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"ABSTRACT

A new class of graphs called circular permutation graphs
is introduced and characterized. A circular permutation diagram for a

permutation P(1),...,P(n) consists of two circles C. and C the

1 2
numbers 1',2',...,n' and P(1),...,P(n) on C1 and C2 respectively
and a set of n chords I,E,...,E connecting i to i' . A graph G
is a circular permutation graph if there is a labelling of V(G) with
{1,...,n} such that i is adjacent to j iff 1 and j intersect.
Circular permutation graphs generalize permutation graphs ([1],[6]) and
are embedded in the set of comparability graphs [3]. The characteriza-
tion leads to a recognition algorithm which requires O(A'|E|) steps
where A 1is the maximum degree of a vertex. Also, an algorithm for

finding a maximum independent set in a CPG which requires O(n2 1og2 n)

steps is presented.

Keywords: Permutation graphs, comparability graphs, longest

increasing subsequence, partial order.
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Introduction

A graph G consists of a vertex set V(G) and an edge set
E(G) of unordered pairs of vertices. We consider here only graphs with
no multiple edges or self loops. For two vertices X,y ¢ V(G) , we
denote X-E y 1if (%,¥) € E(G) otherwise Xﬁg% Y . The set
Io(w) = {x e V(@) | vExp. A graph D is a directed graph if its
edge set consists of ordered pairs <¥%,¥> . We denote X 3 y if
<x,y> € E(D) . For a vertex v e D, Tg(v) ={xeVv(®D) | x R,v} and
t;(V) ={Xev(D) | v 2 x} . The cardinality of a set S is denoted

by |s] .

A permutation diagram D(P) for a permutation
P = <P(1),P(2),...,P(n)> on {1,2,...,n} , consists of two parallel

lines Ll and L2 . The numbers 1',2',...,n' appear on Ll in in-

creasing order and P(1),P(2),...,P(n) appear on L, according to

2

their order in P , the number i' on L is joined to i on L

1

with a segment i , for 1 < i <n . (See Figure 1).

2

A graph G(P) with n vertices represents D(P) if there
exists a labelling of its vertex set with {1,2,...,n} such that
i G(E®) j§ if and only if 1 dintersects j in D(P). A graph G

which represents at least one permutation diagram is called a Permuta-

tion Graph (PG).
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Figure 1. A permutation diagram and a

graph for P = <5,3,2,1,4>,

The class of PG was studied in Puueli et al [6] and Even
et al [1] where they were applied to model and selve problems concerning
memory allocation and circuit layout. It has also been shown in [6]
that PG can be characterized as those graphs where both the graph
and its complement are comparability graphs. A-graph G is a comparability
graﬁﬁ;"([3]iﬁ5],[6j;’als? cglled traﬁs?tively dtiéntéb;gmgraph)'if its
edges can be“prienpedrsuchvthayrfpr g,y}é g V(G) X g y WapdA v g z implies
= € e . It can also be shown that PG. represent partial orders of
dimension 2 except for the complete graph which is a PG and

represents a partial order of dimension 1 .



In this paper a new class of graphs which generalize PG is
introduced and characterized, these are called Gircular Permutation

Graphs.
A circular permutation diagram C(P) for a permutation P on

{1,2,...,n} consists of two cocentric circles Cl and C2 s C1 con-

tained in C2 . The numbers 1',2',...,n' and P(1),P(2),...,P(n)

appear on Cl and C2 respectively in the anticlockwise direction.
We now choose a set of n chords i,i,...,ﬁ , totally contained in

the annular region between Cl and 02 such that chord i joins 1

C1 to i on Cz.and,for i4 3, i and j intersect each other at most

once (Figure 2). As in the case of PG , a graph G represents a

' on

circular permutation diagram C(P) if its vertex set V(G) can be
labelled {1,2,...,n} such that i L5 j if and only if 1 intersects
3 in C(P). A graph G is called a Circular Permutation Graph (CPG)

if it represents at least one circular permutation diagram.

In Section 2 a characterization of CPG is given which leads to

a recognition algorithm_which,requireskOﬁA*ﬂE(G)f) steps where A is the maximum
degree of a vertex. A representation of CPG wusing a defining permu-

tation is given in Section 3 and is used in an algorithm for finding a

maximum independent set.



8] Preliminaries

In [6] it was shown that if H is a PG 1its corresponding
permutation diagram can be constructed as follows: We first con-
struct a permutation P (we denote by P_lcﬂ) the position of the element
£ in P) as follows:

. . . . . +
1. Find transitive orientations H and ﬁc for H and its complement HC.

2. Construct the tournament Tl = U ﬁc and label V(H) by

1,2,...,n such that a vertex v is labelled by IF;(V)| +1 .

3. Reverse the orientation ﬁc to obtain ﬁc and consider the
> <C
tournament T2 = HUH". For a vertex labelled £ in step 2, let
P_;(Z) = lr; @] +1. The permutation diagram can be now constructed

2 _
using P = <P(1),...,P(m)>.

It is shown in [ 6 ] that 1

=]

i if B
. . , -1, -1, . . . .
and only if (i - j)(P ") - P "(§)) <0, or in words i and j

form an 'inversion' in P . A PG G can therefore be represented

by a permutation P obtained by this construction.

by 2

Figure 2. A circular permutation diagram and

its correspoanding graph.



Clearly, every PG is also a CPG since every permutation
diagram can be transformed into a circular permutation diagram where
L1 and L2 are mapped into the cocentric circles Cl and C2 .
However, a graph G which is a CPG is also a PG if and only
if there exists a circular permutation diagram C represented by G ,
such that it is possible to draw a chord v with endpoints on Cl
and C2 which does not intersect the chords 1,...,5 of C . In this

case, the circular permutation diagram C can be opened along v to

form a permutation diagram. From this it follows that a CPG which

contains an isolated vertex is a PG . (See Figure 3)

v 1 2t 3" 4 5 &' 7' L

- /
v'! LZ
Figure 3. A circular permutation diagram
opened along v
Examples of a CPG which is not a PG are all the even cycles (. with

2n
> . . .
n 2 3. Since every permutation diagram can be transformed into a

circular permutation diagram, in what follows a permutation diagram will

be taken to mean the circular permutation diagram obtained by the above

mapping of Ll and L2 into C1 and C2 .



