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Abstract

A closed form for the probability density function (PDF) is given
for Merton’s Jump Diffusion Model.

If a random variable X has a probability density function (PDF) q(x)
then the fourier transform of q is the associated characteristic function φq(z).
Thus we have

φq(z) =
∫ ∞
−∞

q(x)eizxdx and q(x) =
1

2π

∫ ∞
−∞

φq(z)e−izxdz.

It is known (c.f. [1]) that Merton’s jump diffusion model has character-
istic function

φq(z) = eizωT−z
2Tσ2/2+(e

izµJ−z
2σ2
J
/2−1)λT

(valid on the entire complex plane) where

• µJ = mean of jump process

• σJ = standard deviation of jump process

• ω = r−σ2/2−λQ
∫

(ex− 1)g(x)dx, that is, ω = r−σ2/2−λQκ where
r is the risk-free rate of return, κ is an expected value for the jump
process, and λQ is the intensity.
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Therefore the PDF for Merton’s jump diffusion model is given by

q(x) =
1

2π

∫ ∞
−∞

φq(z)e−izxdz

=
e−λT

2π

∫ ∞
−∞

eizωT−z
2Tσ2/2+e

izµJ−z
2σ2
J
/2
λT · e−izxdz

=
e−λT

2π

∫ ∞
−∞

eizωT−izx−z
2Tσ2/2ee

izµJ−z
2σ2
J
/2
λTdz

=
e−λT

2π

∫ ∞
−∞

eizωT−izx−z
2Tσ2/2

∞∑
n=0

(λT )n

n!
(eizµJ−z

2σ2
J/2)ndz

=
e−λT

2π

∞∑
n=0

(λT )n

n!
·Gn(x) (1)

where
Gn(x) =

∫ ∞
−∞

eizωT−izx−z
2Tσ2/2+nizµJ−nz2σ2

J/2dz.

Noting that ∫ ∞
−∞

e−az
2+bizdz =

√
π√
a
· e

−b2
4a

(just use Maple on this for a > 0) gives

Gn(x) =
∫ ∞
−∞

e−(Tσ2/2+nσ2
J/2)z2+(ωT+nµJ−x)izdz

=
√

2π√
Tσ2 + nσ2

J

· e
− (ωT+nµJ−x)

2

2(Tσ2+nσ2
J

) . (2)

Hence the PDF is given by

q(x) =
e−λT√

2π

 ∞∑
n=0

(λT )n

n!
· e
− (ωT+nµJ−x)

2

2(Tσ2+nσ2
J

)√
Tσ2 + nσ2

J

 .

I also expect that one can do this in a more straightforward way using
the independence of a product of normal distributions.
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