 Inexact Arithmetic Considerations for Direct Control and Penalty

2 Methods: American Options under Jump Diffusion

3 Y. Huang T P.A. Forsyth G. Labahn §

4 October 17, 2012

5 Abstract

6 Solutions of Hamilton Jacobi Bellman (HJB) Partial Integro Differential Equations (PIDESs)
7 arising in financial option problems are not necessarily unique. In order to ensure conver-
8 gence of a numerical scheme to the viscosity solution, it is common to use a positive coefficient
9 discretization for such PIDEs. However in finite precision arithmetic one often encounters dif-
10 ficulties in solving the discretized nonlinear algebraic equations. In this paper we focus on a
1 specific HJIB PIDE, arising from pricing American options under jump diffusion. We use two
12 formulations of this problem, the first a penalty method and the second a direct control formu-
13 lation. In each case we use a positive coefficient discretization which implies that a fixed point
14 policy iteration will converge when used to solve the nonlinear discretized algebraic equations,
15 under very mild restrictions on parameters. However, when using finite precision arithmetic, we
16 observe that convergence may not occur for either formulation, even if the theoretical conditions
7 are satisfied. We estimate bounds for the penalty parameter (penalty method) and the scaling
18 parameter (direct control formulation) so that convergence of the fixed point policy iteration in
19 inexact arithmetic can be expected. Numerical tests verify that these bounds are conservative.
20 The lower bound is of more practical importance, and conveniently this has a very simple form.
21 We remark that similar issues also arise in more complicated HJB PIDES in finance, for exam-
2 ple when pricing American options under regime switching or guaranteed minimum withdrawal
23 benefits (GMWB) under jump diffusion.

24 Keywords: American options, jump diffusion, inexact arithmetic
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» 1 Introduction

27 Penalty methods have been suggested for American option pricing problems in [15, 21, 35, 11, 26].
28 These techniques have also been applied to singular [9, 17] and impulse [6] control problems,
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transaction cost problems [10], and other Hamilton Jacobi Bellman (HJB) PDEs in finance [32].
Such methods are simple to implement, and make no assumptions about the connectedness of
the controlled /uncontrolled regions. It is also straightforward to apply penalty methods to multi-
dimensional problems [36, 21], jump diffusions [12] and regime switching [23, 18]. However, with
penalty methods there is always the question of the selection of the dimensionless penalty parameter.

An alternative approach is based on a direct control formulation [4, 19, 33]. Superficially, a
direct control method does not appear to require a scaling parameter as is required for the penalty
method. However, since any iterative method for solution of the discretized equations requires
comparing two (or more) terms and finding the maximum, there is an implicit scaling parameter
[19] which affects convergence. This is particularly obvious if the terms being maximized have
different units, which is often the case.

After discretizing the original HJB equation in the time and the space-like directions, a nonlinear
set of algebraic equations must be solved at each timestep. In order to ensure convergence to the
viscosity solution of the HIB equation, a positive coefficient discretization is used [14]. It is then
straightforward to prove that policy iteration for the solution of the algebraic equations will converge
[4, 19]. However, experimental computations show that in inexact arithmetic, the policy iteration
may not converge for some choices of the penalty parameter or the direct control scaling parameter.

In the case of an American option with jump diffusion, a full policy iteration is not feasible,
since the discretization of the jump term results in a dense matrix. The fixed point policy iteration
algorithm [12] requires only a sparse matrix solve and a dense matrix-vector multiplication at each
iteration. The matrix-vector multiply can be efficiently carried out using an FFT [13]. Provided a
positive coefficient discretization is used, then convergence of the fixed point policy iteration can
be guaranteed [12, 19], under very mild conditions on the scaling parameter, in exact arithmetic.

The objective of this article is to examine the effect of inexact arithmetic on the convergence of a
fixed point policy iteration scheme for American options under jump diffusion. We focus exclusively
on methods which do not require knowledge of the structure of the exercise region. Our analysis
extends some of the results in [20] for the case of a singular control problem. Our main results are:

e We derive estimates for the upper and lower bounds for the penalty parameter (penalty
formulation) and the scaling parameter (scaled direct control formulation) so that convergence
of the fixed point policy iteration can be expected in the presence of inexact arithmetic effects.

e The lower bound estimate is of more practical importance than the upper bound estimate,
and conveniently this bound has a very simple form. Numerical tests indicate that this bound
is conservative, but not too restrictive.

In addition, as secondary results, we observe that the computed solution for the scaled direct control
formulation is insensitive to the choice of scaling parameter over a very wide range (fifteen orders of
magnitude) while the penalty formulation solution is affected by penalization error if the parameter
is too large. Also, utilizing the properties of inexact arithmetic, it is possible to convert existing
software (which uses a penalty method) to use the scaled direct control formulation in just a few
lines of code. Finally, our analysis can also be applied to other HJB equations, such as singular
control problems [20].
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2 American Options under Jump Diffusion

Let the price of the underlying risky asset be S, which follows the risk neutral process
dS = (r— Ak)Sdt+ oSdZ + (§ —1)Sdq , (2.1)

where dZ is the increment of a Weiner process, r is the risk free rate, and o is the volatility. Here
A is the jump intensity representing the mean arrival rate of the Poisson process:

; {o with probability 1 — Adt
q prd

, (2.2)
1 with probability Adt

with £ a random variable representing the jump size of S. When a jump occurs, S — £S. We
assume that £ follows a log-normal distribution p(&) given by

1 (log(§) — v)?
p(§) = W exp( e )
with parameters ¢ and v, kK = E[¢ — 1], where E[-] is the expectation, and E[¢] = exp(v + (?/2)
given the distribution function p(§) in (2.3).