§2 Characterization of Circular Permutation Graphs

Given a circular permutation diagram C and its representing
graph G , we can induce an orientation in G wusing C as follows:
For every pair of intersecting chords X and Y in C with endpoints
x', vy' on Cl , consider the region which is bounded by the arc Exy
on C, , X and Y (See Fig-4). We direct x$y if x precedes V'
on Exy in the anticlockwise direction.. In this case we say that x
intersects Y anticlockwise or equivalently ¥ intersects x clock-
wise. This induced orientation of G is denoted by ¢ . Achord X

is a source (sink) in C if all other chords which intersect it do so

clockwise(anticlockwise).

7

tation of the edge (x,¥).
Ortents 8 ’ Orientation of G of Fig. a

Figure 4.

Lemma 1l: A CPG is a comparability graph.

>
Proof: We show that G is transitive. Let X,y¥,2z ¢ V(G) such

> <> )
that ¥ Sy s ¥ § z . Since X intersects § anticlockwise and

Z intersects Y clockwise, then x must intersect'a and x' precedes



-
z' 1in the anticlockwise direction on Exz , which implies x & z . 0

Remark 1: It can be seen that for the special case where G is a PG ,
the permutation diagram D(P) obtained by the construction of [ 6 ] as

* ) - . 3 . . 3 .—>
described in the introduction, induces in G the orientation G which

is exactly the one used in the construction of the toULnaments Tl and T2.

The operation 'switch' on a vertex v e V(G), which plays an im-
portant role in the characterization of CPG, is defined as follows: Comnect
v to all vertices X such that X e V(G) - TG(Y) and delete the edges
v,¥) , ¥ ¢ TGQV). Let GV be the graph obtained from G by
'switching' V e V(G), then clearly (Gv)V = G . Similarly, for a set

S < V(G) the graph G_ is obtained from G by 'switching' all ver-

S
tices of S one at a time. It is easy to see that GS is uniquely
defined independent of the order in which the members of S are

'switchedﬂalso(GS)S =G . In what follows PG(V) is simply called

)

We can now state the characterization of CPG in the following
theorem.
Theorem : Let V be a vertex in G , then G is a CPG if and only
if

(a) G 1is a comparability graph

) G is a PG .

T'(v)
Before proceeding with the proof, we develop some more proper-

ties of the 'switch' operation which are given in the following lemmas.



For a directed graph D , we define the 'switch' operation only
with respect to sources or sinks of D . Let V¥ be a source or a sink,
we first "switch' v as defined previously ignoring the directions in
. D, then DV is oriented such that V becomes a source of D, if it
was a sink of D and vice versa, all other directions of edges in DV

are the same as in D .

Lemma 2: Let D be a transitive image of a comparability graph G and

let v be a source or a sink in D , then D, 1is a transitive image

of G. .
A
Proof: Let Vv be a source in D , and assume that there exist three
D D D
. . v v 2%
vertices x,v,2 ¢ D such that x> v, v > 2z and x Z , One
v

of x, yor z is Vv , and since V- is a sink it can only be that
D "Dv D
v = z and we cannot have z +Y % . Therefore = 4z and 2z F x .

D . s D 2
But since x>y and D is transitive we have z.—-y which contra-
D
v
dicts y + z by the definition of the 'switch' operation for directed

graphs. Similar arguments can be used when v is a sink of D. 0

Lemma 3: If G 1is a comparability graph then G is also a com~

)
parability graph.
Proof: Let D be a transitive orientation of G, and Vv a vertex
in G (not necessarily a source or a sink in D ). Assume |[T(V)| =Z£
and IFB(V)I = k . There exists a vertex Yi € Fg(v) which is a

source in D since FBCv) induces an acylic subgraph of D , and all



edges with exactly one endpoint x € FB(V) are outdirected from =x .
Label this vertex by 1. Similarly in D - {1} , there exists a

source y, € Fg(y) we label this vertex by 2.

By using this elimination of sources procedure iteratively k
times where i is a source of D - {1,2,...,i-1} in [[(v), we can label the
vertices of Pg(v) from 1 to k. We then find a sink of D - {1,...,k} in”P;Cv)
aﬁ&riaféirifiiw¥ 1:7Proceeding in a simiiar Wéy as for TB(V), we can label
the vertices ofAf;Cv) with k+1,k+2,...,£ by choosing a sink of D - {1,2,...,k+s}
in I7(v) and label it k + s+ 1 (k+ s+ 1 <£). We now show that for

0<i<k, i+ 1 is a source in Dt = (Dl_l):.L where D =D, (D

is obtained by 'switching' i in Dlnl), and for k<i<4Z, i+ 1 is

7
I
IN
o~
W]
H
(2]
V)

a sink in D . If this is shown, then since for 0 ¢

transitive image of (GS)i where S = {1,2,...,i-1} (by succesive

applications of Lemma 2)s it fellows that DK is a transitive image
of GT(V)'
To see that 1 < i £ k is a source in Dl_l we use in-

duction on i . For i =1, vertex 1 is a source in D0 =D by its

choice in the source elimination process. Assume that i 1is a source

in Dl_1 for i =m < k . Consider the graph D' , and assume
i
i+ 1 2—-j where j < i and j ¢ T;(&O . Then the edge connecting

i+1 to j was introduced when we 'switched' j in DJnl, and

. . . -1 . . . .
since j was a source in D’ it follows that it became a sink in

. D,
DJ  and therefore i + 1 -7 j . This edge is not changed again in the
D
" . ’ .
construction of DI l,...,Dl therefore 1 + 1 » j . For all other



10.
i Dy
vertices V e D° we have i + 1 > v by the source elimination
labelling (i.e. i + 1 is a source in D - {1,2,...,i}), it follows that
i+ 1 is a source in D' . Note that since D is a transitive graph,
- +

for every vertex X € I"D(v:-) and every vertex y ¢ FD(V) we have

D D C b g1 I} P S .
x * v >y which implies x >y . Therefore in D , no edge exists

- +

between TD(V) and TD(V), and k'+ 1 which is a sink in D is also
a sink in D . We can now apply a similar induction argument to show
that i 41 is a sink in D" for "k £ i < £ , which completes the

proof.

