time deriva-
tive of U, (x,t) times hk. However, all we can say analyt-
ically is that

x|
(3.9) err(x) = C _ = |h

k+1 dtk+1

t=8(x)
where t-h < 8(x) < t for each x, so the resemblance to the
time derivative is to be expected, but is only an approxima-
tion. The values of the constants Ck+l are tabulated in Ap-
pendix D.
The derivatives appearing in the formula above are for
k > 3 quite large, and proportional to y'k. Thus we ex-

pect, and we see in the graphs, the fact that k=4 is no bet-

ter approximation to the time derivative than k=3 (for mod-
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These equations are, since (4.1) is linear, linear in
the a(i). We solve the system (4.4) for the a(i,. and we
then have an approximate solution to (4.1).

Obviously, there are many things to consider in such a
method. What form is the approximating function v(x)}? How
do we choose the points (Sj]? For reasons of practicality,
we choose the form of v(x) to be a piecewise polynomial on
some mesh (xj), and for theoretical reasons (to minimize the
error |IU(X)-V(X)1|2, where {I*|], is the L, norm) we choose
the collocation points (sj) as the Gauss-Legendre points on
[-1,1) scaled to fit each subinterval of our mesh [xi,xi+1]
[8]. Thus the egquation (4.1) becomes a linear system of
equations for the spline coefficients of the function v(x),
as follows.

The number of eguations is the number of collocation
points plus the number of boundary condition equations, and
we clearly must have this equal to the dimension of the ap-
proximating space from which we are taking v(x), in order to
solve for the a{i’. The subject of an upcoming section is
the choice of approximating space, and a choice of basis for
this space, both of which affect the structure of the matrix
of the linear system (4.4). For details on the choice of
the collocation points, see [8). For details of the error
estimates for our problem here, see [5]. Now that we have
an elementary idea of what collocation is, we will proceed
with the description of COLSYS, expanding and generalizing

the ideas introduced here as we go along.
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4.3 PROBLEM DEFINITION FOR COLSYS

Consider the mixed order system of d (possibly nonlinear)

ODEs given by
(4.5 o M) = Fixpzw) ie1,..,4

where m. is the order of the ith differential equation, sat-

isfying 1 ¢ m <m < ... mg £ 4, and where z{(u} = (u,
-1 -

Ul(lj: cent ul(ml ),uzr ceer ud(md 1)), the vector of de-

rivatives of u{x), of length m*, where m* = my + m, L R

my. The sought solution vector 1is wu(x) = (uy,  u,,

ceerug)l (%3, and satisfies the following (possibly nonlinear)

boundary or side conditions:
(4.7) Gj(pjtz(u}) =0,

for 1 = 1,... m*, where m* is as above.

Pj is the location of the jth boundary or side condition,

a <Py <Py < eve Ppa £ bo

Notice that COLSYS does not explicitly convert the

problem into a first order system,

4.4 SPACE OF APPROXIMANTS

Given a spatial mesh M := (a=x1 < X, < ... < xN+1=b]

define hi = Xjq T %y h = max hi' and h = min hi' and de-

fine

P(n,M) 1= {v(x) |v{x) restricted to %;¢ % <x is a

i+l

polynomial of degree < n}
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then we will look for an approximation to the solution of
the boundary value problem in the linear spaces

P (komg )" c™i= ra,b], where
m, := order of the ith differential eqguation
and kc := number of collocation points per subinterval
(typically kc=3).
Notice that this notation differs from the previous and fol-

lowing chapters, in that h is no longer a time step but a

spatial mesh size,

4.5 CHOICE OF BASIS

For reasons of stability, flexibility, and efficiency,
B-spline bases were chosen for the above approximation
space, That is, Oj(x) = Nj’kc+mi(x}' where the Nj,k(x) are
the B-splines of order k on the given mesh M, Current re-
search [6) indicates that monomial bases are perhaps better,
even for our purposes, but this is not centrazl to the the-
sis. The only implication for this thesis is that with mon-
omial bases, there is the possibility that the boundary val-
ue problems may be solved using single precision (currently
the condition number of the collocation matrices arising
from the use of the B-~spline bases is such that double pre-~

cision is required to minimize the effect of roundoff).

Again, however, this is not important for our purposes.
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4.6 LINEAR EQUATION SOLVER

The generalization of (4.4) for the case of a multi-
component linear system with linear boundary conditions (a

special case of (4.5)) is as follows. Write the problem as

(4.7 Lilz(u)1 (0 := u; ™) - Fyp(oug (M)

= hee - Fi'mi(x)ui{x) = G (x)
and if
N*
(4.8) Vi(x) = E aj:ierkc"'mi(X)
j=1—kc—mi
where Nj k(x) is the jth B-spline of order k on the mesh
r

{xi]?i{, kC is the number of collocation points per subin-

terval, and N* = Nk_.., TIf we define x; 1= X: + hicj/Z:

' J i
where the cj are the Gauss-Legendre points on [-1,1], then

our linear system can be written

(4.9) Li(z{v)](x )

n,j' = %i(%n,4

where i=1,...d, j=1....,kc, and n=1,...,N.
4.10 B. .} = b
( ) 32(v) (py) b

for j=l,...,m*,

This gives a linear system for the (Nk.d + m*) unknowns

4 . Owing to the local support for the N-'k(x), the

]
system (4.9) can be arranged into an almost block diagonal

a. -
1,3



51
structure. This can be solved efficiently using the deBoor
and Weiss package, SOLVEBLOK, modified to suit the context

(2,3,5].