Define 7 =T — t where ¢ is the forward time, and T is the expiry time of the contract and set
V =V (W, A, T) to be the no-arbitrage value of the contingent claim. The no-arbitrage price of the
claim is then given by

(2.3)

min| V., — LV = AJV,V -V*| =0, (2.4)
where V*(S) is the payoff. Here the operators £, 7 are defined as
LV = OjSQVSS + (r = A&)SVg — (r + )V
= U;SQDSSV + (r = A&)SDsV — (r + \)V
v = [T viesmme . (25)

For computational purposes we localize the problem to the domain (S, 7) € [0, Spax] X [0,7]. The
boundary conditions for equation (2.4) are

V(S,0)=V*S) ; 7=0
min[VT—rV,V—V*] ;7 S=0
V(Smaxa 7—) = V*(Smax) ) S = Smax
VSS —0 ) S — Smax . (26)
2.1 Direct Control Formulation

We introduce a scaling parameter €2 into equation (2.4) and rewrite (2.4) in control form [4, 19]
max [Q (V' =V)—=(1—-¢)(V: =LV =AJV)| =0. (2.7)
pe{0,1}

Although the scaling parameter has no effect on the exact solution of (2.7), it does affect convergence
of the iterative method used to solve the discretized equations in finite precision arithmetic.
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2.2 Penalty Formulation

Penalty methods were first suggested for solution of equation (2.4) in [12] with the idea now applied
to various other problems in finance [9, 10, 21, 7, 26, 32]. The penalty approach rewrites equation
(2.4) in the form

) V-V

lim |V, — LV = AJV — max ¢ =0. (2.8)
e—0 »€{0,1} €

It is straightforward to show that equation (2.8) is consistent [22], in the viscosity sense, with

equation (2.4). For suppose ¢(S,7) is a smooth test function, with bounded derivatives of all

orders. Then replacing V' in equation (2.8) by v, and removing the control ¢ gives

lim[z/JT—L’z/J—)\jw—max<V —¢70>] =0. (2.9)
e—0 £
Rearranging equation (2.9), noting that € > 0, then gives
lir%min [qu — LY = ATV, =V +e(r — Lop — mw)} =0. (2.10)
e—

Taking the limit as e — 0 gives an equation consistent with equation (2.4). A more precise argument
for consistency in the viscosity sense is given in [3] for a more general case of an impulse control
problem.

3 Discretization

Define a set of nodes Si,...,S5;,.., and discrete times 7" = nA7. Let V" be the approximate
solution of equation (2.4) and set V" = [Vq,...,V; . 1.

Let £, ", Dgs, Dg be the discrete forms of the operators L, 7, Dgs, Dg and define

. %zstgSVﬁ (1 = AR)SiDEV = (r+ NV 2<i < i | 3.1)
o % S2DhV" + rS, DLV — V! § < <
0 % = Tmax

We use standard three point central, forward and backward differencing so that the positive co-
efficient condition is satisfied [30, 14, 17] with central differencing used as much as possible [30].
Linear behaviour of the solution is assumed for i > i [13, 29]. The integral term JV is discretized
via transformation into a correlation integral combined with a use of the midpoint rule as described
in detail in [13, 29]. For notational convenience, we define J/ as

hinl. . ~

0 otherwise

Let (AS)max = max;(S;y1 —S;) and (AT)max = max(7"1 —77). We suppose that the grid and
timesteps are selected so that

(AS)maX = C’h ; (AT)max = éh s (33)



o with C, C being positive constants.

110 Observe that the discretization method is at least first order correct. Hence, taking into account
u the definitions (2.5) and (3.1), and noting that J represents a discrete probability density (on a
2 truncated domain) [13, 29], we obtain the following results. If e is the iax length vector [1,1,..., 1],
13 then since Dg e; = 0 and Dgs e; = 0 we have

—r izlor%<i<imax
Lhe; = {—(r+A) 2<i<i

0 T = lmax

1 2<i<i
TJhe;, < - = 3.4
v {0 otherwise (34)

s 3.1 Discretization: Direct Control Formulation

us  We use fully implicit (§# = 1) or Crank Nicolson (§ = 1/2) to discretize equation (2.7), using the
16 discrete forms of the operators as discussed in Section 3,

n+1

- (Y- -

T 2

95?‘/;”4»1) + [9) SO;H*an#*l

2

= (=) 0 I (1 A

+ (1= ™A =0 [LIVI+ ATV i< imax
V;n+1 ‘/Z* . .
AT - AT ; P macs (3.5)
117 where
. om vty
@) e agmado o7 -7 - (- ) (g
»€{0,1} T

_ g(ﬁilvzn-l-l n A%h%n+1) . (1 - 9) (E?V;n + )\‘Zhvln)> } ) (3.6)

us 3.2 Discretization: Penalty Method

no If e = CA7, where C > 0 is a constant, then the following is a consistent discretization of (2.8),

n+l n+1 n n+1
V aﬁhvn+1 Yi ‘/in+1 _ L SDZ Al )\Gth”“
At € AT
+ (1 B 9) [E?‘/ln + A*jzh‘/zn] ; i < Z'Inax
V;n—‘rl V;* . .
AT AT i = imax, (3.7)
120 where
ot e argma{ £ -y 539
0e{0,1}



= 4 Solving the Discretized Equations

122 At each timestep we must solve the nonlinear equations (3.5) or (3.7). We can write both sets of
123 equations in terms of nonlinear matrix operators. Let A, B be imax X imax matrices, and C be an
124 imax length vector, which are defined for both the scaled direct control and penalty formulations
125 in Appendix A. For each timestep let U denote the vector of the unknown solution V"*! and
126 Q = [P1,.., Pima] be an indexed set of controls with each ¢; € {0,1}. Then, the discretized
127 equations (3.5) and (3.7) can be written as

(AQ)-B@)U = C(Q)

with each @Q; € argmax|—(A(Q)— B(Q))U +C(Q) (4.1)
QeZ i

128 where Z is the set of admissible controls. Observe that A is sparse, but B is dense, since it represents
120 the discretization of the jump term 7.

10 Remark 4.1. Note that [A(Q)]; ;, [B(Q))i;, [C(Q)])i depend only on Q;.

131 It is useful to note the following properties of A, B.

122 Proposition 4.1. Suppose a positive coefficient discretization [14] is used. Then
s (a) B(Q)=0.

« (b) The i row sums for A(QF) and B(QF) are

135 Direct Control:

1

w

1

w

(1= ) (&= +0r) + ¢k i=1 or
i=141,... imax — 1

ky )y
Row_Sum ( A(Q") ); (1- wf)(ﬁ +0(r+ )+ 2<i< i

1/(A7') 1= Z.max
1—MoN 2<i<i
Row Sum (BQY) s < 4% ==t (4.2)
0 otherwise
136 Penalty Method:
k ~
~+0r+ 2 i=1 or i=i+1,... imax—1
Row Sum (A(Q") )i = $ Lior+ra)+2 2<i<i
1/(AT) T = imax
ON 2<i<i
Row_Sum (B(Q¥) ); < { =r=t (4.3)
0 otherwise

17 (¢) The matrices A(Q) — B(Q) and A(Q) in equation (4.1) are strictly diagonally dominant M
138 matrices [28].

o Proof. Part (a) follows from the discretization method for [J [13, 29], and the definition of B(Q) in
o Appendix A. Part(b) follows from properties (3.4), equations (3.5), (3.7) and Appendix A. Since
1 a positive coefficient discretization is used [14], part (c) follows from (b) and [28]. O

w

1

w

1

o

1

'S
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4.1 Fixed Point Policy Iteration

Since B is dense, direct application of policy iteration to solve equation (4.1) is not feasible. Various
methods have been suggested for solution of equations of this type [12, 2, 27, 19]. For the purposes
of investigating floating point errors, we will focus on the fixed point policy iteration discussed in
[12, 19]. Fixed point policy iteration was also used for American options under regime switching in
[18]. The regime switching case has some similarities with the jump diffusion case, since full policy
iteration is not efficient for either problem. The fixed point-policy iteration is given in Algorithm
4.1.