We now define the 'switch' operation for chords in a circular
permutation diagram which will be proved to be closely related to the
"switch' operation in directed graphs.

For a chord V in C with endpoints V' on Cl and v on

C2 we say that V can be 'switched' to the chord Vv' if ¥' joins
V! and Vv , and intersects exactly those chords which do not intersect
V (See Figure 5 ), it can also be seen that V' does not intersect any
chord more than once. Let C(V) denote the diagram obtained from C
by 'switching' v. Then from the above definition it follows that if G

represents C then Gv represents cv).

Let G be a CPG which represents C .

Figure 5. Switching the chord v .
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Lemma 4: A chord v can be "switched' in C , if and only if it is
a source or a sink in C .

Proof: If v is a source in C , then all chords which intersect v
in C do so clockwise. Those chords divide the annular region
between C1 and C2 into connected regions one of which contains the
points "v' and v on its boundary, we call this region Rv (See Fig.
5). The chord ¥' can be drawn such that it is totally contained in
Rv and does not intersect any chord which intersects v . To see that
v' intersects all chords which Vv does not intersect, we consider the
closed curve 7Yy obtained by the union of v and ¥'. Clearly any

chord x in C intersects Y , and therefore if %X does not intersect

it must do so in V' , and therefore V can be switched.

<

Y in
Similarly it can be shown that V can be switched if it is a sink.
Conversely, assume that v is not a source or a sink, then
there exist two chords x and y which cross V clockwise and anti-
clockwise respectively. Therefore x intersects § and V' is an
interior point on the arc Exy . Therefore any chord which joins V'

and V must cross at least one of X or y contrary to the definition

of the 'switch' operation. O

We note that V' can be switched in C(V) back to V ,
therefore V' is a source or a sink in C(v). Clearly v' is a source in c(v)

if and only if it was a sink in C . From this and Lemma 4 we conclude:

>
Lemma 5: If G dis a CPG which represents C and D =G, then G

.

- >
represents C(V) and G, = DV
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In words, the transitive orientation induced by C(V) on GV
is equal to the orientation obtained by 'switching' Vv in the directed

graph D .

We are now in a position to prove the characterization theorem.

Proof: The 'if' part

Since G 1is a CPG there exists a diagram C which is
represented by G, and by Lemma 1 C induces a transitive orientation
E on G which proves (a).

For any vertex Vv ¢ G with |[T(v)| = £ we can order and label
the vertices of T(v) from 1,2,...,£ using the source and sink
elimination procedure of Lemma 3 . A vertex i can be switched in G
if it is a source or a sink (by definition of 'switching' in a directed
graph) and by Lemma 4 its corresponding chord i can be switched in C,
where C(i) is represented by Gi by Lemma 5 . We can therefore
'switch' the chords 1,2,...,£ in this order in C to obtain a
diagram C(I'(v)) which is represented by GF(V) . Therefore GF(V) is
a CPG, and Vv is an isolapeQ”Gertgx”inwipwbecauge'all véftices in T(y)ﬁ‘
have been 'switched' in G , by the remarks in the introduction GT(V}

is a PG which proves (b).

The 'only if' part

Suppose that G is a comparability graph and for

v ¢ V(G), GF(V) =P dis a PG . Let D be a transitive image of G .

We then label the elements of T(v) from 1 to £ as in Lemma 3 and
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'switch' them in D according to this order to get DF(V) which by
Lemma 3 is a transitive image of P = GF(V) . Using the construction of
-

Pnueli et al [6] where H = GF(V) and H = DP(V) we can get a permu-

tation diagram C(I'(V)) for which induces in it the

Cr(v)

orientation D (see Remark 1 after Lemma 1).

I'(v)

Since DT(V) was obtained from D by switching
1,...,£, we can now switch the vertices 4£,£-1,...,1 in DP(v) in this
order to obtain D . Similarly, in C(I'(v)) , we can

switch the chords £ , Z-1,...,1 in this order and obtain by Lemmas 4

and 5 a diagram C which is represented by G . Therefore G is a CPG. [J

Remark 2: Note that in the 'only if' part we chose any transitive

orientation D of G and obtained a diagram C for G such that 6

(the orientation induced by C in G) is equal to D . We therefore

conclude that for every transitive orientation D of a CPG G there

exists a diagram C , which induces in G the orientation D.

Basedrgﬁ the theofem, we have a recognition algorithm fbr

a CPG which runs as follows:

Step 1: Check that G 1is a comparability graph using the algorithm of
[4]. This requires O(A*|E|) steps. In.case of a-negative
answer 'stop', G is not a CPG .

Step 2: Choose an arbitrary vertex v and obtain GF(V) by 'switching'
the neighbours of v . This requires 0(n2) steps.

Step 3: Check that G?(v) (the complement of GTCV)) is a comparability
graph. If the answer is negative G is not a CPG, otherwise G is a
CPG since GT(v) is a PG by Lemma 3 and the characterization of PG in [6].