4.7 SOLUTION OF NONLINEAR EQUATIONS

This section, along with the mesh selection algorithm,
is of major interest for this thesis. The failure of the
Newton's iteration to find a solution is one of the most im-
portant forms of failure of the program. It indicates that
the time step is too large, and the old solution is no long-
er a good enough initial guess for the current solution. It
is of interest to see how efficient and robust this section
of coLsSYs is,

Now consider the fully nonlinear problem (4.5). De-
fine, for suitable vectors v := (vl, ces Vg) and w o= (W,

coey wd) the family of operators
(4.11) Li[w] 1= Li(v){w1

TN aF; (*rz(v)

- —z, (W)

0z

n=1 n

w; (mi)

and the boundary condition operators

n* 36; (pyrz(V))
z, (W)

(4.12) B.w := B.(v)w :=

J ]
n= an

which are linear in the components z{w) := (wl,

"oy

w ™Y e, g Ma
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we now attempt, using (4.11) and (4.12), to solve (4.5)
by the Newton process, First, choose an initial approxima-
tion
9" € P s ct2 ta, 1
(for our purposes, this approximation is neatly at hand -
the solution to the problem at the previous time step.)
Given an approximate solution zs, a corrected approxi-
mation gs+1 is obtained by setting
(4.13) v i= vS 4 r W
where !s' the Newton correction, is the collecation solution

of the linear problem

(4.14) L, (vSHw = £ i=1, ..., 4.
(4.15)  Bi(v?)w = by j=1, ..., m*,
where

(4.16) £, := £, (v = -0v (M) - Bz

(4.17) by = by(v®) := -G, (pyiz(V))

The factor rj in (4.13) is a relaxation factor, 0 < Ty
< 1. When rj = 1, the iteration for !s becomes a pure New-
ton's iteration. The theory and practice behind the calcu-
lation of the relaxation factor re is given in [15]1. The
important thing for us to note is that this improves the ro-
bustness of the method of solution of the nonlinear equa-

tions, especially in the case of sensitive boundary value
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problems, The user of COLSYS sets a flag, telling COLSYS
whether the problem is regular or sensitive. If the problem
is regular, the Newton's iteration will take ro = 1, and up-
date the Jacobian only sparingly. If the code runs into
problems with the convergence, that is to say if the residu-
als are not decreasing fast enough, the code switches to
cautious mode and uses the procedure outlined above, with
careful prediction and correction of the relaxation factor.
If the convergence then obtained is going smoothly enough,
the program will switch back to fast mode, and so on, hope-
fully to a good conclusion.

If the problem is designated sensitive, COLSYS never
uses fast mode, and starts the iteration with r, = r

0
taken by COLSYS to be 0.0l1, This value was chosen for em-

min’

pirical reasons, I believe. However, we will see that in
nearly all cases for our program, the Newton's iteration
converges after only one iteration., This suggests that the
designation of a problem as sensitive would be quite ineffi-
cient,

The convergence criterion used by COLSYS for the nonli-
near iterations is related to the convergence criterion for
the mesh selection process, The code COLSYS is attempting

to satisfy the following tolerances

(4.18) MHzi(w) - z3(vitl ¢ Tyl + 1lzg(n) 1)
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where zi(u} is the exact solution vector, zi(v) is the com-
puted solution vector, Tj is a given tolerance, and i=Jj is
a given pointer to the component of z requiring tolerances.
In view of the superlinear convergence of the Newton process

we need only take the following simple convergence criterion

to match (4.18).
(4.19)  1hz (% -z (vDIIL < T w Nz STH D

where | [*|} is the infinity norm on ([a,b).

It is interesting to note that if we had a better ini-
tial guess than the solution at the previous time step to
the current boundary value problem, say an extrapolation of
some sort, we could take larger time steps. However, one
would expect such a process to be unstable, and self-defeat-

ing.

4.8 ERROR ESTIMATION

The basis for the error estimation used by COLSYS is
the following formula, which holds locally when kc' the num-
ber of collocation points per subinterval, is made large

enough so that kc > my, the largest order of the ordinary

boundary value problem system [2,3,5,9].
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If p= kg + mj and q = k, - my. then at x fxi,xi+1],
(4.20) ej(x) 1= uj(x) - vj(x)
u_(P) (xi)
= -J—_—p‘(y)h_p
2P ] 1
+ o(hP*l
2(x - (x.+x...}Y/2)
where y = Ll
h.
1
and
a4 {(22-1)’%
{4.21}) P.(2) 1= ==
J dz1 (2k_). }

and further, the derivatives of the error can be approximat-
ed by the derivatives of ({4.20) to o(nP*1-Ly) where L is the
order of the desired derivative.

The neglected global error term is of higher order than
the local errcr term retained, so we are tempted to use
equation (4.20) directly for an a posteriori error estimate,
using finite differences to calculate the high order deriva-
tive at the mesh points appearing in the formula (4.20).
However this is unreliable in practice for at least three
reasons [2}].

i) The estimate depends explicitly on the high conver-
gence rate of the local error term, which is often
not achieved in practice.

ii) The computed approximation to the high order deriv-

atives may be inaccurate.
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iii) The neglected global error term is not always of

negligible magnitude, especially if the mesh is in-
appropriate.

In practice, the following procedure [2] is more accu-
rate and more stable, and this is the method used by COLSYS.
The error estimate is obtained by halving the mesh, comput-
ing another solution on the refined mesh, and comparing the
two approximations using (4.20). Let the meshes be {xi}?:i
and {yi}§§;1 where y,: ., = x;, and y,y = (Xj+x;,,)/2. Let
the corresponding solutions on the meshes {xi} and {yi} be v
and v' respectively. For each n, j, and i, 1 < n < d, 0 < j

<m., and 1 < i < N, compute the values

L (3} IR &)
{4.22) JANBRL 'S (Rip16) = Va7 (X 0!

.= (3 « (3}
L 1= a7 iy p3) = v (X 90
then using (4.20) gives

(4.23) max ]uéj)(x)—v'éj)(X)i
x €1

=
"k kg=m +j VASERIVAVY
where I is the interval [yzi-l'yzi]' and where véj)(x) is

th

the 3P derivative of v,(x), the n component of v, and

where the Wy .4 are precomputed weights, k_ =1, ... 5, and
c
g=0, ... kc-l. For the details of the derivation and use of

(4.23) see [5].
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This method of estimating the error has proved to be
quite accurate, and is much less susceptible to the problems
associated with the direct use of (4.23). However, if the
mesh is inappropriate, even (4.23) may fail to hold. 1If, on
the other hand, the mesh is even reasonable (with quite a
broad interpretation of reasonable) the estimate (4.23) be-
comes quite accurate, even if the mesh is highly nonuniform.