Algorithm 4.1 Fixed Point-Policy Iteration

UY = Initial solution vector of size N
for £ =0,1,2,... until converge do

0k € argérenzaX{— [AQ) — BQ)U* + c<cz>}

Solve A(Q¥)U*+! = B(Q*)U* + C(Q)
Uit = ug|

¢

if £ > 0 and max < tolerance then

max [scale, \Uf“\}

break from the iteration
end if
end for

The term scale in Algorithm 4.1 is used to ensure that unrealistic levels of accuracy are not
enforced. As an example, if options are priced in dollars, then a typical value of scale = 1.0. Each
iteration of Algorithm 4.1 requires a sparse matrix solve (in this case a tridiagonal system) and
a dense matrix-vector multiply B(Q*)U*. This dense matrix-vector multiply can be carried out
efficiently using an FFT as described in [13].

Theorem 4.1 (Convergence of Fixed Point-Policy Iteration). Suppose:
(a) The matriz A(Q) is an M matriz [28].
(b) The matrices A(Q), [A(Q)]™! and the vector C(Q) are bounded independent of Q.
(c) There is a constant Cy < 1 such that
IA@") ' BQ" lloo < C1 and [AQ")'B(Q")]lw < C1 - (4.4)
Then the fized point-policy iteration in Algorithm 4.1 converges.
Proof. See [19]. O

Corollary 4.1. The fized point-policy iteration converges unconditionally for the penalty discretiza-
tion (8.7) and converges for the scaled direct control discretization (3.5) if

Q > ox. (4.5)

Proof. This follows from the definitions of A, B, and C in Appendix A, Proposition 4.1, and
Theorem 4.1, following the same steps as used in [19] for a regime switching problem. O
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5 Floating Point Considerations: Example

To motivate our discussion of the floating point issues surrounding the iterative solution of dis-
cretized HJB equations, we first consider the simple case of an American option with no jumps.
Formally, we set A = 0 in equations (2.4-2.5) with the resulting discretized equations then of the
form (4.1) with B = 0.

In this case, it is trivial to verify that Algorithm 4.1 converges, since for B = 0, this reduces to
pure policy iteration. To be precise, policy iteration applied to equation (4.1) with B = 0 is given
in Algorithm 5.1.

Algorithm 5.1 Policy Iteration

UY = Initial solution vector of size N
for £ =0,1,2,... until converge do
Qf € arg max{.A(Q)Uk + C(Q)}
QeeZ 0
Solve A(QF)U*! = C(QF)
Ut - Uf|

k+1‘:|

< tolerance then
max [scale, |U,

if £ > 0 and max

break from the iteration
end if
end for

For policy iteration applied to an American option problem with no jumps, we can obtain the
following result [15, 4, 32].

Theorem 5.1. If Algorithm 5.1 is applied to the discretized form of equation (2.4-2.5), with A\ =0,
using either a penalty or a scaled direct control formulation, and

(a) A(Q) is an M matriz.
(b) AQ), A(Q)~! and C(Q) are bounded independent of Q,

then the policy iteration Algorithm 5.1 converges in a finite number of steps. Furthermore, conver-
gence is monotone, non-decreasing (after the first iteration), that is,

UL >0 k>0. (5.1)

As an example, consider the problem given in Table 5.1. This problem was solved on a se-
quence of grids, as given in Table 5.2. Crank-Nicolson timestepping was used with the Rannacher
modification [25] and with variable timestepping [15].

For the penalty formulation (3.7), we use a penalty factor of the form ¢ = CAr, where C is
dimensionless. In the case of the direct control method (3.5), the scaling factor € should have
the units of inverse time, so that quantities with the same units are being compared in the max(-)
expression in equation (2.7). It is convenient to choose Q = 1/(C A1) where C' is dimensionless, so
that Q =1/e.

Since the penalty method is consistent for any C', such that ¢ = CAr, then any C > 0 will
result in convergence to the solution as A7 — 0. Table 5.3 verifies this for three different choices
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204
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207

208

209

210

Expiry Time .25

Exercise American
Strike (Put) K 100
Risk free rate r .02
Volatility o .20

TABLE 5.1: Data for the an American put, no jumps (A =10).

Refine | S Nodes | Timesteps

0 129 39

1 257 71

2 513 140
3 1025 276
4 2049 546
5 5097 1087
6 10193 2167

TABLE 5.2: Grid/timestep data for convergence study, American put, no jumps (A = 0). Other
data in Table 5.1. On each grid refinement, new fine grids are inserted between each two coarse
grid nodes, and the timestep control parameter is halved.

of C'. Table 5.4 compares the performance of the penalty method and the scaled direct control
formulation, as a function of the scaling parameter ) or the penalty parameter e, for a fixed
grid size. From Table 5.4, we can see that the scaled direct control method (when the iteration
converges) is unaffected by the size of ) over eight orders of magnitude. On the other hand, the
penalty solution is affected when ¢ is large, at a finite grid size. This is, of course, due to the error
induced by the term (v, — L1 — AJ %) in equation (2.10), which will be present at any finite grid
size.

Observe that for sufficiently small € or 1/, the policy iteration for both penalty and scaled
direct control methods does not converge. From Theorem 5.1 we learn that policy iteration must
converge for this problem in exact arithmetic and so the lack of convergence in Table 5.4 is a result
of using floating point arithmetic. In particular, analysis of the cases where policy iteration did not
converge revealed that the iterates oscillated, at levels above the convergence tolerance, and so the
exact arithmetic convergence property (5.1) was violated.