Clearly the running time is dominated by O(A'IEI) .
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83 Permutation Representation and Finding a Maximum Independent Set

Consider two cocentric circles Cl and 02 with the numbers

1',...,n" on Cl and P = <P(1),...,P(n)> on C2 . This information

does not uniquely define a CPG G since i' on C can be joined to

1

i on C in different ways. Therefore a permutation P = <P(1),...,P(n)>

2
read anticlockwise from C2 of a circular permutation diagram C, can-
not define by itself the graph G which represents C . However, if we

fix chord 1 as a reference chord,we can construct a permutation P1 by

reading the endpoints of the chords on C starting from the endpoint 1

2
proceeding anticlockwise i.e. Pl(l) = 1 . We then mark in P1 all
elements which are endpoints of chords which intersect 1 . Clearly this
requires at most n extra bits. Let Ml = <il""’i£> be the sub-
sequence of marked elements in Pl . (See Figure 6(a)}.
Lemma 6: Given a permutation Pl = <1,P(2),...,P(n)> , and the sub-
sequence M1 , then for i< j , 1 g-j if and only if:
(a) 1, j ¢ P.-M and  PIY(A) > PIT(3)
> 171 1 1
or
®) i, jeM and  P7R(1) > BTH(H)
i 1 1 1
or
(¢) i eM and j e P,-M  and  P.T(i) < P i(§)
: 1 171 1 1
or
jeM and i e P.~-M, and Pﬂl(i) < P_l(j)
171 1 1 =
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Proof: (a) Since 1 < j , 1i' precedes j' on Cl moving from 1'
anticlockwise. Suppose i-E j» then on C2 j must precede i anti-
clockwise therefore P;l(j) < le(i) . Conversely if i-% j , i pre-
_l -
. N N
cedes j on C2 and Pl (i) Pl (i)
Cases (b) and (c) can be proved using similar arguments. O

For an illustration see Figure 6(5). R

We can get a representing permutation Pi for G wusing an
arbitrary chord 1 4 1 as a reference chord by simply relabelling the

endpoints of the chords on C1 and C2 . The chord i must have its

endpoints relabelled 1' on Cl and 1 on C2 , the endpoints of

i -1 are relabelled n' and n , and in general the chord k will
now have endpoints (k - i + 1)mod n and (k - i + 1) mod n for
k + i-1. (See Figure 6(b)). We then obtain Pi as we obtained Pl

previously.

(a)

Figure 6. Py = <1,6,3,2,5,4> and
B, = <1,4,3,6,5,2>

Given a diagram for a CPG G we can find a maximum independent
set in G wusing the permutations Pl""’Pn as follows. We observe

that an independent set in G ‘which contains
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vertex i has all its elements in G - ['(i) . Therefore it corresponds
to an increasing subsequence in Pi - Mi‘ by Lemma 6 , where an in-
creasing subsequence in a permutation P is a sequence of elements

¢

xk).

i : v-l —l . -
<x <,..< i <. )< <,..<
% <x, X with P (Xl) P (xz) e <P

Let Ii be a4 maximum independent set which includes vertex
i . Then the élements of Ii correspond to a longest inaeasing sub-
sequence in Pi - Mi . A longestincreasing subsequence can be found
in O(n log2 n) steps using an algorithm by Fredman [2]. The maximum
independent set in G is maxi{|Ii| / i=1,2,...,n} and can be
found in O(n2 1og2 n) steps since constructing each Pi; requires only
0(n) steps. This compares favourably with Golumbic's algorithm [4]
for finding a maximum independent set in a comparability graph which
requires 0(|V| . |E|) steps.

From a computational point of view it is useful to be able to

find P P for a CPG without explicitly constructing the diagram.

IERREELN
This can be done by using the directed graph DF(V) used in the re-
cognition algorithm. We recall that DF(V) is a permutation graph
which represents C(I'(v)) where v 1is an isolated vertex in DF(V)'
In order to construct a diagram for G , we only 'switch' chords in
C(I'(v)). This operation clearly does not change the positions of the
endpoints of the chords on C or C, . Therefore we can construct a

1 2

permutation P, which represents G , by labelling the chord v by

1

1 and finding <P(2),...,P(n)> on {2,...,n} which represents

DT(v) - v using the algorithm of [6] .
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Then let Pl = <1,P(2),...,P(n)> where L is the sequence of end-

points of chords intersecting v (i.e. vertices in TI'(v)) . To get

Pi i+ 1 from P. we proceed as follows:

1

(a) Find the elements in P1 which represent endpoints of chords

which intersect i . This requires n -1 comparisons using the
rules of Lemma 6. Call those elements Mi .

(b) We relabel the elements of Pl such that i becomes 1 , i+ 1

becomes 2 etc. and i — 1 becomes n, as we did previously to obtain Pi

when the diagram was given. This can be done by changing Pl to

the permutation- P! defined as follows: For k = 1,2,...,n

1
P1(k) = (B (k) - i + 1) mod n if P (k) +4i-1
PI(k) = n if P (k) =1i-1

In Pi the set of marked elements Mi consists of exactly the

relabelled elements of Mi .

]

1 contains

(¢) Read cyclically Pi from position PIl(i) (which in P

the number 1) to obtain Pi' This is equivalent to reading the

i from C2 starting at the endpoint 1 (previously

in Pl this endpoint was labelled i), i.e. for v =1,...,n

Pi(k) = Pi(@) where £ = (Pinl(l) + k - 1) med n . Foxr example

permutation P

¢onsider the cycle of length 6 (See Figure 6).

P

1= @, 6, 3, 2, 5, 4)

M

1 (2, 4) .



We construct P4 as follows:

Step (a) ML a, 3)

Step (b) Pi = (4, 3, 6, 5, 2, 1)
M4 = (4, 6) and finally
Step (c) P4 = (1, 4, 3, 6, 5, 2) .

In this case by symmetry P, =P, =P, and P, =P, =P

2 4 6 1 3 5°

maximum independent set is of size 3 since |Ii| =3 for i

e.g. I, =<L, 3, 5

18.

The

=1,...