This brings us naturally to the next section,

4.9 MESH SELECTION ALGORITHM

Basically, the mesh selection algorithm of COLSYS is an
iterative scheme to improve a given initial mesh until it
allows the program to calculate a solution to the problem
which satisfies the user-given error tolerances. In our
context, we are taking the mesh used at the previous time
step as the initial mesh for the current time step. The ra-
tionale behind the mesh selection procedure is to select a
mesh which approximately equidistributes the local error,
estimated by (4.20), and thus hopefully equidistributes the
global error as well, Eguidistribution refers to the pro-
cess of making the estimated error on each subinterval sat-

isfy the following [29,30,12)
(4.24) hi||Ti(x)!|§ = constant for all i,

where Ti(x) is the error estimate (4.20), restricted to

[xi,xi+1}, and H*llP is some suitable norm, in our case the
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L2 norm on the subinterval [xi, xi§1]. This essentially
says that if the high-order derivative is large in an area,
one should make the subintervals smaller there, because the
local error {(and hopefully the global error) depends on
these two quantities. This is done by using the solution
v(x) computed on a current mesh {xi} to calculate a new mesh
{x'i], consisting of a possibly different number of points
at different places, which satisfy the following criteria,
1. The solution on the mesh {y'i}, the doubled refine-

ment of {x'i}, approximately satisfies

(4.25) Hlzpqw - 2 (w11 < T30 + [Hzg (91D

where z(u) = (u, ul{l), R ul(ml'l), Ugy eess
ud(md'l)) is the vector that would result on convert-
ing (4.5) to a first order system, and i = Jj is the
pointer to the component of z requiring tolerances,

and the Tj are the given tolerances,
2. The number of meshpoints N' 1s approximately the min-
imum N for which the solution on the halved mesh sat-

isfies (4.25).

The details of the method used by COLSYS to calculate
the mesh can be found in [2,3,5,29], so only a brief outline

of the algorithm will be given here.
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COLSYS Algorithm for Mesh Selection [2].

1.

Given the current mesh [xi}, compute a collocation
solution to the problem (4.5) v.

If the nonlinear iteration for v did not converge,
halve the current mesh. If the new mesh is too
large, (larger than NMAX, the largest that our stor-
age will permit), then exit with failure; otherwise
let the refined mesh become the current one, and go
to step 1.

1f the current mesh has been obtained by halving a
former one, and convergence occurred on both, then
compute the error estimate using (4.23), and check if
(4.25) are satisfied, TIf so, then exit successfully;
otherwise proceed,

Compute the selection parameters Lye Ty and r3.1
{(For details see [2]).

I1f rl < 2r3 then halve the current mesh, let the re-
fined mesh become the current one, and go to step 1.
This step is CONLSYS' check on suspicious mesh chang-
es, and reflects a certain amount of pessimism in the
error estimation and equidistribution calculations
(the ri's).

Otherwise, the predicted new mesh is acceptable. De-

fine

1 See the remarks on the meaning of these parameters on the
next page.
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and compute the new mesh of N' subintervals by re-

quiring that the error be equidistributed, let the

new mesh become the current one, and go to step 1.

There are several remarks made about this algorithm in (21,

here reproduced.

The ratio r_/r
the mesh fails %o be equidistributed.

The choice of N' is made so that N/2 < N' < N and
so that a subsequent halving of the mesh Ts pos-
sible., Also, r, is a prediction by the code for

the optimal N'.

As an added measure of caution, the mesh is auto-

matically halved if

i) the size of the new mesh is smaller than

that of the former mesh, or

ii) There have been 3 consecutive mesh selec-
tions resulting in the same mesh size N, or

iii) there have been 3 consecutive pairs of mesh
selections followed by mesh halving, re-

sulting in the same mesh size, N.

represents the amount by which

The safeguards detailed above represent an attempt by

COLSYS to guard against insufficiently good initial and in-

termedi

quired

ate meshes. It is not clear that all of this is re-

in our context, and indeed the mesh selection algor-

ithm may be doing too much work from DYNACOL's point of

view.

This will be looked at in more detail in the next

chapter,
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Whether or not COLSYS performs too much work to get the
meshes for our problems, or whether the pessimism in the al-
gorithm is in fact required, it is ¢lear that the meshes
produced by the program are very good, and very appropriate.
Note that the selection algorithm, though pessimistic, may
require a sufficiently good initial guess as to the initial
mesh, 1In our context, where we use the mesh from the previ-
ous time step (or a coarser version of it) as our initial
mesh, this represents another limitation on the maximum al-
lowable time step B. However, it is not clear whether the
mesh selection strategy or the Newton's method provide the
most stringent limitation on the time step size, as it is
difficult to separate the effects of these two segments of

COLSYS.

4.10 PROGRAMMING CONSIDERATIONS

In adapting an existing code (some would say pervert-
ing) to do a task it was not designed for, there are inevi-
tably problems, Some of the more important ones encountered
in the adaption of COLSYS are discussed here. Some problems
specific to adapting COLSYS are mentioned, as well as some
which apply to any adaption.

The first difficulty encountered was the problem of
passing large arrays through COLSYS to the problem dependent
routines called by COLSYS. This has the easy but awkward

solution of having these large arrays in common block, where



62
they have to be changed every time the problem size is
changed. A more serious problem along these lines was the
design of the Past History array to allow direct use with
the COLSYS routine APPSLN, which evaluates the B-splines at
any given x € [a,bl. This again required either large ar-
rays in common block, or with their row dimensions having to
be changed in each routine that needed the Past History ar-
rays. In a more production oriented implementation, this
could be improved by the use of random access scratch files,
but for our purposes, the simple approach was adequate,

The next problem to come up was one of efficiency.
COLSYS was designed to be called a single time, or at most a
few times for continuation purposes. Thus every time it is
called, it re-initializes a large number of parameters.
This is inefficient, but we did not want to do any modifica-
tions whatsoever to COLSYS, as this study is concerned with
simple adapticn only.