We can rewrite Algorithm 5.1 in the form

AQM (U — Uk = max{—A(Q)Uk+C(Q)}. (5.2)

QeZ

The analysis in [14] shows that the right hand side of equation (5.2) is always non-negative for
k > 0. However, in inexact arithmetic, we have verified that this is not always true, which results
in the oscillatory iterates and nonconvergence of the iteration. Consequently, the main source of
finite precision arithmetic error appears to be due to the computation of the right hand side of
equation (5.2).

It is now desirable to carry out some analysis to explain the observations in Table 5.4. This
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212
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214
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217

Refine e=10"°Ar e=10"2Ar e=AT
Itns/Step Value Itns/Step Value Itns/Step Value
0 2.54 3.765795756 2.56 3.765735290 2.58 3.760452288
1 2.72 3.767678056 2.72 3.767643630 2.65 3.764771892
2 2.70 3.768152726 2.68 3.768134992 2.64 3.766668367
3 2.68 3.768272342 2.70 3.768263624 2.55 3.767533565
4 2.57 3.768302463 2.51 3.768298209 2.20 3.767938281
5) 2.20 3.768310012 2.13 3.768307954 2.04 3.768130740
6 2.03 3.768311910 2.03 3.768310918 2.05 3.768223491

TABLE 5.3: Convergence study, American put, no jumps (A =0). Other data in Table 5.1. Penalty
method (3.7). Value at S = 100. tolerance = 107°.

tolerance = 10~6

tolerance = 1078

€ or

1/ Direct Control Penalty Direct Control Penalty
102Ar 3.768310012 | 3.768307954 | 3.768310012 | 3.768307954
1073AT 3.768310012 | 3.768309783 | 3.768310012 | 3.768309783
1074AT 3.768310012 | 3.768309989 | 3.768310012 | 3.768309989
1075AT 3.768310012 | 3.768310010 | 3.768310012 | 3.768310010
10-SAT 3.768310012 | 3.768310012 | 3.768310012 | 3.768310012
10~"AT 3.768310012 | 3.768310012 | 3.768310012 | 3.768310012
1078AT 3.768310012 | 3.768310012 | 3.768310012 ook
1079A7 3.768310012 | 3.768310012 ook otk
10-10AF *ox koK oxokok Koxkk Kok

TABLE 5.4: Option value at S = 100, refinement level 5. Comparison of penalty parameter €
and direct control scaling parameter Q0 for the penalty discretization (3.7) and the direct control
discretization (8.5), no jumps (A =0). Other data in Table 5.1. * % xx indicates failure to converge
after 100 iterations in any timestep.

analysis should give us

e a conservative, order of magnitude estimate of the largest value of 2 (smallest value of ¢)
which can be safely used in either the penalty or scaled direct control formulation,

e an estimate which depends on the convergence tolerance, consistent with results in Table 5.4.

We remind the reader that the consistency analysis in equation (2.10) indicates that a small value
of ¢ is advantageous for the penalty method, but there is not any particular advantage (in terms of
solution accuracy at a fixed grid size) in selecting € large for the scaled direct control formulation.

10



28 5.1  Floating Point Considerations: Analysis

210 We return now to the case of American options with jump diffusion, where we use the fixed point
20 policy iteration in Algorithm 4.1. We rewrite Algorithm 4.1 in the form

AU —U*) = max{—[A(Q) - B(Q)|U* +C(Q)} . (5.3)

Qez

221 The analysis in [19] shows that in exact arithmetic, this iteration always converges, hence the right
222 hand side of equation (5.3) should converge to zero. However, we have observed in our numerical
23 experiments that in any case where the Algorithm 4.1 failed to converge, the computed value of
22+ the right hand side of equation (5.3) oscillated in sign, with a non-decreasing magnitude. Define
25 the residual of the solution of the linear system at iteration k + 1 as

P = BQMU* +¢(QF) — A" UM . (5.4)

26 Numerical examination of A(Q*)~'7¥*! indicated that this was small compared to the convergence
27 tolerance. This suggests that the main source of finite precision error is the numerically computed
28 right hand side of equation (5.3).

229 Let fl(x) denote the floating point representation of a real number z, that is,

fl(z) = z(1+4,) with [6,]<6, (5.5)

230 where ¢ is the machine precision. Define the floating point error vector Aelg as

ack = max{ o (~AQU* + BQU* +0@) | - max{ (-4@U* + BQU* @) }
(5.6)

231 where fI®*(-) denotes the accumulated effect of floating point errors from all arithmetic operations
22 in (-). Suppose that in exact arithmetic, Algorithm 4.1 would terminate at step k + 1. Let U* be
233 the iterates computed in exact arithmetic, and let AU é“ denote the floating point error in U*+1
2u generated by Aef. Then, from equations (5.3) and (5.6), we have
A(Q) [U’““ Uk 4 AUﬂ - Iqr?la%({—A(Q)Uk +BQ)U* + C(Q)} + Ak
€

AUF = AQ")'Acj . (5.7)

235 Now, if

L1801
ax k1
i [max(|U; |, scale)

] > tolerance (5.8)

236 then Algorithm 4.1 may not converge. Consequently, we should choose parameters such that

| AT | [ LA@Y) 1A |
2 ] =

max(|UF| scale max(|UF, scale)

< tolerance . (5.9)

11
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5.2 Approximation of Equation (5.9)

If we attempt to provide a rigorous bound for equation (5.9), then the result will be far too
pessimistic to be useful. Instead we proceed in a somewhat more heuristic manner in order to
obtain a more practically useful bound.

We restrict attention to the typical situation where the grid spacing and timestep are reduced
proportionally to a discretization parameter h, as in equation (3.3), and consider the limit A — 0.
Recalling that A” is a strictly diagonally dominant M matrix, we can write A* as

A¥ = D+ P where [D]; = Row.Sum (A"); . (5.10)

Thus D is diagonal, with entry D; > 0 on the " row, and if e = [1,...,1]’, then Pe = 0.
Consequently, [I + D~ !Ple = e which gives

e = [[+D7'P| e, (5.11)

implying that Row_Sum ([I + D~1P]7!); = 1 for each i. Now, from equation (5.7), we have that

AFAUF = Ae (5.12)
so that
DIAFAUEF = D7lACl, (5.13)
which gives
AU} = [I+D7'PI7H (DA€ . (5.14)
Let
gij = [[I+D‘1P]_1] K (5.15)
2y

so that, since [[+ D1 P] is an M matrix, and noting equation (5.11), then equation (5.14) becomes

pul], = ey [ad],
9ii =05 > gij=1. (5.16)
J

Let |D7 ! = max; |D; |, and let [Aék]; be an upper bound estimate for | [Aef]; |. Then,
equation (5.16) becomes

[at], | < 10 aulach (5.17)
K3 .
J
Define the computational domain ® = [0, Syax|. At any iteration k, the domain can be consid-
ered to be the union of disjoint sets
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e &, : the set of points where the American constraint is active. In this case if S; € &, then
©F =1 for both penalty and direct control methods (see Section 3).

e & — ®,: the set of points where the American constraint is not active, that is, if S; € & — P,
k _
then i = 0.