»6
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Summary

A new class of graphs called circular permutation graphs was
introduced. It was shown that this class generalizes the class of
permutation graphs which were studied in [6], and it is embedded in the
class of comparability graphs . The characterization uses properties
of permutation graphs and comparability graphs and is of the same
complexity as. the known recognition algorithms for these types of graphs.
Also it was shown that CPG can be represented as permutations with
marked elements, this representation was used in an efficient algorithm

for determining a maximum independent set.
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ABSTRACT

A new class of graphs called circular permutation graphs
is introduced and characterized. A circular permutation diagram for a
permutation P(1),...,P(n) consists of two circles C1 and C2 , the

numbers 1',2',...,n' and P(1),...,P(n) on Cl and C2 respectively

and a set of n chords i,f,...,ﬁ connecting i to 1 A graph G
is a circular permutation graph if there is a labelling of V(G) with
{1,...,n} such that i is adjacent to j 41iff i and 3 intersect.
Circular permutation graphs generalize permutation graphs ([1],[6]) and
are embedded in the set of comparability graphs [3]. The characteriza-
tion leads to a recognition algorithm which requires O(A'IEI) steps
where A 1is the maximum degree of a vertex. Also, an algorithm for

finding a maximum independent set in a CPG which requires O(n2 1og2 n)

steps is presented.

Keywords: Permutation graphs, comparability graphs, longest

increasing subsequence, partial order.

CR Categories: 5.32



Introduction

A graph G consists of a vertex set V(G) and an edge set
E(G) of unordered pairs of vertices. We consider here only graphs with
no multiple edges or self loops. For two vertices X,y ¢ V(G) , we
denote X'E y 1if (%,¥) € E(G) otherwise X‘g% Y . The set
PG(V) ={xevV@) | v E-x}. A graph D is a directed graph if its
edge set consists of ordered pairs <X%,y> . We denote X 2 y if
<x%X,y> € E(D) . For a vertex v e D , rg(v) ={x e V(D) | % ? v} and
I;(V) ={xecV(D) | v 2%} . The cardinality of a set S 1is denoted

by |s]| .

A permutation diagram D(P) for a permutation
P = <P(1),P(2),...,P(n)> on {1,2,...,n} , consists of two parallel

lines L1 and L2 . The numbers 1',2',...,n" appear on Ll in in-

creasing order and P(l),P(Z),...,P(n) appear on L2 according to

on L1 is joined to i on L

with a segment i , for 1< i <n . (See Figure 1).

their order in P , the number i’ ?
A graph G(P) with n vertices represents D(P) if there

exists a labelling of its vertex set with {1,2,...,n} such that

i G(R) j if and only if i intersects j in D(P). A graph G

which represents at least one permutation diagram is called a Permuta-

tion Graph (PG).



Figure 1. A permutation diagram and a
graph for P = <5,3,2,1,4>.

The class of PG was studied in Pnueli et al [6] and Even
et al [1] where they were applied to model and solve problems concerning
memory allocation and circuit layout. It has also beem shown in [6]
that PG can be characterized as those graphs where both the graph
and its complement are comparability graphs. A graph G is a comparability
graﬁﬁ;'(ES]ifﬁ];[S];‘also called trans}tivély bfientéb;F graph) if its
edges can be oriented such that for x,y,z € V(G) x § y and y g z implies
= § 9. It can also be shown that PG represent partial orders of
dimension 2 except for the complete graph which is a PG and

represents a partial order of dimension 1 .



In this paper a new class of graphs which generalize PG is
introduced and characterized, these are called Circular Permutation

Graphs.

A circular permutation diagram C(P) for a permutation P on

{1,2,...,n} consists of two cocentric circles Cl and C2 , C1 con-

tained in C2 . The numbers 1',2',...,n' and P(1),P(2),...,P(n)

appear on Cl and 02 respectively in the anticlockwise direction.

We now choose a set of n chords i,Z,...,ﬁ , totally contained in

the annular region between C and C such that chord i joins i’

1 2

C, toionC, and for i 4 j, 1 and j intersect each other at most
once (Figure 2). As in the case of PG , a graph G represents a
circular permutation diagram C(P) if its vertex set V(G) can be
labelled {1,2,...,n} such that 1 & j if and only if i intersects

3 in C(P). A graph G is called a Circular Permutation Graph (CPG)

if it represents at least one circular permutation diagram.

In Section 2 a characterization of CPG is given which leads

on

to

a recognition algorithm which requires OCA-]E(G)[) steps where A is the maximum

degree of a vertex. A representation of CPG using a defining permu-—
tation is given in Section 3 and is used in an algorithm for finding a

maximum independent set.



§1 Preliminaries

In [6] it was shown that if H is a PG its corresponding
permutation diagram can be constructed as follows: We first con-

struct a permutation P (we denote by P-l(ﬂ) the position of the element
£ in P) as follows:

1. Find transitive orientations ﬁ and ﬁc for H and its complement HC.

2. Conmstruct the tournament T. = H U ﬁc and label V(H) by

1
1,2,...,n such that a vertex v is labelled by [T (V)| +1 .

3. Reverse the orientation ﬁc to obtain ﬁc and consider the

>  <C
tournament T2 = HU H'. For a vertex labelled £ in step 2, let
P-l(ﬂ) = ]F; ()| + 1. The permutation diagram can be now constructed
, ST, T+ : ‘ :

using P = <P(1),...,P(n)> .

I+

. Itisshowmin [ 6] that i=j if
and only if (i - j)(P—l(i) - P_l(j)) <0, or in words i and j
form an 'inversion' in P . A PG G can therefore be represented

by a permutation P obtained by this construction.

b 2

w &
[» \ Wid

Figure 2. A circular permutation diagram and

its correspoanding graph.



Clearly, every PG 1is also a CPG since every permutation
diagram can be transformed into a circular permutation diagram where

L1 and L2

However, a graph G which is a CPG is also a PG if and only

are mapped into the cocentric circles Cl and 02 .

if there exists a circular permutation diagram C represented by G ,
such that it is possible to draw a chord v with endpoints on C1
and C2 which does not intersect the chords I,...,n of C . In this

case, the circular permutation diagram C can be opened along v to

form a permutation diagram. From this it follows that a CPG which

contains an isolated vertex is a PG . (See Figure 3)

v i’ 2 3¢ 4 5° 6" 7* L
/ /
{ !
\ {

\ \

\ \

. . i

]

' 2 4 1 6 3 7 5

v

1

2

Figure 3. A circular permutation diagram

opened along v

Examples of a CPG which is not a PG are all the even cycles C, with

2n
S . . .
n 2 3, Since eévery permutation diagram can be transformed into a

circular permutation diagram, in what follows a permutation diagram will

be taken to mean the circular permutation diagram obtained by the above

mapping of Ll and L, dinto C, and C_.