Some possible problems which turned out to be non-prob-
lems because of thoughtful and foresighted design on the
part of the authors of COLSYS were the portability of
coLsYS, which is excellent, and the continuation process
mentioned above. The simple continuation process applies to
problems where there is a simple natural parameter where the
problem is easy to solve for one value of the parameter, and
difficult for others, One solves the easy problem and uses

this solution as an initial approximation for a slightly
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harder problem chosen from the family, and so on iteratively
until the desired parameter value is attained. 1If there is
not a natural parameter, it is often the case that an arti-
ficial imbedding into a family of problems can be of use.
The mechanisms incorporated into the package COLSYS for han-
dling simple continuation proved to be massively useful in
the adaption to partial differential equations. They al-
lowed in a very simple way, with just the setting of a
switch, the use of the previous solution as an initial guess
to the solution at the current time step, and the use of the
former mesh (or a coarser version of the former mesh) as an
initial mesh for the solution at the current time step.
This turns out to be a very robust procedure, although not
the only way to proceed, as we shall see in the next chap-

ter.



- Chapter V

GAS DYNAMICS EXPERIMENTS

5.1 HYPERBOLIC FORM OF PROBLEM

The next test problem we will use is the prototype multi-
component hyperbolic conservation law problem, the gas dy-

namics of a shock tube, The equations are, in conservation

form,
(5.1a) r, +m, =0
m2
(5.1b) me+ (7 +P, =0
m —
(5.1c) E, + (F(E+PpP)), =0
or in vector notation
(5.2} Ut + [F(U)}x = 0,
or
(5.2b) Ut + A(U)Ux = 0.
The density of the gas is r, m = rv is the momentum (v is

the eulerian velocity), p is the pressure, and E is the en-
ergy per unit volume. We are assuming further that the gas

is polytropic, so we have the equations of state

- 64 -
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(5.3) e

(y-L)r
and

(5.4) p = K7

where < > 1 is the ratio of specific heats, (taken here to
be 7Y =1.4, corresponding to a diatomic gas), and e is the
internal energy per unit mass, and K is a constant that de-
pends only on the entropy. Then

2

_ 1l m
(5.5) E = re+§(-{_ ]
S50
1 m2
(5.6) p= (Y-1)(E - 5 1)

The initial conditions we will use for this set of ex-
periments come from [33], but the problem is in fact a stan-
dard test problem, going back at least to 1954 (22], This
problem is used extensively as a test problem for schemes
for solving hyperbolic (nonlinear) conservation laws, Sod
[33] and later Orzag and others (19} have used this problem
with the following initial conditions as a test problem for
several different types of codes. This problem represents
the next level of complexity after Burgers' equation.

The initial conditions correspond to the initial state
of a shock tube, which is a long narrow tube partitioned

into two sections by a diaphragm. The gas behind the dia-
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phragm is at a higher pressure than that in front, and when
the diaphragm is burst at t=0 the behaviour of the gas is
modeled by the equations (5.1), neglecting such effects as
heat conduction and viscosity, We also make the idealiza-
tion that the effects of the bursting of the diaphragm can

be ignored. The initial conditions, then, are as follows:

1 -5 <x <0
(5.7) r{x,0) =
0.125 0 <x <5
m{x,0) = 0 -5 <x <5
2.50 -5 < x <0
E(x,0) =
0.25 0<x<5

It is well known that for hyperbolic conservation laws, even
smooth initial! conditions can produce solutions which even-
tually become discontinuous. So when we speak here of a so-
lution of (5.1), we will mean a weak solution, in the sense
of Lax [22], where a weak solution of (5.1) is a vec-

tor-valued function U satisfying [22,24,35]

o0 oo
(5.8} ff {wtu + wa(U)}dx dt
0 ~o0
= - f {wix,010(x)} dx

-00
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where W(x,t) is any smooth test vector venishing for |x| + t
large enough, and the initial conditions are represented by
U(x,0) = 0{x). This equation is obtained from (5.2) by mul-
tiplication through by W and integration by parts over any
region in the upper half plane. This definition of weak so-
lution is similar to the definition used in the construction
of finite element {(Galerkin) methods.
Thus any classical solution to (5.1) is also a weak so-
lution, though if u is a weak solution, it is a classical
solution only if it is smooth enough. For example, if u is

a C(l) weak solution, it is also a classical solution,

5.2 ANALYTICAL SOLUTION OF THE HYPERBOLIC PROBLEM

The integrated form (5.8) places a restriction on the
kinds of discontinuities that may occur in U, If (x(t),t)

is the path of a discontinuity in U and S := 1/x'(t), then
{(5.9) S{Ul = [F{U)]

where [*] means the difference in * across the discontinu-

ity. Consequently, if

U2 = value of U := (r, m, E) at x, "just behind"™ the

shock, and if

U1 = value of U at Xy "just in front" of the shock, then
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The physically meaningful weak solutions of (5.1) will also

satisfy entropy conditions (24]1. 1If ﬂk(u) is one of the
three real and distinct eigenvalues of the matrix A(U) (from
5.2b)), and § {as above) is the speed of the shock separat-

ing U2 and Uy then the entropy conditions ensuring that U

is a physically realizable weak solution are

(5.10) M (Uy) > 8 > h(ug)
4
t

rarefaction 4

wave /

Figure 3: (x,t) diagram for shock tube

Figure 3 is the (x,t) diagram for the solution to the
shock tube problem. There are 4 regions of constant states,

and a centred shock wave or rarefaction wave between states
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(iii) and (iv). Regions (i) and (iv) are unchanged after
t=0, so they remain at the low pressure state and the high
pressure state, respectively., Region (1i) is separated from
'region (i) by a shock wave, and the jump conditions (5.9}
may be used {36] to determine the values of r, m, and E be-

hind the shock, giving

iy = 0.26R5
mii = 0,245
Eii = 0,872

and the further (derived) wvalues

Pyi = 0.303
Vii T 0.927
€53 = 2.89

Region (iii} is separated from (ii) by a discontinuity
called a contact discontinuity, across which the velocity
and the pressure are continuous. Using the jump conditions

again, we get

2}
n

Mmiii = 0.395

E 0.941

iii

and (derived)
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€554 = 1,77

Now the only quantities remaining to be calculated are the
speeds of the shock between (i) and (ii), the contact dis-
continuity between (ii) and (iii), and the details of the

rarefaction wave, These are

S = speed of shock wave = 1,75

v,.= speed of contact discontinuity = 0,927
and if
1
a, = 7? = sound speed in region (iv)
then for -1 < (=) (%) ¢ -1 + £2lv_, the following equa-
iv - iv

tions hold:

iv 1 %
u (1 + (=) ()
Y+1 ai, t

a=a,,0-JH7a+ <;—-;v) (%))