If S; € (& — @), then we denote the set to which S; belongs by (® — ®,)s,, and the boundaries
of this region by 0(® — ®,)s,. Note that the set & — &, will consist (in general) of the union of
disjoint sets.

For S; € ®,, then for the direct control method we have that g; ; = J; ;, and so equation (5.17)

becomes

[at], | = i07aad) s sice. (5.18)

i

In the case of the penalty method things are somewhat more involved. In this case, from properties
(5.16), we have that

As well note that ( (AS)min = min;(S;+1 —5;) )

[e.e]

D9 [Aélg]jH < A& ]oo - (5.19)
j

‘ [D_lp]id‘ ‘ = O((A&l?)g> = O(C) ; S; € &, , (520)

min

assuming that the penalty parameter is ¢ = CA7, C is small, and that the grid is refined as in
equation (3.3). Straightforward computation then shows that

D ad| < [ad) 0O)adle e ®,. (5.21)

2

and hence equation (5.17) becomes

] [avf] ] < HD1\\00([Aé’;1i+0<C>HAé5uoo) . Sied,. (5.22)

%

In the following, we drop the O(C) term in equation (5.22) and assume equation (5.18) holds
for both direct control and penalty methods. Consider the equation

[I+D'PIW =f (5.23)

where f is an arbitrary vector. Examination of the discretized equations shows that, as h — 0 (see
equation (3.3)), for S; € ® — ®,, we can consider the discrete equations [I + D™1P); ; = g; ; to be
a discrete approximation to the Green’s function solution of the equation

W, — 9(02252 Wess + (r — M)WS> =0 ; W(S,0)=f(S). (5.24)

13



2rs  In equation (5.24) there is no term (r+ X)W since the scaling by D in equation (5.15) has effectively
276 removed this term. For S € ®,, we can consider equation (5.23) as specifying that

W=f: Secd,. (5.25)

217 The Green’s function G(S, 7,5, 7') of equation (5.24) [16] is the formal solution to

2. Q2
G, — 9(0 2S Ggss + (r— /\/f)GS> = §(S-8)(r—7); Se(®-9,)s
lim G(S,7,5,7) = §S-9) ; Se(P—Dy)s
(r—7")—0

G(s*,7,8,7) = 0 . S e d(®—D,)s, (5.26)

27s - where 0(+) denotes a Dirac function. The solution of the equation

WT—0<02282W55+(7~—)\/<5)W5> =0 ; Se(®-d,)
W(st,r) = q(S) ; S*€0(®— Pu)s
W(S,0) = f(S) (5.27)

270 for arbitrary ¢(.5) is then given by

W(S,r) = / G(S,7. S, 0)f(S) dS' + / / P(S, 7.8 7)g(S') dr dS'
(—Pq) H(D—B,
(5.28)

280 where P(S,7,5’,7") is the Poisson function [16]. The Poisson function allows us to handle non-zero
231 Dirichlet boundary conditions. We remind the reader that in this context, the Poisson function has
22 nothing to do with a Poisson process. The term Poisson function is an unfortunate but standard
253 terminology.

284 Note that

G(S,7,8,7)>0 ; P(S,T,S, 7

/ G(S,7,5,0) dS' + / / P(S, 7S ) dr dS' =1.  (5.29)
(B—Da)s A(P—Ba)

255 which is the continuous analogue of properties (5.16).
286 Now, as h — 0, we expect that (setting ¢(S) = f(5) from equation (5.25) )

AT
S gif(8) - G(Ss, AT, §',0)£(S') dS' + / / P(S;, AT, S, ) f(S) dr' dS.
- (@—da)s, 0 -3

(5.30)

257 From the property of the continuous Green’s function [16] (S € (P — ®,))

AT
lim [ / G(S,AT,8,0)f(S") dS" + / / P(S,AT, S, 7)f(S) dr' dS"| = f(9),
AT—0 (P—D,) N(DP—-D,

(5.31)
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we can conclude that, as h — 0 (from equations (5.30) and (5.31) ),
%g%;gz«,jﬂsj) =f(S) ; Sie®— . (5-32)
More precise estimates of equation (5.32) are given in Appendix B.

Set f(Si) = [Aék]; in equation (5.32). We then obtain (using equations (5.17) and (5.32) ) that

R D[],
ax k1 = max k+1
i max(|U; |, scale) i [max(|U; |, scale)

+ small terms . (5.33)

Assuming we are close to convergence, so that Uf“ ~ Uf, then we obtain the final estimate for
bound (5.9)

- I~ oA}

< tol . 5.34
max(|UF|, scale)} orerance (5.34)

5.3 Bounds on Floating Point Errors

From equation (5.6), we have that

Aek| < glgg{ fleum (A(Q)Uk +BQU* + C(Q)) — <A(Q)U’“ +B(QU* + C(Q)> ‘}

= Aék. (5.35)

For the scaled direct control formulation, as 2 — oo, the floating point error bound Aé’g (5.35)
will be dominated by

QUF -V (5.36)

This is because near the exercise region, Uik ~ V.;*. In this case, we are subtracting two almost equal
floating point numbers (which is highly prone to round off error amplification) and then multiplying
by a large number.

Now, examine the error induced by computing term (5.36) in finite precision arithmetic

[Ae);

12

‘fl [ﬂ(ﬁ)ﬂ(ﬂ(Uﬁ) - fl(%-*))] CQWF vy
< QO(|UF| + Vi) + 38QIUF — V| + 0(6%) (5.37)

where § is the unit roundoff. Ignoring the second order terms, and assuming that V;* = U¥(1+ a;),
then equation (5.37) becomes

[Aef);

12

QIUF|(2 + lai|)d + 3a;|2|Uf|
= QUF|(2 + 4]a;])s . (5.38)

Assume that |a;| < 1 (which will be true near the exercise region) so that equation (5.38) becomes

Ak, ~ 20|UF|5 . (5.39)
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305

s For the penalty formulation, we obtain (5.39) but with Q = 1/¢.