2 1 2



§2 Characterization of Circular Permutation Graphs

Given a circular permutation diagram C and its representing
graph G , we can induce an orientation in G using C as follows:

For every pair of intersecting chords X and Y in C with endpoints

|

X, ¥

' on Cl , consider the region which is bounded by the arc Exy

on C, , X and Y (See Fig-4). We direct x$y if x precedes V'
on Exy in the anticlockwise direction. In this case we say that x
intersects Yy anticlockwise or equivalently ¥ intersects x clock-
wise. This induced orientation of G is denoted by ¢ . Achord X

is a source (sink) in C if all other chords which intersect it do so

clockwise(anticlockwise).

7

on of the edge (x,7).
Orientation g Orientation of G of Fig. %

Figure 4.

Lemma 1: A CPG is a comparability graph.

->
Proof: We show that G is transitive. Let Xx,¥,z ¢ V(G) such
>

->
that X g Yy, vy g z . Since X intersects ; anticlockwise and

—

Z intersects ¥ clockwise, then x must intersect z and x' precedes



-
z' 1in the anticlockwise direction on Exz , which implies x § zZ . O

Remark 1: It can be seen that for the special case where G is a PG ,

the permutation diagram D(P) obtained by the construction of [ 6 ] as

described in the introduction, induces in G the orientation E which

is exactly the one used in the construction of the touInaments T1 And T2.
The operation 'switch' on a vertex v e V(G), which plays an im-

portant role in the characterization of CPG, is defined as follows: Conmect

v to all vertices X such that X e V(G) - I (v) and delete the edges

(v,y) , ¥ eTgtv). Let G, be the graph obtained from G by

'switching' V ¢ V(G), then clearly (GV)v =G . Similarly, for a set

S < V(G) the graph G_, is obtained from G by 'switching' all ver-

S

tices of S one at a time. It is easy to see that G is uniquely

S
defined independent of the order in which the members of S are
'switchedﬂalso(GS)S = G . In what follows FG(V) is simply called
()

We can now state the characterization of CPG in the following

theorem.

Theorem : Let V be a vertex in G, then G is a CPG if and only
if
(a) G is a comparability graph

is a PG .

(b) Cr (v)

Before proceeding with the proof, we develop some more proper-

ties of the 'switch' operation which are given in the following lemmas.



For a directed graph D , we define the 'switch' operation only
with respect to sources or sinks of D . Let. ¥ be a source or a sink,
we first ‘'switch' v as defined previously ignoring the directions in
D , then DV is oriented such that V becomes a source of Dy if it
Awas a sink of D and vice versa, all other directions of edges in DV

are the same as in D .

Lemma 2: Let D be a transitive image of a comparability graph G and
let v be a source or a sink in D, then Dy is a transitive image

of G, .
"4

Proof: Let Vv be a source in D , and assume that there exist three
D D D
. . v v o '
vertices x,y,2 € D such that x+ vy, v* 2 and x7> 2 . One
v

of x, yor z is Vv , and since V 1is a sink it can only be that
D D

. i h D
v = z and we cannot have z v x . Therefore x 7z and z =+ X .

D .
But since X R y and D is transitive we have 2z >y which contra-
D
v .
dicts y * 2z by the definition of the 'switch' operation for directed

graphs. Similar arguments can be used when v is a sink of D. O

Lemma 3: If G 1is a comparability graph then GF(" is also a com-

V)
parability graph.

Proof: Let D be a transitive orientation of G , and V a vertex
in G (not necessarily a source or a sink in D ). Assume |[T(V)| =2
and IF;(V)I = k . There exists a vertex Yi € T;(NO which is a

source in D since FBCV) induces an acylic subgraph of D , and all



edges with exactly one endpoint x € TB(v) are outdirected from x .
Label this vertex by 1. Similarly in D - {1} , there exists a

source y, € PB(y) we label this vertex by 2.

By using this elimination of sources procedure iteratively k
times where i is a source of D - {1,2,...,1i-1} in T;(Y);:??;één‘laﬁe} the
vertices of FB(&) from 1 to k. We then find a sink of D -'{i,...,k} in F;CV)
éﬁguiégéi“ifikl+"1: Proceéding in a‘éimiiér ﬁéy aé‘fof FB(V), we can label
the véftiﬁés ofmfgiv) with k+1,k+2,...,£ by choosing a sink of D - {1,2,...,k+s}

T v :
in FD(V) and label itk +s + 1 (k+ s+ 1 < 2). We now show that for

' i i- 0 i
0<i<k, i+ 1 is a source in pt = (Dl l)i where D =D, (D
is obtained by 'switching' i in Dl-l), and for k<i <&, i+ 1 is

. i |
i<4{ D is a

7~

a sink in Dt . If this is shown, then since for O

transitive image of (GS)i where S = {1,2,...,i-1} (by succesive

applications of Lemma 2); if fellows that D£ is a transitive image
of GF(V)'
To see that 1 < i < k is a source in Dl-'l we use in-

ductionon i . For i =1, vertex 1 is a source in DO =D by its

choice in the source elimination process. Assume that i 1is a source

in Dl.-l for i =m < k. Consider the graph Dt , and assume

i
i+1 2—-j where j < i and j € FB(VO . Then the edge connecting
-1

i+1 to j was introduced when we 'switched' j in DI , and

. , . i-1 . . . .
since j was a source in D’ it follows that it became a sink in

. D,
D’ and therefore i + 1 - j . This edge is not changed again in the
. . D
+ | .
construction of D7 1,...,Dl therefore 1 + 1 - j . For all other
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i Di
vertices V € D we have 1 + 1 = v by the source elimination
labelling (i.e. i + 1 is a source in D - {1,2,...,1}), it follows that
i+ 1 is a source in D' . Note that since D 1is a tranmsitive graph,
for every vertex X € 1"5(‘\7") and every vertex y € Fg(v) we have
D D C b o4 ] . pf .
X > v * v which implies x =y . Therefore in D , no edge exists
between F;(V) and F;(V), and k + 1 which is a sink in D 1is also
k .
a sink in D . We can now apply a similar induction argument to show
that 1 +1 is a sink in D° for k <1 < 4 , Which completes the

proof. A O

We now define the 'switch' operation for chords in a circular
permutation diagram which will be proved to be closely related to the
'"switch' operation in directed graphs.