~
1]

a2} (1/(y-1))
¥

p=r1

m
[
-2
]

i
+
LS g
4&
—

®
1]

hem

-f N

These are all continuous monotone functions of %.
This analytical solution will appear in some of the

graphs as a continuous line.
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5.4 CONVERSION TO COLSYS FORM

If we attempt to convert (5.1} to COLSYS form directly,
replacing Ut by the appropriate linear combination, the
boundary value problems that result are systems of first or-
der differential equations and a coupled algebraic equation
for r., The appropriate boundary conditions for these sys-
tems are not clear, and it is reported [19] that the hyper-
bolic problem is in fact very sensitive to the boundary con-
ditions. Also, even when the boundary conditions are
applied correctly, we might be asking COLSYS to compute ap-
proximate solutions to boundary value (or initial wvalue)
problems with discontinuous solutions., This could well be
too much to ask from COLSYS. Thus, to make the problem sim-
pler, we use the classical technique of adding artificial
viscosity to the hyperbolic system, by adding a term propor-

tional to Uxx' Qur system (5.1} then becomes

(5.11) Ut + {F(U)}x = AUpy-

In [22], Lax proves that if the solutions U(x,t;A ) of
(S.11) converge in the L1 sense to a limit U{x,t) as A goes
to G+, then U(x,t) is a weak solution of {5.1). Further, in
[24] he proves that U(x,t) is the correct, physically real-
izable weak solution of (5.1) in that it satisfies his en-
tropy conditions (5.10). Finally, Foy {161 proves that the
solutions of (5.11) do indeed converge if the original

shocks are weak enough. Therefore, the addition of artifi-
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cial viscosity, while simple, will not destroy the essential
character of the hyperbolic equations (5.1). It is no sur-
prise that this set of equations is easy to transform to
coLsys form, although somewhat tedious. In an effort to
avoid arithmetic mistakes, the symbolic manipulation package
MAPLE developed at Waterloo by Drs. K.0. Geddes and G.H.
Gonnet was used to take all the necessary derivatives [18].

The other main difficulty with the hyperbolic problem
is the discontinuous initial conditions, As remarked in the
context of Burgers' equation, a discontinuity in the initial
conditions puts too severe a limitation on the allowable
time step size. We smoothed out the initial conditions,
making them C(2) everywhere, replacing the discontinuity
with a smoothed drop of width s (typically s = 4. X 1074,
This was done by fitting a polynomial of sixth degree to the

following conditions.

(5.12)  U(-8/2, 0) = Uy U(s/2, 0) = Upjgne

0.0

U (-s/2,0) = 0.0 U,{s/2,0)

Uxx(-s/2,0)= 0.0 Uxx(s/2'0)= 0.0
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5.5 FIRST EXPERIMENTS WITH GAS DYNAMICS PROBLEM

Several questions arose on examination of the Burgers' equa-
tion results. One unlooked-for problem was the effect of
the method of approximating v the 1inear combination of
U(x,t) at previous times ({(see chapter 2}). We decided to do
some rough preliminary experiments to help decide which
method to use for the experiments with the gas dynamics
problem. We wished to have only one method used throughout
these experiments, as they are sufficiently complicated al-
ready.
The three methods of approximating v(n)(x) were
1. Direct.
This method used the COLSYS representation of
U(x,(n-i)h) for i=1, ...,k directly, by using the
COLSYS routine APPSLN to evaluate U{x,{n-i)h) for a
given x and then taking vi™ as the appropriate
linear combination of these values.
2. Cubic.
This method, immediately previous to the solution
of the current boundary value problem, used method
1 to calculate v({M) 2t a discrete set of points (a
merging of the meshes used by COLSYS to approximate
each u(n—i)) and calculated a cubic spline interpo-
lant for this. This was done so that v(™(x) is
evaluated as cheaply as possible. As function

evaluations are a significant part of the cost of
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boundary value problem solvers in general and
CoLsYS in particular, it was expected that this
would prove useful.
3. Linear.
This method is similar to method 2, except that in-
terpolation is done by a "spline in infinite ten-
sion", i.e. a piecewise linear interpolant.
Briefly, the results of these "pre-experiments” were incon-
clusive. The cubic method is indeed the cheapest for a giv-
en set of other parameters, but it also produces the worst
graphs. Linear interpolation is next in cost, though often
producing better graphs. The most expensive method, as ex-
pected, is the direct method; however, it is the most accu-
rate, producing the flattest and smoothest profiles. The
ratios of the costs varied, depending on the order of the

method especially, but two typical results were as follows.

If
D = cost of direct method per time step
L = cost of linear method per time‘step
C = cost of cubic method per time step
then

(i)

lw

IR
o~
[

L3
F-
(9]

-~
[
[

—
o

]

1.6L = 2C.
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The only conclusion we may draw from these rough experiments
is that the question of efficiency of the methods needs fur-
ther study. However, as we are more interested in the ro-
bustness of the method than we are in the cost, we will do
all our experiments with the most expensive method, the di-
rect method.

Another phenomenon that occurred in these preliminary
experiments was the fact that COLSYS was often using more
cpu time than seemed necessary to select a mesh, and when it
had done so, the difference between the current mesh and the
previous mesh was not all that great. This was not due to
any fault of COLSYS; rather, DYNACOL would provide an ini-
tial mesh for each time step which was the previous mesh
coarsened by a factor of two. This kept the total mesh size
manageable, but it turned out not to be the most efficient
strategy. As a minor modification, we changed this so that
COLSYS would use the full previous mesh as an initial mesh
if it was small enough (less than 40 subintervals), and oth-
erwise use the coarsened mesh, This, surprisingly, improved
the performance of DYNACOL markedly. This modified algor-
ithm is used throughout the gas dynamics experiments.