For the case where 2 — 0, the floating point error in Aé’g (5.6) will be dominated by the term
282
07 - DsUf (5.40)
306

since computing the numerical second derivative will produce the largest errors. Following a similar
507 argument as used in the derivation of equation (5.39), we obtain

[Aek]; 2606

2Q2
o) S k
. ‘Ui ‘7

A1
(85)? 40
308  where (AS)l = min(SH_l - SZ’, SZ - Si—l)-

For details of the derivation of equation (5.41) see [20].
w0 5.4 ) Large, ¢ small

s From equation (5.39), if Q@ — oo (e — 0),

then
[A&f]; =~ 296|Uf|
< 208 max(|UF|, scale) . (5.42)
s From Proposition 4.1, assuming that ¢
312

for equation (5.34) will occur when ¥

1/Q = CAT, C < 1, we can see that the worst case
313 formulations

0, in which case, for both penalty and direct control

max |D; | < AT .
1

(5.43)
s Substituting equations (5.42-5.43) into equation (5.34), and assuming that
1 1
Q=== 5.44
e CAT’ (544)
315 we obtain
20
, 5.45
tolerance ( )
316 Assuming that
§~ 10716 ( double precision ) , (5.46)
si7 - then we obtain from equation (5.45)

{2 x 1078 tolerance = 1078
c >

. 5.47
2 x 10719 tolerance = 106 ( )

318 This estimate is consistent with the results in Table 5.4.
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5.5 2 Small
From equation (5.41) we have that, for the scaled direct control formulation with  — 0,

0252

(AS)?
2 g2

200 (2532 max(|UF|, scale) . (5.48)

[Aek]; ~ 206 |UF|

From Proposition 4.1, for the case {2 — 0, the worst case will occur when gpf =1, so that we have

1
max D' < = (5.49)
i Q
Substituting equations (5.48) (5.49) into equation (5.34), and assuming that
0= (5.50)
- CAT’ ’
gives
1 [tolerance\ . [ (AS)?
— — ). o1
¢ < m( 5 >m§n<295302 (5:51)
In addition, from equation (4.5), assuming equation (5.50) holds, then
1
C . 5.52
< OAAT (5.52)

Combining equations (5.51, 5.52) gives

. 1 1 [tolerance . (AS)Z2

5.6 A Note on Implementation

We remark here that given a penalty method implementation, it is trivial to generate a scaled
direct control implementation. In this case, we can use the properties of inexact arithmetic to our
advantage. The discretized equations (3.7) are used in both cases, but for the scaled direct control
formulation, ¢ is determined from equation (3.6) (instead of equation (3.8)). In equation (3.6), we
define

1
0= .54
CAT (5:54)
with C satisfying conditions (5.45) and (5.53). In equations (3.7), we set
e = ChAT, (5.55)

with Co = \/€smai, where €44 is the smallest positive double precision number, e.g. ~ 10308,
We take the square root here to avoid any possible overflow problems. Effectively, when ¢ = 0, we
solve the unconstrained PDE. When ¢ = 1, the very small ¢ eliminates the other terms in equation
(3.7) (in finite precision arithmetic), so that this equation becomes V;"*! = V*,
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Expiry Time .25
Exercise American
Payoft Butterfly
Ky, Ko 90, 110
Risk free rate r .05
Volatility o .15
Jump Intensity A 1
Log jump mean v -.90
Log jump stnrd dev ¢ .45

TABLE 6.1: Data for the an American butterfly

5.7 Generality of Condition (5.34)

The condition (5.34) is general and can be applied to other HJB equations. We need the following
properties to hold

e The discretized equations are of the form (4.1).
e The matrix A(Q) can be split as in equation (5.10).
e The result (5.32) holds.

For each specific PDE, it is only necessary to estimate || D~!||, and Aés. For an example application
of condition (5.34) to a singular control problem, see [20].

6 Numerical Results: Jump Diffusion

We consider the case of an American option with jump diffusion, with the data in Table 6.1. We
take the payoff to be a butterfly

V* = max(S — K1,0) — 2max(S — (K1 + K3)/2,0) + max(S — K»,0) , (6.1)

and assume the existence of an American contract with payoff (6.1), which can only be early
exercised as a unit. This contract has been used as severe test case by several authors [1, 26, 24].
In the no-jump case, the exercise region is not simply connected to the boundary, hence the direct
method in [5] cannot be used (at least in straightforward fashion) and an iterative method is
required. A classical iterative method is described in [8].

The variable timestep selector described in [12] is used combined with Crank Nicolson timestep-
ping and the Rannacher modification suggested in [25]. This problem is solved on a sequence of
(unequally spaced) grids. At each grid refinement, a new fine grid node is inserted between each
two coarse grid nodes, and the timestep control parameter is halved. Table 6.2 shows the number
of nodes and timesteps for various levels of refinement. Table 6.3 shows a convergence study for the
American butterfly case, which demonstrates approximately second order convergence. The value
at t = 0 is shown in Figure 6.1.
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Refine | S Nodes | Timesteps
0 129 35
1 257 70
2 513 137
3 1025 271
4 2049 537
5 5097 1068
6 10193 2130

TABLE 6.2: Grid/timestep data for convergence study, American butterfly. Data in Table 6.1.
On each grid refinement, new fine grids are inserted between each two coarse grid nodes, and the
timestep control parameter is halved.

Refine | Itns/step Value Ratio
0 3.2 5.249893574 | N/A
3.0 5.251270846 | N/A
2.98 5.251520409 | 5.5
2.98 5.251585969 | 3.8
291 5.251601866 | 4.1
2.65 5.251605835 | 4.0
2.43 5.251606872 | 3.8

O T W N~

TABLE 6.3: Convergence study, American butterfly, data in Table 6.1. Penalty formulation (3.7)
used. Value at S = 105. Penalty parameter ¢ = 1075A7. Crank Nicolson timestepping with the
Rannacher modification used. Ratio is the ratio of successive changes in the solution.
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FIGURE 6.1: American butterfly, jump diffusion. Data in Table 6.1.