For a chord V in C with endpoints V' on Cl and v on

C2 we say that V can be 'switched' to the chord ¥v' if V' joins
V! and Vv , and intersects exactly those chords which do not intersect
¥ (See Figure 5 ), it can also be seen that V' does not intersect any
chord more than once. Let C(V) denote the diagram obtained from C
by 'switching' v. Then from the above definition it follows that if C

represents C then G, represents c(v).

Let G be a CPG which represents C .

Figure 5. Switching the chord ¥ .
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Lemma 4: A chord v can be 'switched' in C , if and only if it is
a source or a sink in C .

Proof: If ¥ 1is a source in C , then all chords which intersect v
in C do so clockwise. Those chords divide the annular region

between Cl and C2 into connected regions one of which contains the

points v' and v on its boundary, we call this region R, (See Fig.

5). The chord V' can be drawn such that it is totally contained in
RV and does not intersect any chord which interéects Vv . To see that
v' intersects all chords which Vv does not intersect, we consider the
closed curve <Y obtained by the union of v and V'. Clearly any
chord x in C intersects Y , and therefore if x does not intersect
Y in Vv it must do so in V' , and therefore V can be switched.
Similarly it can be shown that V can be switched if it is a sink.
Conversely, assume that v is not a source or a sink, then
there exist two chords x and y which cross Vv clockwise and anti-
clockwise respectively. Therefore x intersects vy and V' is an
interior point on the arc Exy . Therefore any chord which joins V'

and V must cross at least one of X or y contrary to the definition

of the 'switch' operation. 0

We note that V' can be switched in C(¥) back to V ,
therefore V' is a source or a sink in C(v). Clearly v' is a source in C(¥)

if and only if it was a sink in C . From this and Lemma 4 we conclude:

=
Lemma 5: If G 4is a CPG which represents C and D =G , then G

. O

- -
represents C(V) and G, =D,
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In words, the transitive orientation induced by C(V) on Gv
is equal to the orientation obtained by 'switching' Vv in the directed
graph D .

We are now in a position to prove the characterization theorem.

Proof: The 'if' part

Since G 1is a CPG there exists a diagram C which is
represented by G, and by Leimma 1 C induces a transitive orientation
¢ on G which proves (a).

For any vertex V ¢ ¢ with |T(v)| = £ we can order and label
the vertices of T(v) from 1,2,...,f wusing the source and sink
elimination procedure of Lemma 3 . A vertex 1 can be switched in G
if it is a source or a sink (by definition of 'switching' in a directed
graph) and by Lemma 4 its corresponding chord i can be switched in c,
where C(i) is represented by Gi by Lemma 5 . We can therefore
'switch' the chords 1,2,...,2 in this order in C to obtain a

diagram C(T'(v)) which is represented by GP(V) . Therefore GF(V) is

a CPG, and vV 1is an isolated vertex in it because all vertices in I'(v)

have been 'switched' in G , by the remarks in the introduction GP(V)

is a PG which proves (b).

The 'only if' part

Suppose that G is a comparability graph and for

v ¢ V(G) G P isa PG . Let D be a transitive image of G .

r(v) -
We then label the elements of I'(v) from 1 to £ as in Lemma 3 and
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'switch' them in D according to this order to get DF(V) which by

Lemma 3 is a transitive image of P = GF(v) . Using the construction of
->

Pnueli et al [6] where H = GF(V) and H = DF(V) we can get a permu-

tation diagram C(T(V)) for G which induces in it the

I'(v)

orientation D (see Remark 1 after Lemma 1).

T(v)

Since DPCy) was obtained from D by switching
1,...,4, we can now switch the vertices £,£-1,...,1 in DT(V) in this
order to obtain D . Similarly, in C(I'(v)) , we can .

switch the chords Z , Z—l,...,i in this order and obtain by Lemmas 4

and 5 a diagram C which is represented by G . Therefore G is a CPG. [

Remark 2: Note that in the 'only if' part we chose any transitive
orientation D of G and obtained a diagram C for G such that ¢
(the orientation induced by C in G) is equal to D . We therefore
conclude that for every transitive orientation D of a CPG G there
exists a diagram C , which induces in G the orientation D.
Basedvqn the,theorem, we héve_a fecognitidﬁbaléorithm fbr
a CPG which runs as follows:
Step 1: Check that G is a comparability graph using the algorithm of
[4]. This requires O(A*|E|) steps. In.case.of a-negative
answer 'stop', G is not a CPG .
Step 2: Choose an arbitrary vertex v and obtain GF(V) by 'switching'
the neighbours of v . This requires O(nz) steps.
Step 3: Check that Gg(v) (the complement of GPCV)) is a comparability
graph. If the answer is negative G is not a CPG, otherwise G is a

CPG since G is a PG by Lemma 3 and the characterizatipn of PG in [6]

I'(v)
Clearly the running time is dominated by 0(A°|E|) .
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§3 Permutatiocn Representation and Finding a Maximum Independent Set