Now that the preliminaries have been dealt with, we may
proceed to the gas dynamics experiments proper. We wish to
find, as with Burgers' equation, the "extremes” of h: val-
ues of the time step which represent the upper limits on the
time step size h, The values of the other parameters were

chosen (by use of judicious trial runs) to be the following,
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A = 5. x 1074

T, = 5. X 107" tolerances were placed

T, = 5. X 1073 on all six components.
Tl is the tolerance
placed on the components
r, m, and E; T2 is
the tolerance on the 1St
derivatives.

tend = 0.15 The final time for the
profiles presented in the
review by Sod [33].

initial mesh uniform, of 5 subintervals.

sensitivity regular,

The results of the experiments are reported in the following

table,
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RESULTS OF GAS DYNAMICS EXPERIMENT
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Sample Rejection Graph
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5.7 DISCUSSION

The reason for rejection of the solutions for h = hhigh' as
is evident from the preofiles shown, was the presence of
unacceptable oscillations behind the shock. It is important
to note, however, that these are stable oscillations, and as
the number of time steps increases, these oscillations move
with the shock, and leave the correct profile behind them.
Note also that the profiles for k=2 are surprisingly better
than the corresponding profiles for k=3, They are signifi-
cantly less expensive to obtain, in contradiction to the
Burgers' equation results, where k=3 was superior. This is
believed principally due to the small size of the diffusion:
the error made in approximating Ut by the Gear backward dif-
ference is (as a similar argument to the one used for Burg-
ers' equation shows) O(lh R'l}k+1 }: here h = 0.005, and
A =5. X 10'4, so the error introduced (speaking very rough-
ly, as the constants differ) for k=3 is approximately 10
times larger than the corresponding error for k=2, 1If, on
the other hand, the ratio h?\"1 < 1, the higher order method
could be expected to perform better. 1In this case, this is
impractical because a radically larger artificial viscosity
smears the contact discontinuity, while a smaller time
step is too expensive.
Thus, the increased cost of the k=3 case has at least

two contributing factors:
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1. the direct method uses three evaluations per function
call rather than two in the k=2 case.

2. The linear combination of the past history, which is
used to approximate the time derivative, is noisier,
which forces the solution to have more mesh points
than are needed (remember that the mesh selection al-
gorithm depends on the values of the high order de-
rivatives, which are larger in an oscillatory solu-
tion than they should be)., This last factor can be
seen in the fact that for k=2, the average number of
mesh points is roughly 35, while for k=3 the average
is over A5,

The superiority of k=2 raises the question of what the
results would be for k=1, the backwards Fuler method., Un-
fortunately, k=1 with the other parameter values used here
is one of the "unlucky" sets of parameters discussed later,
and we were not able to compare the results directly, 1In
the next set of experiments, however, we will see a compari-
son of k=1 with k=2, It is noted here that the case k=1
does indeed produce a better profile near the top of the
shock, but fails in other respects, as will be seen. Here-
tofore k=1 was not considered, as a first order method is
believed to be more expensive for a given accuracy.

It is instructive to compare these time steps and pro-
files with those reported by Sod., The limitation on the

time step for the finite difference schemes is a stability
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requirement, that A\t < K[Sx for some constant K. However,
for [Bx = 0,01, corresponding to 100 uniform intervals on
to,11, the allowable time step for most of the schemes is
about 0.005. Thus our method, even though implicit, does

not give a larger allowable time step, as hoped.

1,20
14 0+ 4
+
0.90 —
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Z 0,80 — +
o
= "
+
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+
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+
+
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!
0.0 T T T 1
-1.00 -0.50 -u.)?c) 0.50 1.00

Figure 4: Profile of large time step solution

Bowever, it is to be noted that the method will produce re-
cognizable profiles at truly large time steps: e.g. h =
0.125 ( approximately 25 times as large as is possible for
the finite difference schemes on 100 points) produces the
profile presented in Figure 4. This profile, while extreme-
1y inaccurate, is recognizable, thus indicating that the

limitation on the time step for our method is an accuracy
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limit, and not a stability requirement. For this (severe)
test problem, there is no difference, but for easier prob-
lems, with milder phenomena, this could make a large differ-
ence,

There is another problem with large time steps, or even
moderately small time steps, Some time steps are "unlucky",
in that with the crude initial mesh, COLSYS is unable to
find a first solution (i.e. a good enough first mesh}. For
example, h = £#,03125 produces recognizable (though bad) pro-
files, while h = 0.03, only slightly smaller, fails on the
first step. This is a "region of accessibility" problem
similar to that of Newton's method for solving nonlinear
equations; we can guarantee a success only when either the
initial mesh or the initial guess as to the solution are
*good enough"; that is, when the time step is small enough.
of course, provision of a better initial mesh than the 5
uniform subintervals may help a great deal. In the case
quoted above, however, there is a simpler solution, and that
is to increase the maximum number of mesh points, NMAX.
This allows COLSYS to get a sufficiently fine initial mesh
to be able to continue.

Some discussion of the overshoot in the "acceptable”
profile for k=2 is in order. The origin of this phenomenon
is not clear. It could be a Gibbs phenomenon, resulting from
the approximation of a sharp rise by a finite number of

smooth functions; it could be an effect introduced by the
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addition of artificial viscosity (we are guaranteed only Ly
convergence, not pointwise convergence); or it could be an
effect introduced by the time discretization. The first
possibility seemed the most likely; however, we expected the
dynamic spatial mesh to be able to move the points close
enough together to handle this, and as it is not unknown for
COLSYS to have subintervals of greatly varying size next to
each other, (as much as 800 times as large for adjacent in-
tervals, and ratios as large as 106 for the ratio of the
maximum size to minimum size [5]) it would be surprising if
the mesh selection could not ensure that the corner was ap-
proximated sufficiently well. Comparison of the runs with
k=1, k=2, and k=3 (in pairs) eliminate the second possibili-
ty, that the overshoot is due to the model, and suggest that
the time discretization is indeed the source of this error.
This will be explored in the next experiment.

in any case, though aesthetically displeasing, the ov-
ershoot is of minor consequence. It is stable, and does not
contaminate the profile behind the shock as the number of
time steps increases, so it is a phenomenon associated with
the shock front only. The notion of modelling shocks with
discontinuities is useful only so long as it is easier to do
than some other method; here, it is felt, a small, stable
overshoot does not detract from the accuracy of the solu-
tion. If the details of the shock are of interest, we might
have to move to a more appropriate physical model, including

the effects of heat conduction and physical viscosity.
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5.8 REMARKS ON MESH SELECTION