6.1 Bounds on C

The lower bounds for C' for both penalty and direct control methods are given from equation (5.47).
For a level 5 discretization, we will estimate the upper bounds from the following data

9 = 5

(AT)max = 3x1073
A pu—
c = .2

<(A§j)i>mm = 1.5x107*
§ = 10716, (6.2)
Bound (5.52) is then

2 4 4

C < $x101~10 (6.3)

while bound (5.51) gives

C < {745 x 103 ~ 10* tolerance = 1078 (6.4)

% x 10° ~ 108 tolerance = 1076

Table 6.4 shows that the lower bounds for C' = ¢/Ar, from equation (5.47), tolerance = 1078 are
fairly sharp for the penalty method, but conservative for the scaled direct control formulation. Table
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6.4 also shows that the upper bound (6.4) is quite conservative for the direct control formulation.
Note that for the penalty method, the consistency error becomes quite large for C' > 107! (see
equation (2.10)), hence results for C' > 1 are not shown. However, observe that the number of
iterations per step for the scaled direct control method increases sharply for C' > 1. Recall that
condition (5.52) is sufficient but not necessary for convergence. It would seem that as we near this
upper bound, the rate of convergence degrades. Nevertheless, Table 6.4 shows the remarkable fact
that the computed solution for the scaled direct control formulation is unchanged (to 10 digits) for
C varying by fifteen orders of magnitude.

From a practical perspective, it would seem that the lower bound for C is of primary interest.
To verify that the lower bound (5.47) has the correct behaviour as a function of the convergence
tolerance, Table 6.5 shows the results for tolerance = 1076, The observed lower bound for C' does
decrease, relative to the values in Table 6.4, as expected.

The largest value of C' where convergence occurs in Tables 6.4 and 6.5 should be about 10* from
equation (6.3) in both cases if the non-convergence was due to the violation of equation (5.52).
However, the maximum value of C' where convergence occurs increases in Table 6.5 compared to
Table 6.4, which is what we expect if the non-convergence is due to floating point errors (i.e.
violation of condition (5.51) ). However, in both cases, non-convergence occurs at significantly
larger values of C' then predicted from equation (5.51).

On the basis of numerous tests, a useful rule of thumb is to select the lower bound for C to be
two orders of magnitude larger than the bound (5.45). In several years of experiments, we have
never seen this fail. In the case of the penalty method, this size for C' produces a consistency error
which is usually much smaller than the discretization error for typical grid sizes. In the case of the
Direct Control formulation, this choice of C' seems to minimize the number of nonlinear iterations.

Table 6.6 shows the results for the American butterfly, with tolerance 107, and a coarser grid
(refinement 3) compared to Table 6.5. In this case, we expect that the lower bound for C' should be
the same for both Tables, based on the bound (5.47). If the upper bound for C' is determined by
equation (5.51), then it is expected that the upper bound will increase for the coarser grid. We can
observe this trend (approximately) in Table 6.5 and Table 6.6. However, for both Table 6.5 and
Table 6.6, we remind the reader that the upper bound is not sharp. Note as well that the average
number of nonlinear iterations per step decreases as the grid and timestep are refined. This trend
is consistent across many tests.

7 Conclusions

Discretization of the HJB PIDE for American options under jump diffusion gives rise to a system
of nonlinear algebraic equations at each timestep. If a positive coefficient discretization is used,
then in exact arithmetic a fixed point policy iteration method is unconditionally convergent for a
penalty formulation and conditionally convergent for a scaled direct control formulation. However,
in inexact arithmetic, the fixed point policy iteration may not converge, even though the theoretical
conditions are satisfied.

We have determined upper and lower bound estimates for the penalty parameter (penalty
formulation) and the scaling parameter (direct control formulation) so that convergence can be
expected in the presence of floating point errors. Numerical experiments show that these estimates
are the correct order of magnitude. In practice, the lower bound is more important, and the
expression for the lower bound estimate has a very simple form.
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€ or Direct Control Penalty
1/Q Itns/step Value Itns/step Value

107A7_ skskokk skkokk
106AT 8.95 5.251605841
10°AT 9.30 5.251605841
10*AT 9.90 5.251605841
103AT 10.1 5.251605841
102AT 9.91 5.251605841
10'AT 8.56 5.251605841
AT 4.65 5.251605841 2.63 5.247591885

107 tAT 2.75 5.251605841 2.65 5.251199230
1072Ar 2.46 5.251605841 2.65 5.251562864
107 3AT 2.46 5.251605841 2.65 5.251600928
107*AT 2.46 5.251605841 2.65 5.251605297
10°AT 2.46 5.251605841 2.65 5.251605786
10-SAT 2.46 5.251605841 2.65 5.251605835
1077AT 2.46 5.251605841 2.65 5.251605841

1078A7 2.46 | 5251605841 | ek oAk
107%A7 2.46 5251605841 | ok sokkok
107 10AT kK . n— ok K

TABLE 6.4: Option value at S = 105, refinement level 5, American butterfly, data in Table 6.1.
* % %k indicates failure to converge after 100 iterations in any timestep. tolerance = 1078,
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€ or Direct Control Penalty

1/Q Itns/step Value Itns/step Value
10+8AT kokokok kokokok
10t7AT 8.33 5.251605841
10t0AT 8.83 5.251605841
107 AT 9.18 5.251605841
10H4AT 9.76 5.251605841
10T3AT 9.95 5.251605841
10T2AT 9.81 5.251605841
10T AT 8.42 | 5.251605841

AT 4.48 5.251605841
107 tAT 2.49 5.251605841 2.19 5.251199230
1072AT 2.12 5.251605841 2.30 5.251562864
1073AT 2.12 5.251605841 2.31 5.251600928
107%AT 2.12 5.251605841 2.33 5.251605297
107°AT 2.12 5.251605841 2.33 5.251605786
107 SAT 2.12 5.251605841 2.33 5.251605835
107 7Ar 2.12 5.251605841 2.33 5.251605840
1078AT 2.12 5.251605841 2.33 5.251605841
107°Ar 2.12 5.251605841 2.33 5.251605841

10~ 10A7 2.12 5.251605841 kokokok okokok
lofllAT kkokk kkokk kkoskk kkoskk

TABLE 6.5: Option value at S = 105, refinement level 5, American butterfly, data in Table 6.1.
* * xx indicates failure to converge after 100 iterations in any timestep. tolerance = 1076,
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€ or Direct Control Penalty

1/Q Itns/step Value Itns/step Value
10+11A7_ skskokk Skkoskok
10719AT 3.62 5.251585989
10M9AT 3.62 5.251585989
108 AT 3.62 5.251585989
1077 AT 3.66 5.251585989
106 AT 3.94 5.251585989
10M5AT 4.11 5.251585989
10H4AT 4.48 5.251585989
10M3AT 4.78 5.251585989
10M2AT 4.71 5.251585989
10T AT 4.71 5.251585989