Consider two cocentric circles C1 and 02 with the numbers

1',...,n" on Cl and P = <P(1),...,P(n)> on C2 . This information

does not uniquely define a CPG G since 1i' on C1 can be joined to

i omn C2 in different ways. Therefore a permutation P = <P(1l),...,P(n)>

read anticlockwise from 02 of a circular permutation diagram C, can-

not define by itself the graph G which represents C . However, if we
fix chord 1 as a reference chord, we can construct a permutation P1 by

reading the endpoints of the chords on C starting from the endpoint 1

2
proceeding anticlockwise i.e. Pl(l) =1 . We then mark in P1 all
elements which are endpoints of chords which intersect 1 . Clearly this
requires at most n extra bits. Let M1 = <il""’i£> be the sub-~
sequence of marked elements in Pl . (See Figure 6(a)}.
Lemma 6: Given a permutation P1 = <1,P(2),...,P(n)> , and the sub-

sequence Ml , then for i< j , 1 g-j if and only if:

. -1, -1,.
(a) i, j € Pl—M1 and Pl i) > P1 G)
or
. . -1, -1,
() i, j e M1 and Pl (i) > Pl &P
or

(¢) ieM and j e P,-M, and le(i) < PIl(j)

-1,
. , _ 0y < .
jeM and 1 € P1 M1 and Pl 1) Pl 3
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Proof: (a) Since i < j , 1i' precedes j' on C1 moving from 1'

anticlockwise. Suppose 1 E-j, then on C2 j must precede i anti-

clockwise therefore PIl(j) < le(i) . Converselwy if i-% j , 1 pre-
-1,. -1
. < .
cedes j on C2 and Pl (i) Pl G .

Cases (b) and (c) can be proved using similar arguments. g

For an illustration see Fgure 6(a).

We can get a representing permutation Pi for G wusing an
arbitrary chord I + 1 as a reference chord by simply relabelling the

endpoints of the chords on Cl and C2 . The chord i must have its

endpoints relabelled 1' on Cl and 1 on C2 , the endpoints of

i -1 are relabelled n' and n , and in general the chord k will

now have endpoints (k - i + 1)’mod n and (k - i + 1) mod n for

k$4i-1. (See Figure 6(b)). We then obtain Pi as we obtained Pl

5

previously.

3
¢)

Figure 6. P} = <1,6,3,2,5,4> and
B, = <1,4,3,6,5,2>

Given a diagram for a CPG G we can find a maximum independent
set in G wusing the permutations Pl""’Pn as follows. We observe

that an independent set in G which contains
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vertex i has all its elements in G - I'(i) . Therefore it corresponds
to an increasing subsequence in Pi - Mi' by Lemma 6 , where an in-
creasing subsequence in a permutation P is a sequence of elements
xl<x2<...<)§k with 'P'-l(xl)<P'1(_x2)<...<P‘1(xk)‘ .

Let Ii be a maximum independent set which includes vertex
i . Then the élements of Ii correspond to a longest inaeasing sub-
sequence in Pi - Mi . A longestincreasing subsequence can be found
in 0(n log2 n) steps using an algorithm by Fredman [2]. The maximum
independent set in G is maxi{|Ii[ /i=1,2,...,n} and can be
found in O(n2 log2 n) steps since constructing each Pi requires only
0(n) steps. This compares favourably with Golumbic's algorithm [4]
for finding a maximum independent set in a comparability graph which
requires 0(|V| . |E|) steps.

From a computational point of view it is useful to be able to

find P P for a CPG without explicitly constructing the diagram.

l’...,n
This can be done by using the directed graph DF(V) used in the re-

cognition algorithm. We recall that D is a permutation graph

I'(v)

which represents C(I'(v)) where v is an isolated vertex in DF(V)'
In order to comstruct a diagram for G , we only 'switch' chords in
C(T'(v)). This operation clearly does not change the positions of the

endpoints of the chords on Cl or 02 . Therefore we can construct a

permutation P. which represents G , by labelling the chord v by

1
1 and finding <P(2),...,P(n)> on {2,...,n} which represents

DL vy - v using the algorithm of [6]
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Then let Pl = <1,P(2),...,P(n)> where Ml is the sequence of end-

points of chords intersecting v (i.e. vertices in T(v)) . To get

P, i # 1 from P, we proceed as follows:

1

(a) Find the elements in Pl which represent endpoints of chords

which intersect 1 . This requires n - 1 comparisons using the
rules of Lemma 6. Call those elements Mi .

(b) We relabel the elements of Pl such that i becomes 1 , i + 1

becomes 2 etc. and i - 1 becomes n, as we did previously to obtain Pi

when the diagram was given. This can be done by changing Pl to

the permutation P! defined as follows: For k =1,2,...,n

1
PY(k) = (By(k) =i+ 1) modn If P (k) +i-1
PI(k) = n 1f P (k) =1-1

In Pi the set of marked elements Mi consists of exactly the
relabelled elements of M% .

(¢) Read cyclically P! from position PIl(i) (which in P! contains

1 1
the number 1) to obtain Pi' This is equivalent to reading the

i from C2 starting at the endpoint 1 (previously

in Pl this endpoint was labelled i), di.e. for v =1,...,n

P, (k) = P! (0) whers £ = (Pi_l(ll) +% - 1) mod n .~ For example

permutation P

consider the cycle of length 6 (See Figure 6).

1

(1, 6, 3, 2, 5, 4)

M

1 (2, 4)



We construct P4 as follows:

Step (a) Mi a, 3)

Step (b) Pi = (4, 3, 6, 5, 2, 1)
M4 = (4, 6) and finally

Step (c¢) P4 (1, 4, 3, 6, 5, 2) .

In this case by symmetry P2 = P4 = P6 and Pl = P3 = PS . The

maximum independent set is of size 3 since !Iil =3 for i=1,..

e.g. I, =<1, 3, 5

18.
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Summary

A new class of graphs called circular permutation graphs was
introduced. It was shown that this class generalizes the class of
permutation graphs which were studied in [6], and it is embedded in the
class of comparability graphs . The characterization uses properties
of permutation graphs and comparability graphs and is of the same
complexity as the known recognition algorithms for these types of graphs.
Also it was shown that CPG can be represented as permutations with
marked elements, this representation was used in an efficient algorithm

for determining a maximum independent set.
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