The mesh selection algorithm of COLSYS has, overall, per-
formed well. However, there are some interesting guestions
raised about the way it has achieved the meshes it did.
There were essentially three types of observed behaviour of
the mesh selection algorithm, We will give examples of
each.
i) Steady.
Where the size of the mesh remained more or less
steady throughout the computation, from time step
to time step (within a time step there is always
some movement) .
ii) Alternating.
Sometimes the mesh size would be steady for a few
time steps, and then suddenly get large, and then
go back to about its original size. This may be
a phenomenon associated with our "forced mesh
density” modification of DYNACOL.
1ii) WwWild.
This happened only on large time steps. As the
solution was not behaving well, this type of be-
haviour, oscillating from large size meshes to
small and in general being unpredictable, may be
a good indicator of an incorrect size of time

step.
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In this dynamic context, it is difficult to find out just

what the mesh selection algorithm is doing.
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Figure 5: Mesh movement graph

Figure 5 shows, however, that the performance is quite ro-
bust, if erratic. There is no question about the appropri-
ateness of the meshes shown here; the meshpoints are concen-
trated around the shock and contact discontinuity, there are
a few in the rarefaction wave, and almost none outside the
region of interest, (The boundaries of the interval are at
-5 and 5; we are showing here only a small portion of the
interval. There are usually not more than five or six mesh-

points outside this portion,) However, it is possible to
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conclude from Figure S that the mesh size is increasing with
time, as it appears that the last mesh has significantly
more points than the ones immediately preceding. The fol-
lowing table, showing the behaviour of the size of the mesh
for several graphs, shows that the increase in sizes is
likely a mesh doubling, which happens on occasion, but the
cize of the mesh can remain more or less constant, even when

such a mesh doubling happens.

For the run with k=2, h=0.005, and A =5. X 10 °
sampling the mesh size at every fourth time step,

46 46 46 42 88 46 92

For the run with k=2, h=0.01, and A =5, X 1074
sampling the mesh size at every third step

40 40 40 40 42

For the run with k=3, h=0.,005, an@ A=5. X 1074
sampling the mesh size at every step

48 48 46 48 48 50 54 100 52 52 54 58 54 54 100 &%

For the run with k=3, h=0.01, and A =5. X 10™°
sampling the mesh size at every step

50 100 54 100 54 100 55 546 5%

Aand for the long time run described next, with
h=0,005, A =0.001, and k=2, sampling at every time step

38 38 38 38 38 38 38 38 38 38 38 38 38 3B 38 38 40 36 42 74
49 72 50 52

52 100 100 52 52 52 54 54 50 52 54 100 52 52 52 96 95 52 52
58 54 %2 100 52 52 52 52 100 50 SO

Figure 6: Numbers of Mesh Points
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In Figure 6 we see, in the last run, that a single run

may exhibit all three types of behaviour. Just after the
program starts up, for the first 16 time steps, the number
of mesh points remains absolutely steady. Then, a period of
turbulence, or wildness, followed by a (seemingly) stable
alternating phase. It is not clear what the mesh selection
algorithm is doing in this context, However, as noted be-
fore, the meshes seem to be good: it is just that it is not
possible to predict in advance what the size or behaviour of

the meshes will be,

5.9 LONG TIME RUN EXPERIMENT

We are now ready for the longer time interval tests, We are
interested in knowing if the algorithm is capable of propa-
gating the shocks over many time steps, or if we must take
smaller time steps to achieve a satisfactory resolution,
Since the code has a “restart"™ capability, allowing it to
pick up a computation in the middle, we may start up some
candidates for the long time run and compare them at inter-~
mediate times, We are also interested in the long-term be-
haviour of the mesh selection algorithm: does it settle down
after the start to a more or less steady state? We would
also like to observe the separation of the regions of con-
centration of the mesh points as the number of time steps

increases.
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As the overshoot in the profile for k=2 is due at least

in part to the artificial viscosity A, we will increase A\

slightly, to produce a better

computation of the k=1 case,

preofile. This also allows

for comparison purposes. The

parameters used for both runs are reproduced here,.

k = 1,2

h = 0.005
A = 1073
T = 5. X 1D
T, = 5. X 10
;o0 = 0.15
teng = 0.60

initial mesh

sensitivity

tolerances were placed

on all six components,

T, is the tolerance

placed on the components

r, m, and E; '1"2 is

the tolerance on the 15°%
derivatives.

For comparison of k=1 and 2
The run with the best profile

will be continued to t
endg

This is 120 time steps,
or 90 after the intermediate

tint

uniform, of five subintervals.

regular.

The partial results are contained in the following table,



5.10 RESULTS OF COMPARISON EXPERIMENT

fmmm e ————— e B - +
| | k=1 | k=2 |
1 | | |
O Famommm s - +
:tint } 0.15 : 0.15 }
S E $ommm o +
|start time (s)| 130 | 181 |

| | 1
e fommmmmmm o +
|total cpu (s) | 328 | 593 |
| | | |
T Ty o S S +
|time/step (s) | 6.5 | 15,0 |
| | | |
U R Fommm o N +

and the results were, for k=2 on the longer run to tend

time taken in start = 181 cpu seconds

total time taken

1955 cpu seconds

time per step 1.3 cpu seconds

A0

avg no, mesh points
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LONG TIME RUN SOLUTION PROFILES
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5.12 DISCUSSION

Note that in the runs comparing k=1 to k=2, we find that k=1
does indeed resclve the shock without the ovérshoot present
in the k=2 case. However, the profiles are also noticeably
diffused, and the details of the rarefaction wave are not as
good as with k=2, This is a standard problem encountered
with methods designed to solve problems such as our test
problem, Those methods which resolve shocks well will not be
as good on the smoother parts of the profile, and those
methods which are good for smooth problems do not usually
handle shocks well. The case k=2 here seems to be an ade-
quate compromise; we have resolved the shock in a2 stable
manner, while keeping the smoother parts of the profile ac-
curate. The higher order method k=3 does not do so well
with the shock, while not doing visibly better on the smooth
parts. Thus the order k=2 was chosen for the long time run.
The behaviour over a large number of time steps was of in-
terest, and it is evident from the profiles exhibited that
the method, with the parameters chosen, performs well. The
shock remains steady, and moves at the correct speed. The
rarefaction wave and the flat parts of the profile are quite
accurate, and the mesh movement is clearly visible in the

graphs presented.