AT 2.82 5.251585989
107 'AT 2.27 5.251585989 2.46 5.249944409
102AT 2.25 5.251585989 2.43 5.251409455
1073AT 2.25 5.251585989 2.43 5.251565568
1074AT 2.25 5.251585989 2.43 5.251584012
1075Ar 2.25 5.251585989 2.43 5.251585791
107SAT 2.25 5.251585989 2.43 5.251585969
107"Ar 2.25 5.251585989 2.43 5.251585987
1078AT 2.25 5.251585989 2.43 5.251585989
107°Ar 2.25 5.251585989 2.43 5.251585989
107 19AT 2.25 5.251585989 2.43 5.251585989

10—11A7— kokokok koKkokok kokokok kokokok

TABLE 6.6: Option value at S = 105, refinement level 3, American butterfly, data in Table 6.1.
* % % indicates failure to converge after 100 iterations in any timestep. tolerance = 1075,
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The direct control solution is very insensitive to the choice of scaling parameter, compared to
the penalty formulation. However, the number of iterations per timestep required for the scaled
direct control formulation does depend on the scaling parameter. As long as the direct control
scaling parameter is selected within fairly large bounds, the effect on the computed solution and
the number of iterations per timestep is fairly small.

The number of iterations required for solution of the nonlinear iterations for the penalty method
is insensitive to the choice of the penalty parameter (see also [34]). Nevertheless, a poor choice
for the penalty parameter will result in poor convergence as the grid and timestep are refined.
However, with our recommended choice for the penalty parameter (two orders of magnitude larger
than the lower bound estimate), the consistency error due to the finite penalty parameter is small
compared to the discretization error at practical grid sizes and timesteps.

Appendix

A Matrix Form of the Discretized Equations

The discretized nonlinear equations (3.5) and (3.7) can be represented as nonlinear matrix equa-
tions. Let A, B be imas X imax matrices, and C be an iyay length vector.

A.1 Matrix Form: Direct Control

Equation (3.5) can be written in terms of matrices A, B and vector C defined as operating on the
imax length vector U (i < imax)

Ui
AHUL = WL = (- o) (5= - 0Lltr) + e U
BhU| =BV, = (- ehegtut
Clei)= C& = (1 %)AT‘F%QV;‘
+(1 =B (1= O)[LIV + ATV (A1)

A.2 Matrix Form: Penalty Method
Equation (3.7) can also be written in terms of A, B and vector C defined as (i < imax)

U, :

AL = 1AL = 2ty P
Behu| =BU = Kwgtur
ky _ k K ﬁ * . hym hym
Clei) = ¢ = Ar T2 Vi (=) LIV + ATV (A.2)

A.3 Dirichlet Condition

At i = imax, we define (for both discretizations)

*

U; V.
k e Tmax k - . k; — Tmax
[A"U]; A [B*U); =0 ; C; A (A.3)
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B Approximation (5.32)

In this Appendix, we give a heuristic argument to show that approximation (5.32) is reasonable.
To make equation (5.32) more precise, we need the following results

(i) the rate of convergence as h — 0 in equation (5.30) is required; and
(ii) the precise form of the Green’s function for equation (5.26) must be known.

We will use equation (5.32) to bound the effect of floating point errors. At this point, we will
now proceed in a very informal manner, to provide a non-rigorous justification of equation (5.32).
Assuming that a consistent finite difference method is used in equation (3.1), then we expect that

;gi,jf(sj) = /q) <1>a>sG(S A7, 5",0)f(S") dS

/AT/ P(S, A7, 8, 7)f(S') dr’ dS' + O(h) .
O(P—D,)
(B.1)

Equation (B.1) simply states that our finite difference approximation converges at least at a
first order rate to the exact solution. The Green’s function for equation (5.26) for the domain
P = [0,00), D, = 0 is well known, and is given by [31]

(log(S/S") + (r — Ak — 02/2)A7’)2>

1
e — e p—
0S’\/2m(AT) Xp( 202AT

Now, the actual Green’s function G(S, A, S’,0) for S € ( — ®,) can be written as

GoolS,AT,S',0) = (B.2)

G(S,A7,5,0) = Gu(S,AT,5’,0) + ( terms required for boundary conditions )
= Gw(S, AT, 5,0 /AT/ S P(S, A7, 58" 7"Goo(S",7",5,0) dr" dS" .
(B.3)
For any point S € (® — ®,), Goo(S,AT,5",0) — (S — 5'), AT — 0, hence from equation (5.31)

the integral term involving the Poisson function in equation (B.3) tends to zero as AT — 0. As a
result, there exists v > 0 such that

AT
/ G(S, AT, §',0)(S') dS' + / / P(S, A7, 8", 7)g(S) dr’ dS’
(2—2a)s P
_ / Goo(S, AT, S, 0)£(S) dS' + O((AF)Y) . (B.4)
(cb ‘I’a)S

From equation (B.2), we have that G, can be made arbitrarily small by choosing a C3 sufficiently
large so that

[log(5'/9)| = CsVAT, (B.5)
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which implies that G is non-negligible only if
|IS" =S| < C3SVAT+O(AT) . (B.6)

Assume that f(S) > 0 and f(S), f’(S) are bounded. Then we have that, ¥n > 0, and for A7
sufficiently small, there exists C4(n) such that

| Gu(S.AnS\0)f(S") dS' < £(S) + O(Can)SVAT) +1. (B.7)
((I)*‘I)a)S
Combining equation (B.1), equation (B.4), and (B.7) gives (for arbitrary small 7)

> g1 (i) < f(Si) + O(h) + O((AT)Y) + O(Cy(n)SiVAT) +1 . (B.8)
J

Letting f(S;) = [Aé}];, then equation (B.8) gives us

Y gislAé]; < [Aefli+ O(h) + O((AT)7) + O(Ca(n)SiVAT) +1 . (B.9)
i

Substituting equation (B.9) into equation (5.17) gives

‘ auj]

< HD*HOO([Aé’g]ﬁow)+0<<AT>V>+0<c4<n>si¢A7>+n,> . S (@B,
(B.10)

i

From equation (5.18), the same result holds for S; € ®,. As a result, for all S; € ®, (B.10) gives us

] LB

| DA,
: k1 ax
i [max(|U; |, scale)

T [max(|Uik+1|, scale)}
PlD_IHoo(O(h) +O((AT)") + O(Ca(n)SiVAT) +1)
max(|UF |, scale)

D! OOAAki
~ max{ 1D~ lloc | A%] } (B.11)
i [max(|US, scale)

+ max

2

which is equation (5.33).
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