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Question 3 In a floating point number system, we have

(a®@b)dc = (ab)(1+61)Pc
= ((ab)(1+61) +c)(1 + &2)
= ((ab+c)+ abdi)(1 + d2)
= {(ab+¢) + abd; + (ab + ¢)dy + abd 6,
((e@b)@c)—(ab+c) = abd;+ (ab+¢)ds + abdidz
= abdi(1+82) + (ab + ¢)da

The absolute value of the left side is less than or equal to the sum of the absolute
values of the right side. So we have

(ab+c) - (a@D) @A) ={(a®b) @)~ (ab+ )| < labffu(1 + 8;)+ fab+ cfba]
(ab+c)— ((a@b) @) _  |ablsi(1+ &)} |ab+ cféy]

IA

lab + ¢ lab + ¢
|ab]
= m (1+az)j 52g
Knowing that ab+ ¢ # 0, then = 7ok ‘;‘-j i 5 /5. f ’Qé; 15 ’ﬁ %,55,5
g.» Fall E - ==
l(ab+ C) — ((Q. ®b) @C}i < Ea’b! E{l Fe 6} ¢

lab+ ¢} = |ab + ¢
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Solution X.
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(a) With @ = 1.0000, b = 111.11 and ¢ = 1.2121 we get the following results using the given
formulas, computing in (10,5, —10,10).

—b+ /b — 4dac
2a
—111.11 + /12345. — 4.8484
2.0000
—111.11 + +/12340.

2.0000
—111.11+111.09

2.0000
—.020000

2.0000
—.010000

—b— Vb — 4ac
SR WUS, e — -
2a N Fue roc?s ! f
—111.11 — /12345. — 4.8484 '
2.0000 v,z —,0010910 |
—~111.11 — /12340, /
2.0000 r
~111.11 — 111.09 2
2.0000 . Iy '
_222.20 (”i‘o § -5\{5":71"}.} C & J—;f ‘-(fj:i:;tg)‘
2.0000 L—
~111.10 .

1k

=11 1P

_— [-itngo+ itlol
~ 05 (73'”);; ?”efer';»; = =

! A-oroq0] ¢ J- .00l

mn =

(b) Rationalizing the numerator in the original formula for r1 proceeds as follows.

(=b+ vb? — dac) (—b— Vb —4dac)

‘ /Zif v, has

2a (b — Vb? — 4ac) !

{
T ' ):‘p d(l}iﬁf Cepire

Y e
b% — (b? — 4ac) Y has all 5 547
| ‘ .
(I("“b— Vb274ac) : 2 ,A{ .‘:r-'-;f:ﬁ: Colr/e l;}-J
sac L GGl
2a (—b— Vb — 4ac)
2c
—b— VB —4dac



(¢) Using the result from part (b} and a similar result for 7o, we can derive the following formulas
which avoid the cancellation problem for cases where |b| = v/b? — 4ac .

Algorithm R.

if >0 then
re = (—b— Vb2 —4dac) / (2 a)
ri=c/ (ar2)
else
ry = (—b+ Vb2 —dac) / (2 a)

rp=c/ (ar1)

(d) With a = 1.0000, b = 111.11 and ¢ = 1.2121 we get the following results for the roots using
Algorithm R, computing in (10,5, —10,10). Note that 6> 0 .

ra = (=b— Vb —4ac) [/ (2a)
= -—111.10
(see the detailed calculation for 7 in part (a))
rn = c/(ara)
1.2121 / (—111.10)
—.010910 .

By calculating with higher accuracy, one can verify that the latter results for my and ro are
fully accurate to five significant digits. In contrast, the value computed for r; in part (a) was
accurate to only one significant digit (four digits of accuracy were lost!).

"’fﬂfq;':; Tine }’e’i/efi-,%"“ = 5';’ g.gmc.( }/?."/fr’f’ = U
> 7 7
i" 4
Ce, all & 534, digiTs cerreed /4 o ezl lt