Chapter VI

CONCLUSIONS

The longer interval experiment with the gas dynamics equa-
tions provides some answers to our most important questions.
We see that this method can indeed solve hard problems, giv-
ing results that are quite comparable to even the best cus-
tom coded finite difference schemes, The random choice
method, Glimm's method, and Godunov's method appear to be
superior, in that they manage to resolve the shocks very
sharply (in the case of Glimm's method, over one grid point)
133, 11]. However, as is pointed out in (11!, Glimm's meth-
od will take on only the exact values, and is at its best,
for the shock tube problem, and does not perform so well on
others. For our method, this test problem represents an ex-
treme test of the code's ability to resolve boundary layers.

However, the boundary value problem method here is not
as simple as was hoped, There are many parameters to choose
from in the operation of this method, which have been shown
to be quite problem dependent. This gives flexibility, but
also complexity. There may be a way to make "optimal"”
choices from many of these options, but this needs further
study. We have here exhibited a problem (Burgers' equation

with P=0.02) where the higher order method with k=3 proved
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to be superior, and a problem (the gas dynamics of a shock
tube with A=10'3) where the method with k=2 proved superi-
or. This result, together with the error analysis made in
Chapter 3, suggest that the parameters need to be chosen in
a problem dependent way.

In any case, with not too much development time, we
were able to produce a code which solved a rather difficult
test problem; it is to be expected, now that some of the
groundwork has been done, that persons with a system of dif-
ferential equations of the type considered here would be
able to quickly develop a code along these lines and expect
it to perform well.

The other major question was that of cost, Here we are
hampered by the lack of cost estimates for other methods, so
we cannot give any relative estimates of the cost. This is
a serious lack, and further study on this question would be
useful. We can, however, report the costs encountered, and
give a qualitative judgement on the usefulness of the method
in that context.

As noted in the last chapter, the long run on the ges
dynamics problem took approximately 2000 cpu seconds, or ap-
proximately 33 cpu minutes. This is expensive, there is no
doubt of it. The cost per step for k=2 was approximately 16
cpu seconds per step {(or about 50 cents on the Waterloco IBM
4341). There are many suggestions for improving the effi-

ciency of this approach., One is a variable time step, which
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would allow the program to take precisely as large steps as
was consistent with a given level of accuracy; another is to
streamline COLSYS, and yet another is to (possibly) use an
interpolation method for the calculation of v(n)(x). Notice
that the time per step of the gas dynamics equation runs was
significantly larger than the cost per step of the Burgers'
equation; this is in part due to the increased number of
components, but the method is sensitive to the amount of
diffusion in the problem as well,

However, all things considered, it seems that this
method has at least limited usefulness, in spite of the
cost. As it is quick (to program) and robust, it may be
used sparingly as a check on other, custom coded programs,
or for preliminary or limited investigations. The generali-
ty of the method is of great use here; it would be very easy
to construct a general purpose package for the solution of
partial differential equations by this method. TIndeed,

DYNACOL is very nearly that now.

6.1 SUGGESTIONS FOR FURTHER STUDY

This study has raised many guestions., T shall list a repre-
sentative sample, though not all,

i) Is there a "best"™ way of approximating Ut(x,t) for

the purposes of this method? There are many possi-

ble choices here, none of which have been investi-

gated. Some suggestions are the stiffly stable
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V)

vi)
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Hermite methods, or an adaption of the Crank-Nicol-
son method, as mentioned previously [26, 21].
In coniunction with the method, is a uniform time
step necessary? It would seem simple to design an
adaptive temporal mesh algorithm aleng the lines of
those for initial wvalue problems for this method.
In the case of transient phenomena, this would pro-
vide large gains in efficiency.
Is there an optimal method of calculating v (MY (%)
(if such a thing exists in the chosen method)? Is
the direct method really the best, here? Could we
improve the cubic method by using splines in ten-
sion or taut splines [7]7?
Can we streamline COLSYS (or the other boundary
value problem solvers} so that the mesh selection,
solution of nonlinear eguations, etc., is more ap-
propriate to the partial differential eguation con-
text?
Can we find an optimal (or simply better) way of
using the existing mesh selection algorithm? Per-
haps some form of damped extrapolation would work
well in this context, giving a sort of prediction-
correction algortithm for the calculation of the
meshes,
what class of problems is this algorithm suited

for? There are a few immediate generalizations to
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the method as outlined. The restriction to second
order problems was totally arbitrary, and in fact

DYNACOL as it is written will solve problems of the

form
2 n
8] 9 U 3 U
C Ut = F(t, x, Uy 33+ T5r ==er n)
Ix ax
. . . 3Ny
if we use a nonlinear solver to isolate %. This
ax

class of equations includes such equations of in-
terest as the Koortewreg De-Vries equation, and
many others. The generalization to more than one
space dimension is difficult, and it is not likely
that this approach will succeed. It is conceivable
that this approarh, using an elliptic partial dif-
ferential equation solver rather than an ordinary
boundary value problem solver, could generalize to
more than one space dimension, but T have no idea
how practical it would be.

Fach of the above questions woud require a great deal of ef-

fort and time to study them.

6.2 SUMMARY

The method was shown to be robust, by exhibiting the solu-
tion to a severe test problem, the gas dynamics of a shock
tube. The method is not as simple as was hoped, as it re-
quires selection among many options, to which the behaviour

of the method is quite sensitive, depending on the problem,
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and the smoothness of the solution. The lower order meth-
ods, k=1 and k=2, were shown to perform better on the gas
dynamics problem than k=3, while the reverse was true for
Burgers' equation. The economics of the method are suggest-
ed to be at least of limited feasibility, depending on the
application. Further study would be helpful, and sugges-

tions for the kinds of things to look for were made,
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